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Features and Benefits 
at a Glance 


Feature 

Benefit to student 

Chapter Opener 

Peaks the student’s interest with the chapter opening vignette, definitions 
of the topic, and contents of the chapter. 

Clear, Concise, and Inviting 
Writing Style, Tone and Layout 

Students are able to Read this book, which reduces math anxiety and 
encourages student success. 

Theory and Applications 

Unlike other books that provide very less or no theory, here theory is 
well matched with solved examples. 

Theorems 

Relevant theorems are provided along with proofs to emphasize 
conceptual understanding. 

Solved Examples 

Topics are followed by solved examples for students to practice and 
understand the concept learned. 

Examples 

Wherever required, examples are provided to aid understanding of 
definitions and theorems. 

Quick Look 

Formulae/concepts that do not require extensive thought but can be 
looked at the last moment. 

Try It Out 

Practice problems for students in between the chapter. 

Subjective Problems 

Solved subjective problems for the preceding sections. 

Summary 

Key formulae, ideas and theorems are presented in this section in 
each chapter. 

Worked Out Problems 

The problems are presented in the form of 

Single Correct Choice Type Questions 

Multiple Correct Choice Type Questions 

Matrix-Match Type Questions 

Comprehension-Type Questions 

Integer Answer Type Questions 

In-depth solutions are provided to all problems for students to 
understand the logic behind. 

Exercises 

Offer self-assessment. The questions are divided into subsections which 
include large number of Multiple Choice Questions as per requirements 
of JEE (Main & Advanced). 

Answers 

Answers are provided for all exercise questions for students to validate 
their solution. 





























Note to the Students 


The JEE (Main & Advanced) is one of the hardest exams to crack for 
students, for a very simple reason - concepts cannot be learned by rote, 
they have to be absorbed, and IIT believes in strong concepts. Each 
question in the JEE (Main & Advanced) entrance exam is meant to push 
the analytical ability of the student to its limit. That is why the questions 
are called brainteasers! 

Students find Mathematics the most difficult part of JEE (Main & 
Advanced). We understand that it is difficult to get students to love 
mathematics, but one can get students to love succeeding at mathematics. 
In order to accomplish this goal, the book has been written in clear, concise, 
and inviting writing style. It can be used as a self-study text as theory is well 
supplemented with examples and solved examples. Wherever required, 
figures have been provided for clear understanding. 

If you take full advantage of the unique features and elements of this 
textbook, we believe that your experience will be fulfilling and enjoyable. 
Let’s walk through some of the special book features that will help you in 
your efforts to crack JEE (Main & Advanced). 

To crack mathematics paper for JEE (Main & Advanced) the five things 
to remember are: 

1. Understanding the concepts 

2. Proper applications of concepts 

3. Practice 

4. Speed 

5. Accuracy 


About the Cover Picture 


The picture on the cover is Jatiyo Smriti Soudho or National Martyrs' 
Memorial - a monument located in Savar, Bangladesh - which is built 
to commemorate the valour and the sacrifice of those killed in the 
Bangladesh Liberation War of 1971. The monument is composed of seven 
isosceles triangular pyramid shaped towers, with the middle one being the 
tallest, that is, 150 feet. The arrangement of the seven towers is unique. The 
planes are arranged uniquely so that one can see its distinctive patterns 
when looking at it from different angles. 




CHAPTER OPENER 


PEDAGOGY 


Rectangular 
Coordinates, Basic 
Formulae, Locus and 
Change of Axes 


Contents 

1.1 Rectangular Coordinates 

1.2 Basic Formulae 

1.3 Locus 

1.4 Change of Axes 


Worked-Out Problems 
Summary 
Exercises 
Answers 


The locus of a point is the 
path traced out by the point 
when it moves according to a 
given rule (or rules). In other 
words, a locus is the path of 
a single moving point that 
obeys certain conditions. 




Each chapter starts with an opening vignette, 
definition of the topic, and contents of the 
chapter that give you an overview of the 
chapter to help you see the big picture. 


CLEAR, CONCISE, AND INVITING WRITING 


Special attention has been paid to present an 
engaging, clear, precise narrative in the layout 
that is easy to use and designed to reduce 
math anxiety students may have. 

DEFINITIONS 

Every new topic or concept starts with 
defining the concept for students. Related 
examples to aid the understanding follow the 
definition. 


DEFINITION 4.1 Cone Let S be a non-empty set of points in the space. Then, S is called a cone if there ex- 
ists a point V eS such that the line VP is contained in S for all points P in S. This point V is 
called the vertex of the cone and the line VP where PeS is called generator of the cone S. 

Examples 


(1) Every line is a cone with every point on the line as (3) Two intersecting planes form a cone with every point 

vertex and the line is the only generator. on their line of intersection as vertex. 

(2) Every plane is a cone with all of its points as vertices. 


DEFINITION 4.2 Degenerate and Non-degenerate Cones The cones described in the examples of Definition 4.1 
are called degenerate cones. Generally, cones that are having more than one vertex are called 
degenerate cones. Cones which do not degenerate are called non-degenerate cones. Using the 
three-dimensional analytic geometry (Chapter 6), we can verify that the locus represented by the 
equation x 2 - y 2 + z 2 = 0 is a cone with origin as the vertex. 

DEFINITION 4.3 Base Curve or Guiding Curve If a plane is not passing through the vertex and intersects all 
the generators of a cone, then the intersection of the plane and the cone are called base curve 
or guiding curve. 

DEFINITION 4.4 Circular Cone and Right Circular Cone If the base curve is a circle, then it is called a circular 
cone (see Fig. 4.1). If the base curve is a circle and the line connecting the centre of the base 
and the vertex of the cone is perpendicular to the plane of the circle, then the cone is called 
right circular cone. 





















EXAMPLES 


Example 

Write 2x + 3y + 5 = 0 in the normal form. What is the dis- To make the RHS positive, we multiply both sides with 
tance of the line from origin? (-1). Thus, the normal form is 

Solution: In 2x + 3y + 5 = 0, the constant 5 should be J |.r + [ |y- ^ 

taken to the RHS of the equation, that is V Vl3 / V Vl3 J Vl3 

t . o e where 

co,« = ^ and sina = — 

Dividing both sides with •Ja 2 + b 2 = •jl 2 +3 2 = >/l3, we -Jl3 Vl3 

Now, the distance of the line from the orgin is 


Examples pose a specific problem using 
concepts already presented and then work 
through the solution. These serve to enhance 
the students’ understanding of the subject 
matter. 


Example 


Find the normal form of the line 3x + 4y - 10 = 0 and its where 
distance from the origin. 


Solution: The equation 3x + 4y - 10 = 0 can be 
written as 3x + 4y = 10. Dividing both sides with 
yja 2 +b 2 = yj3 2 +4 2 =5, 


cos a = - and 


veget 

+ iy = 2 


Now the distance of the line from the origin is 


THEOREMS 

Relevant theorems are provided along with 
proofs to emphasize conceptual understand¬ 
ing rather than rote learning. 



The properties of the curve —+ ^j 2 =1 are as follows: 

1. The curve is symmetric about both axes. 

2. For any point (jc, y) on the curve, we have —a<x<a 
and -b<y <b. 

3. The x-axis meets the curve at A(a, 0) and A\-a, 0). 
The y-axis meets the curve at B( 0, b) and B'(0, -b). 

4. For each value of x, 

y=±b f~^ 

and for each value of y. 



5. b<a. 

6. If P(x, y) is a point on the ellipse 



then we have 

SP = e(PM) = e(NZ) = e(CZ - CN) 



7. Since the curve is symmetric about both axes, there 
must be second focus and directrix. Another focus 
S'(-ae, 0) and its corresponding directrix is 



QUICK LOOK 

Some important formulae and concepts that 
do not require exhaustive explanation, but 
their mention is important, are presented in 
this section. These are marked with a magni¬ 
fying glass. 


















TRY IT OUT 


Within each chapter the students would find 
problems to reinforce and check their under¬ 
standing. This would help build confidence 
as one progresses in the chapter. These are 
marked with a pointed finger. 


Try it out 


Try Example 5.15 for the hyperbola x l -y l =a 2 


whose asymptotes 


Subjective Problems 

1. If Pj and p 2 are the distances between the opposite Also 
sides of a parallelogram and a is one of its angles, 
then show that the area of the parallelogram is p,p 2 
cosec a: 


\j( a 1 + b l )( a 2 + ) 


Solution: ABCD is a parallelogram (see Fig. 2.18). AM 
= Pj, DN = p 2 and Z BAD = a. 

Area of the parallelogram = (AB) p 2 (2-17) 

Now from AAMP , sin or= pfAB and hence we have AB = 
p, cosec or. Therefore, from Eq. (2.17), the area of the par¬ 
allelogram =pjp 2 cosecor. 



FIGURE 2.18 


2. Show that the area of parallelogram whose sides are 
fl 1 x+f> 1 y+c 1 = 0 ,a 1 x+h 1 y + d 1 = 0 ,a 2 x+ 6 2 y+c 2 = 0 and 
ape + bp> + dj = 0 is 

| (rf 1 -c 1 )(<f 2 -c 2 ) | 

I a l b 2~ a 2 b l | 

Solution: Consider Fig. 2.18. Let the equations of the 
sides be ape + bpy + c 2 = 0 , ape + bpy + d x = 0 , a 2 x + bpi + 
c 2 = 0 and ape + bp/ + d 2 = 0. Therefore, 

Pi = 


P2 = 


J^lz£iL 

+fc i 
\d 2 -c 2 | 
y]a% +b% 


Therefore 


=in 2 a -1 cos 2 a -1 +b ^> 2 

{a\+bl)(a\+bl) 

= (a 1 b 2 -a 2 b l f 
( a i + b i)( a 2 +b i) 

Now the area of the parallelogram (by Problem 1) is 


P1P2 (cosec a) = 


K~c,| \d2-c 2 \ yl(al + fe?)(af + faf) 

,/a 2 + b 2 ,/a| + b 2 ~ a 2 b i\ 

[from Eq. (2.18)] 


| (rf 1 -c,)(d 2 -c 2 )| 

1 « 1 * 2 -« 2*1 | 


3. Prove that the area of the parallelogram formed by the 
lines4y-3x-a=0,3y-4x + a=0,4y-3x-3a = 0and 
3y - 4x + 2a = 0 is 2a 2 /7. 

Solution: Rewriting the equations of the sides of the 
parallelogram, we have 

3x - 4y +a = 0 
4x - 3y - a = 0 
3x - 4y + 3a = 0 
and 4x - 3y - 2a = 0 

Here, Cj = a,d 2 = 3a, c 2 = -a, d 2 = -2a, a x = 3 ,b 2 = -4, a 2 = 
4 and b 2 = -3. Therefore, by Problem 2, 

AjeaJ W— f»X*-c,) l 

| a l02 -a 2®l | 


SUBJECTIVE PROBLEMS 

Since geometry requires a lot of practice, some 
chapters in addition provide numerous solved 
examples in the pattern of Subjective Problems. 
We have provided such problems within the 
chapter, near to the concept. 


SUMMARY 

At the end of every chapter, a summary is pre¬ 
sented that organizes the key formulae and 
theorems in an easy to use layout. The related 
topics are indicated so that one can quickly 
summarize a chapter. 


SUMMARY 


2.1. Slope of line: Let / be a non-vertical line (i.e., / is not 
parallel to y-axis) making an angle 6 with the posi¬ 
tive direction of x-axis. Then, tan #is called the slope 
of the line /. Generally, the slope of a line is denoted 
by m. 

Caution: The concept of slope is followed only for 
non-vertical lines. 

Note: Slope of a horizontal line (which is parallel to 
x-axis) is always zero. 

2.2. If A(x x , yj) and B(x 2 , y 2 ) are two points on a non¬ 
vertical line, then the slope of the line AB is ———. 

x 2 ~ x \ 

2.3. Intercepts on the axes: If a line / meets x-axis at 
(a, 0 ) and y-axis at ( 0 , b), then a is called x-intercept 
and b is called y-intercept of the line l. 

2.4. Equations of the axis: The equation of x-axis is y = 0 
and the equation of y-axis is x = 0 . 

2.5. Various forms of straight line equations: 

1. Two-point form: Equation of the line passing 
through two points (x 2 , y t ) and (x 2 , y 2 ) is 

(x-xj) (y 1 -y 2 ) = (y-y 1 )(x 1 -x 2 ) 

2. Point-slope form: Equation of the line which is 
having slope m and passing through the point 
(AAi) is 

y-yi=m(x-xi) 

3. Symmetric form: If a non-vertical makes an angle 
6 with the positive direction of x-axis and passes 
through a point (xj,yj), then its equation is 

x-xi _ y-y t 
cos e sind 

Note: In the above relation, if we consider that 
each ratio is equal to r (real number), then every 
point on the line is of the form (x t + rcosd, yj + 
rsin£).Also |r| gives the distance of the point (x,y) 
on the given line from the fixed point (x^y^. 


4. In tercept form: If a and b are x and y intercepts of a 
line ( ab * 0 ), then the line equation is —+^ = 1 . 


Note: Area of the triangle formed by the coordi¬ 
nate axis and the line — + 7 - = 1 is — labl sq. unit. 
a b 2 


5. Slope-intercept form: The equation of a non¬ 
vertical line which is having slope m and 
y-intercept c is 


Note: Equation of any line (except the y-axis) 
passing through origin is the form y = mx. 

6 . Normal form: Let / be a line whose distance from 
the origin is ON (= p) and ON make an angle a 
with the positive direction of the x-axis. Then, the 
equation of the line / is x cos a+ y sin a=p. 


2.6. Definition (first-degree equation): If a, b and c are 
real and either a or h is not zero, then ax + by + c is 
called first-degree expression in x and y and ax + by + 
c = 0 is called first-degree equation in x and y. 


2.7. Theorem: Every first-degree equation in x and y rep¬ 
resents a straight line and the equation of any line in 
the coordinate plane is a first-degree equation in x 


2.8. General equation of a straight line: First-degree 
equation in x and y is called the general equation of 
a straight fine. 


2.9. Various forms of ax + by + c = 0, where abc * 0: 
1. Slope-intercept form: 


2. Intercept form: 


(~cla) + (-clb) 
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WORKED-OUT PROBLEMS AND ASSESSMENT 


Mere theory is not enough. It is also important to practice and test what 
has been proved theoretically. The worked-out problems and exercise at 
the end of each chapter will enhance the concept building of students. The 
worked-out problems and exercises have been divided into: 

1. Single Correct Choice Type Questions 

2. Multiple Correct Choice Type Questions 

3. Matrix-Match Type Questions 

4 . Comprehension-Type Questions 

5. Integer Answer Type Questions 


WORKED-OUT PROBLEMS 

In-depth solutions are provided to all worked-out problems for students to understand the logic behind 
and formula used. 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

1. If the line 3 ax + 5y + a-2 = 0 passes through the point 
(—1,4), then value of a is 

(A) 9 (B) 7 (C) -9 (D) -7 

Solution: Since the line passes through (-1, 4), we 


ll4c I 

c =24 =>c 2 =36=>c = ±6 
21 3 | 

Since y-intercept is positive, the value c is 6 and the equa¬ 
tion of the line is 3x + 4y - 24 = 0. 

Answer: (B) 


3o(-l) + 5(4) + a - 2 = 0 
=>-2a + 18 = 0 

Hence, a = 9 and the line is 27x + 5y + 7 = 0. 

Answer: (A) 

2. A line has slope - 3/4, positive y-intercept and forms 
a triangle of area 24 sq. units with coordinate axes. 
Then, the equation of the line is 


3. A non-horizontal line passing through the point (4, -2) 
and whose distance from the origin is 2 units is 
(A) 3x + 4y - 10 = 0 (B) x+y- 2 = 0 

(C) 4x + 3y -10 = 0 (D) 2* + 3y - 2 = 0 

Solution: Let the slope of the line be m. Now the 
equation of the line, by Theorem 2.2, is 
y+ 2 = m(x-A) 


(A) 3x + 4y + 24 = 0 (B) 3x + 4y-24 = 0 

(C) 3x + 4y - 25 = 0 (D) 3x + 4y + 25 = 0 

Solution: Let the line be 



Therefore, by Theorem 2.14, 

|m(0-4)-0-2| 



=> (2m +1) 2 = m 2 +1 

=> 3 m 2 + Am = 0 


so that the intercepts on the x and y axes, respectively, are 4 

4c/3 and c. Therefore, the area of the triangle (by Quick m ~ ’ - 3 

Look 4) is 


SINGLE CORRECT CHOICE 
TYPE QUESTIONS 

These are the regular multiple choice ques¬ 
tions with four choices provided as asked in 
JEE (Main & Advanced). Only one among 
the four choices will be the correct answer. 


MULTIPLE CORRECT CHOICE 
TYPE QUESTIONS 

Multiple correct choice type questions have 
four choices provided, but one or more of the 
choices provided may be correct. 


Multiple Correct Choice Type Questions 


1. For the hyperbola 9x 2 -16y 2 -18x + 32y -151 = 0, 

2. If the circle x 2 + y 2 = a 2 cuts the hyperbola xy = c 2 at 

which of the following are true? 

four points (x k ,y k ) (where k = 1,2,3 and 4), then 

(A) Eccentricity is — 

(A) Xj + x 2 + x 3 + x 4 = 0 (B) yj + y 2 +y 3 + y 4 = 0 


(C) x 1 x 2 x 3 x 4 =c 4 (D) y 1 y 2 y 3 y 4 =c 4 

(B) Foci are (-4,1) and (6,1) 

Solution: The abscissa x k (where k = 1,2,3 and 4) are 


the roots of the equation 

(D) Length of the latus rectum is — 

c 4 


x 2 +— 2 =a 2 

Solution: The given equation is 

x 

9(x 2 - 2x) -16(y 2 + 2y) -151 = 0 

=>x 4 -0 2 x 2 +c 4 = 0 

Therefore 

x 1+ x 2 + x 3 + x 4 = 0 

=> 9(x -1) 2 - 16(y +1) 2 = 151+9 -16 = 144 

(x-l) 2 _(y + l) 2 _ 1 

Since the coefficient of x 3 is zero, we have 

16 9 


X 2 Y 2 

Xx 1 x 2 = -0 2 , Ix,x 2 x 3 = 0, Ix,x 2 x 3 x 4 = c 4 

^ 16 9 

Now, 

where X = x-1, Y = y + 1. Here 0 2 = 16, ft 2 = 9. The 
eccentricity e is given by 

yi+y2+y3+i’4 = c 2 l^-+^-+^-+^-j 

, , 9 25 

9=16(e 2 -1) or e 2 =1+ — = — 

V ' 16 16 

c 2 (Ix 2 x 3 x 4 ) 

so that 

A <°> = 0 

_ 5 


4 

Finally 

The centre is given by 

C 2 C 2 C 2 C 2 C 8 .4 

(X=0, y=0)=(x-l=0, y + l=0)=(l,-l) 


The foci is given by 

Answers: (A), (B), (C), (D) 

(X=±ae, y=0)=(x-l=±5, -1)=(6,-1) and (-4,-1) 

3. On the ellipse 4x 2 + 9y 2 = 1, the points at which the 

The latus rectum is given by 

tangents are parallel to the line 9y = 8x are 

2b 2 _ 2(9) _ 9 
a ~ 4 ~2 

(A > (H) (B > ( ts ) 

Answers: (A), (C), (D) 












MATRIX-MATCH TYPE QUESTIONS 


Matrix-Match Type Questions 



1. Match items of Column I with those of Column II. 





«i+y(o)-5(i+4,)-J(>+o»=j?-4» 1 

Column I 

Column II 


=> 4xx, - 2 ax - 2 ox, - by = 4x 2 - 4«Xj 

(A) If x-axis bisected 

(p) (—,-2)u 

(2,~) 

=> 2(2xj -a)x-by + 2ax, - 4x 2 = 0 

each of two chords 


drawn from the point 



This passes through the point ( a , bl2). This implies 

(a, bl 2) on the circle 



that 

2*(* - a) +y(2y -b)= 




0 (ab * 0), then alb 



2(2xj— a)a-b\ — +2axj -4xf =0 

belongs to 

(q) (-2,2) 



(B) If the circles x 2 +y 2 - 




lOx + 16 = 0 and 



1 ‘ l 2 J 

x 2 + y 2 = r 2 intersect 
in two distinct 



(which has two distinct real roots) 

points, then r lies in 
the interval 

(r) (—,-j2) 


=>4 x\ -6 ax x +^2a 2 +yj = 0 

(C) If the line y + x = 0 



(which has two distinct real roots) 

bisects chords drawn 




from the point (1 + 
ayj2l2, 1 -ayfell) 
to the circle lx 2 + 
2y 2 -(l+flV2)x- 
(1-fl V2 )y = 0,then 
a belongs to 

(s) (-3,3) 


=>(6u) 2 >4(4)1 2a 2 +y 1 

=> 9a 2 > 2(4a 2 + Z> 2 ) 

=> a 2 > 2 b 2 

lib' 6 

(D) Point (2, 4) lies 



inside the circle x 2 + 
y 2 = 13 if and only if 
A belongs to 

(t) (2,8) 


Therefore 

^<-V2 or —>yj2 




Solution: 






Answer: (A) —» (r) 

(A) The given circle equation is 


(B) O = (0,0) and A = (5,0) are the centres and r, 3 are 

S = 2x 2 + 2y 2 - 

lax -by = 0 


the radii of the circles. The two circles intersect in 

S = x 2 + y 2 -ax 

-i»=o 


two distinct points. So 



\r-3\<OA<r+3 

Let (x., 0) be the midpoint of a chord of the circle. 

<=>|r-3|<5<r + 3 

Therefore, the equation of the chord is 




These questions are the regular “Match the 
Following” variety. Two columns each con¬ 
taining 4 subdivisions or first column with 
four subdivisions and second column with 
more subdivisions are given and the student 
should match elements of column I to that of 
column II. There can be one or more matches. 


COMPREHENSION-TYPE QUESTIONS 


Comprehension-type questions consist of 
a small passage, followed by three multiple 
choice questions. The questions are of single 
correct answer type. 


Comprehension-Type Questions 

1. Passage: Consider the straight line 3x + y + 4 = 0. An¬ 
swer the following questions. 

(i) The point on the line 3x + y+4 = 0 which is 

equidistant from the points (-5,6) and (3,2) is 
(A) (-1,-1) (B) (-2,2) 

(C) (-3,5) (D) (-|,-3) 

(ii) Equation of the line passing through the point 
(1,1) and perpendicular to the given line is 

Solution: 

(i) Let A = (-5,6) and B = (3, 2). The slope of AB is 
6-2 -1 
-5-3 “ 2 

and the midpoint of AB = (-1, 4). Hence, the per- 
pendicular bisector of the segment AB is 
y - 4 = 2(x +1) or 2x - y+6 = 0. Solving this equa¬ 
tion and the given line equations, we have x = -2 
and y = 2. Thus, (-2, 2) is the point on the given 
line which is equidistant from both A(-5,6) and 
B( 3,2). 

Answer: (B) 


(A) x - 3y + 4 = 0 (B) x-3y+5 = 0 
(C) x-3y-4 = 0 (D) x-3y + 2 = 0 

(iii) If the line y + 5 = k(x - 3) is parallel to the given 
line then the area of the triangle formed by this 
line and the coordinate axes (in sq. units) is 

(A) | (B) “ (C) 4 (D) 5 

(ii) Line perpendicular to the given line is of the form 



This line passes through (1,1). It implies that 



Thus, the required line is 

> = | + § or x-3y+2 = 0 

Answer: (D) 


Integer Answer Type Questions 

1. The area of the quadrilateral formed by the lines 

\x\+ |y| = 1 is-sq. unit. 

Solution: The given quadrilateral is a square with ver¬ 
tices (1, 0), (0,1), (-1, -1) and (0, -1), and hence its area 
ii CV2) J = 2. 

Answer: 2 


2. Two rays in the first quadrant, x + y =|a| and ax - y = 
1, intersect each other in the interval a e (a 0 ,co).The 

value of Oq is_. (IIT-JEE 2006) 

Solution: Solving the given two equations, we have 


"ii + H) 


Since the two rays intersect each other in the first quad¬ 
rant, we have x > 0 and y > 0 which implies that 

1 +a >0 and «|a|-l>0 

Therefore, if -1 < a < 0, then the a(-a) -1 > 0 which is not 
sensible. Hence, a g (-1,0). If a = 0, then the lines x + y = 0 
and y = -1 intersect in fourth quadrant. Thus, a* 0. 
Hence, a>0 and a z -l>0=>a>l. Therefore,a 0 = L 

Answer: 1 


3. The orthocentre of the triangle formed by the lines 
x+y = l,2x + 3y = 6 and 4x-y + 4 = 0 lies in the quad¬ 
rant whose number is_. 

Solution: Solving the above equations taken two by 
two, the vertices of the triangle are 

"*(f'!) i, (- 3 ’ 4 )’" ndC (y'y) 

The equation of the altitude drawn from A to the side 
BC is 



=>3x-2y = -5 (2.126) 

Again the equation of the altitude from B onto CA is 

y- 4 =^( 4 + 3 ) 

=> x+4y = 13 (2.127) 

Solving Eqs. (2.126) and (2.127), the coordinates of the 
orthocentre are 


INTEGER-TYPE QUESTIONS 

The questions in this section are numerical 
problems for which no choices are provided. 
The students are required to find the exact 
answers to numerical problems and enter the 
same in OMR sheets. Answers can be one¬ 
digit or two-digit numerals. 














EXERCISES 


EXERCISES 


Single Correct Choice Type Questions 

1. Equation of the line through (0, -3) and having slope 
-2 is 

(A) y-2x+3 = 0 (B) y + 2x-3 = 0 

(C) y+2x+3 = 0 (D) y-2x-3 = 0 

2. Equation of the line passing through (-5,2) and (3,2) 

(A) jt-2 = 0 (B) y -2 = 0 

(C) *+2 = 0 (D) y + 2 = 0 


(A) 

m 

(B) 

("■§) 

(Q 

m 

(D) 

/5 -19' 

U'-fT, 


5. If the area of the triangle formed by the line 2x + 
3y + c = 0 with coordinate axes is 27 sq. units, then 
c is equal to 

(A) ±16 (B) +15 (C) ±8 (D) +18 


For self-assessment, each chapter has ad¬ 
equate number of exercise problems where 
the questions have been subdivided into 
various categories which include Multiple 
Choice Questions as asked in JEE (Main & 
Advanced). 


Multiple Correct Choice Type Questions 

1. If the distance of the line 8* + 15y + A = 0 from the 

point (2,3) is equal to 5 units, then the value of A is 

(A) 24 (B) -24 (C) 146 (D) -146 

2 . If the line -J3 x+y-9 = 0is reduced to the form xcos a 
+ ysin a= p, then 

(A) a = 60° (B) a = 30° 

(C) p = | (D) p = 9 

3. If / is the line passing through the point (-2, 3) and 
perpendicular to the line 2x — 3y + 6 = 0, then 


3 

(A) the slope of / = —— 

(B) the line / passes through (0,0) 

(C) the intercept on the axes are 2,3 

(D) the line / forms a triangle of area 5 sq. units with 
the coordinate axes 

4. If / is the line passing through the point (2, -3) and is 
parallel to the line joining the points (4,1) and (-2,3), 

(A) (-10, -1) is a point on / 

(B) the slope of / is 6 


Matrix-Match Type Questions 

In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
column 1 are labeled as (A), (B), (C) and (D), while those 
in column II are labeled as (p), (q), (r), (s) and (t). Any 
given statement in column / can have correct matching with 
one or more statements in column II. The appropriate bub¬ 
bles corresponding to the answers to these questions have 
to be darkened as illustrated in the following example. 
Example: If the correct matches are (A) —* (p), (s), (B) —> 
(q), (s), (t), (C) —> (r), (D) —> (r), (t), that is if the matches 
are (A) -> (p) and (s); (B) -+ (q), (s) and (t); (C) -+ (r); 
and (D) —> (r), then the correct darkening of bubbles will 
look as follows: 


1. Let o be the system of lines passing through the 
intersection of the lines * + y - 1 = 0 and x-y - 1 = 
0. Match the items of Column I with those of Col¬ 
umn II. 


Column I Column II 

(A) Equation of the line (p)2c-y — 2 = 0 
belonging to a and 

passing through the 
point (2,3) is 

(B) Equation of the line fa) x+y-\=Q 
belonging to a and 

parallel to the line y = 


Comprehension Type Questions 

1. Passage: Let u = x + y = 0,A = (1,2) and B = (3,-1). 
Answer the following questions. 

(i) If M is a point on the line u = 0 such that AM + 
BM is minimum, then the reflection of M on the 

(A) (2,-2) (B) (-2,2) 

(C) (1,-1) (D) (-1,1) 

(ii) If M is a point on u = 0 such that | AM - BM\ is 
maximum, then the distance between M and the 
point N(l, 1) is 

(A) 3-J5 (B) 5n/2 (C) 7 (D) 10 


(i) Area of the triangle in square units is 


(ii) The gradients of the two sides AB and AC are 

< A ) (B > 

(C) yj2 + l,-j2-l (D) 2+y/3,2-yj3 

(iii) The circumradius of the triangle is 

< A > 5 (A) (B) T <=> Ts < D > i 


Integer Answer Type Questions 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 
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4. In A ABC, the equations of the madiansAD and BE, 
respectively, are 2r + 3y - 6 = 0 and 3* - 2 y- 10 = 0. 
If AD = 6, BE = 11, then (Area of A ABC) is 


5. /’(1,2), Q( 4, 6), R( 5, 7) and S(a, b) are the vertices 
of the parallogram PQRS. Then, a + b is equal to 

6. The area of the triangle formed by the line x + 

y = 3 and the angle bisectors of the pair of lines 
xr - y 2 + 2y -1 = 0 is_sq. unit. 

7. A straight line through the origin O meets the par- 




























ANSWERS 


The Answer key at the end of each chapter 
contains answers to all exercise problems. 


r k 

it ■ ANSWERS gj 

Single Correct Choice Type Questions 


1. (A) 

11. (D) 

2. (B) 

12. (D) 

3. (D) 

13. (A) 

4. (B) 

14. (B) 

5. (A) 

15. (C) 

6. (D) 

16. (B) 

7. (B) 

17. (D) 

8. (A) 

18. (C) 

9. (D) 

19. (B) 

10. (B) 

20. (C) 

Multiple Correct Choice Type Questions 


1. (B), (C) 

4. (A), (B), (C) 

2. (A), (C) 

5. (A), (B), (C) 

3. (A), (C) 


Matrix-Match Type Questions 


1- (A) —» (q); (B) -4 (t); (C) -> (p), (r); (D) -4 (s) 

3. (A) -> (t); (B) -4 (p); (C) -4 (q); (D) -> (r) 

2. (A) -4 (r); (B) -4 (p); (C) -» (s); (D) -» (t) 


Comprehension Type Questions 


1. (i) -4(A); (ii) —» (C); (iii) —4 (A) 

3. (i) —»(C); (ii) -4 (B); (iii) —4 (A) 

2. (i) —»(D); (ii) —» (A); (iii) —4 (D) 


Integer Answer Type Questions 


1. 4 

4. 1 

2. 5 

5. 3 

3. 3 

6. 3 
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Chapter 1 I Rectangular Coordinates, Basic Formulae, Locus and Change of Axes 


1.1 Rectangular Coordinates 

Geometry is a thought-provoking subject for any genuine mathematics student. Geometry was initially pursued by the 
Indians and Greeks. That kind of geometry is called pure geometry. Even though pure geometry is very interesting, 
sometimes the proofs needed constructions and also they were cumbersome. At this stage, the concept of studying 
geometry by using algebra was introduced by Rene Descartes (1596-1650 AD). Thus, the modern analytic geometry 
emerged and is called “Cartesian geometry’’ named after Rene Descartes. In the following section, we discuss the 
rectangular Cartesian coordinates. 


1.1.1 Rectangular Cartesian Coordinates 

Select a plane and in that plane, let X'OX and Y'OY be two perpendicularly intersecting lines (intersecting at O). 
X'OX is c alled x-axis, Y'OY is called y-axis and O is called the origin. Further, OX and OY are called positive direc¬ 
tions, and OX' and OY' are called negative directions. Let P be a point in the plane. From P, draw perpendicular PL 
to x-axis and PM perpendicular to y-axis (see Fig. 1.1). 


M 

, Y 

P 

*X’ O 

L '> 


Y' 


FIGURE 1.1 

Let the magnitudes of OL and OM be a and y, respectively. 

1. If OL and OM are in the directions of OX and OY, then we say that x is the x-coordinate of P and y is the 
y-coordinate of P and we write P = (x, y). 

2. If OL is in the direction of OX' and OM is in the direction of OY, then we write P = (-x, y). 

3. If both OL and OM are in the directions of OX' and OY', then we write P = (-x, -y). 

4. If OL is in the direction of OX and OM is in the direction of OY', then we write P = (x, -y). 


\ QUICK LOOK 1 


O = (0,0), P = (x, 0) lies on the x-axis, Q = (0, y) lies on the y-axis. 


DEFINITION 1.1 Quadrants The regions bounded by ( OX, OY ), ( OX', OY ), (OX' ,OY' ) and (OX ,OY ') 
are the first, second, third and fourth quadrants, respectively. 

Sign of the Coordinates 

1. (x, y) lies in the first quadrant <=> x > 0, y > 0. 

2. (x, y) lies in the second quadrant <=> x < 0, y > 0. 

3. (x, y) lies in the third quadrant x < 0, y < 0. 

4. (x, y) lies in the fourth quadrant <=> x > 0, y < 0. 

From the above list one can conclude that (V2, 1), (-3, V2), (-2, -3/2) and (1/2, —-s/3) belong to the first, second, 
third and fourth quadrants, respectively. 
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1.2 I Basic Formulae 


1.2 Basic Formulae 

In this section, we recall some of the basic formulae which have been discussed in your earlier mathematics classes in 
school. We state such formulae without proofs. 


1.2.1 Distance Between Two Points 

1. The distance between two points A(x v y x ) and B(x 2 , y 0 ) is given by 

AB= ^J(x 1 -x 2 ) 2 +(y 1 -y 2 ) 2 

2. Distance between origin O and the point P(x, y) is 

OP = yj(x - 0) 2 + (y 2 - 0) 2 = Jx 2 + y 2 

3. If A = (jc 1 , 0) and B = (x 2 , 0), then 

AB = \x 1 — x 2 \ 

Also if A = (0, y x ) and B = (0, y 2 ) then 

AB = \y 1 -y 2 \ 


1.2.2 Notation 

Let A and B be two points. Thus, the line segment connecting A and B is denoted by AB and the line through A and 
B by AB . The ray from A to B is denoted by AB (readers please observe the arrowheads in all cases). In vectors AB 
means a line segment AB having direction from A to B. 


1.2.3 Section Formulae 

1 . Let A and B be two points and P be a point on AB lying between A and B. Then we say that P divides AB inter¬ 
nally in the ratio AP.PB (see Fig. 1.2). 

APB 

FIGURE 1.2 


2. If P lies on the line AB (not in between A and B ), then we say that P divides externally the segment AB and we 
write the ratio as ~{AP):PB or AP.-PB. The minus sign indicates external division. 

3. The coordinates of a point P which divides the segment joining A(x v yy) and B(x 2 , yy) in the ratio m:n (in + n a 0) 
are 

mx 2 + nx l my 2 + ny 1 
m+n ’ m+n 

If m/n is positive, then division is internal division and if m/n is negative, the division is external division. 


A QUICK LOOK 2 


The coordinates of the midpoint of the segment joining A{x v y^ and B(x 2 , y 2 ) are 

*i + x 2 Vi +y 2 ] 

2 ’ 2 j 
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Examples 


1. The distance between the points A(2, 3) and B(-2,2) 

is y/(2 + 2) 1 + (3-2) 2 = Vl7. 

2. The distance between the points P(c os a , cos j3) 
and Q (sin a , sin j3) is 

yj (cos a - sin a) 2 + (cos p - sin /J) 2 = y/2 -sin 2a- sin 2/3 

3. The distance between the points A(at 2 , 2at) and 
B(alt 2 ,-2alt) is 



\a\ 




+ 4 


\a\ 





= a 



if a > 0 


Examples 


1. The coordinates of the point which divides the seg- 2 If p dlvldes ^ in the ratio 2:1 , then 
ment joining A(2, -3) and B( 3, 2) in the ratio 1:2 

are P = 


12x2+1x3 

2x-3+lx2l 

l-f 7 _4 1 

{ 1 + 2 

1+2 J 

1 1.3’ 3 J 


Convention: If a point P divides the line joining A and B internally in the ratio 1:2 or 2:1, then P is called point of 
trisection of A B . 


1.2.4 Area of a Triangle 

The area of the triangle whose vertices are A (x,, y 1 ),B(x 2 , y 2 ) and C(x v y 3 ) is 

^l(l ; 2->'3) + JC 2(>'3->'l) + ^3(> , l-} ; 2)| = ^|detA| 


where A= 


x 1 x 2 x 3 

yi yi 

111 


is a 3 x 3 matrix. 


Generally, area of a triangle is denoted by A (see Vol. 2). 

Three points A(x v y } ), B(x 2 , y 2 ), C(x y y 3 ) are collinear if and only if 


*1 X 2 *3 

yi y2 y3 

ill 


= o 


\ QUICK LOOK 4 


Area of quadrilateral ABCD = Area of A ABC + Area of AACD 
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1.2 [ Basic Formulae 


1.2.5 Some Points and Circles Associated with a Triangle 

In this section, we will discuss some important terms associated with a triangle. The vertices of the triangle would be 
considered as A, B, C. 


Centroid 

The point of concurrence of the medians of a triangle is called the centroid of the triangle and is denoted by G. The 
coordinates of the centroid of the triangle with vertices (x v yf, (x 2 ,yf and (x 3 ,yf are 

f x i + *2 + *3 3d + 3b + lb 
l 3 ’ 3 J 


Note that centroid trisects each median. 

Incentre 

The internal bisectors of the angles of a triangle are concurrent. This point is called the incentre of the triangle and is 
denoted by I. The incentre is equidistant from three sides and this equal distance r is called the inradius of the triangle. 
If a circle is drawn with centre at I and radius r, then this circle touches the sides of the triangle internally. (For more 
details, see Chapter 4, Vol. 2.) 

Incentre formulae 

Let A(x v y x ), 5(x,, y 2 ) and C(.r 3 , yf be the vertices of a triangle and BC = a, CA = b and AB = c. Thus, the incentre is 

ax 3 + bx 2 + cx 3 ay l + by 2 + cy 3 
a+b+c ’ a+b+c 



Excentre 

The point where the external bisectors of two angles and the internal bisector of one angle are concurrent is called the 
excentre. Thus, there are three excentres, namely, excentre opposite to the vertex A (denoted by If, excentre opposite 
to the vertex B (denoted by If and excentre opposite to the vertex C (denote by If. Also 


-ax 3 + bx 2 + cx 3 

-ay l +by 2 +cy 3 

—a + b + c 

—a + b + c 

ax l - bx 2 + cx 3 

ay 1 -by 2 +cy 3 \ 

a-b + c 

a-b+c J 

ax ] + bx 2 - cx 3 

ayi+by 2 -cy 3 \ 

a + b-c 

a+b-c J 


Note: For inradius and three exradii, see Chapter 4, Vol. 2. 


Circumcentre, Circumradius and Circumcircle 

The point where the perpendicular bisectors of the sides of a triangle are concurrent is called the circumcentre of 
the triangle. It is equidistant from the vertices of the triangle. This equal distance is denoted by R and is called the 
circumradius. Thus, if a circle is drawn with the circumcentre as centre and circumradius R as radius, then that circle 
will pass through the vertices of the triangle. Such a circle is called the circumcircle of the triangle. 


Orthocentre 

The point of concurrence of the three altitudes of a triangle is called the orthocentre of the triangle. 
Note: The circumcentre and orthocentre lie inside the triangle if the triangle is acute. 
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Nine-Point Circle and Nine-Point Centre 

In a triangle, the feet of the altitudes, the midpoints of the three sides and the midpoints of the segments joining the 
orthocentre and the vertices are concyclic. Such a circle is called the nine-point circle and its centre is called the nine- 
point centre of the triangle. Also the nine-point centre N is the midpoint of the segment joining the circumcentre and 
the orthocentre. The radius of the nine-point circle is half of the circumradius of the triangle because if A DEF is the 
pedal triangle of A ABC, then the angles of A DEF are 180°- 2 A, 180°- 2 B and 180°- 2 C and the sides are a cosA, 
b cos B and c cos C (see Theorem 4.23, page 223, Chapter 4, Vol. 2). If we use sine rule to A DEF, then we obtain that 
Rl 2 is the circumradius of A DEF which is the radius of the nine-point circle. 


% QUICK LOOK 5 


Nine-point circle of A ABC is the circumcircle of the pedal triangle of A ABC as well as the circle passing through 
the midpoints of the sides. 


IMPORTANT NOTE 


In a triangle ABC , 

1. The circumcentre, the centroid, the nine-point cen¬ 
tre and the orthocentre are collinear in the given or¬ 
der (see Definition 4.7, page 228, Chapter 4, Vol. 2). 


2. The centroid G divides the segment joining the cir¬ 
cumcentre and orthocentre in the ratio 1:2. 

3. The nine-point centre is the midpoint of the segment 
joining the circumcentre and the orthocentre. 


Pedal Line (or Simson's Line) 


Theorem 1.1 


The feet of the perpendiculars drawn from a point on the circumcircle of a triangle onto its sides 
are collinear. This line is called Pedal line or Simson’s line of the triangle. The converse of this theo¬ 
rem is also true. That is, if from any point in the plane of a triangle, the feet of the perpendiculars 
onto the sides are collinear, then the point lies on the circumcircle. 

We can prove these two results by using plane geometry or what is called pure geometry. The 
line LMN is the Pedal line (see Fig. 1.3). 



1.3 Locus 

In pure geometry, using congruent triangles property, it was proved that all the points on a line bisecting perpendicu¬ 
larly the segment joining two given points are equidistant from the two given points and this line is called the perpen¬ 
dicular bisector of the segment joining the two points. Of course, any point which is equidistant from these two given 
points lies on this line. Thus, describing a set of points satisfying a certain geometrical condition(s) is difficult in pure 







1.4 I Change of Axes 



geometry. That is why mathematicians introduced analytical geometry (a combination of algebra and pure geometry) 
and described the locus by algebraic equations. In this section, we introduce the concept of locus, equation of a locus 
and few examples. 

DEFINITION 1.2 Locus Let P be a geometrical condition(s) and S be the set of all points in the plane which 
satisfy P. Then S is called a locus. 


\ QUICK LOOK 6 


S is the locus of a geometrical condition(s) P every point of S satisfies the condition P and every point 
satisfying P belongs to S. 


DEFINITION 1.3 Equation of the Locus Let S be a locus and f(x, y) = 0 be an algebraic equation in x and y. If 
every point P(x, y ) belonging to S satisfies the equation /( x, y) = 0 and any point in the plane 
satisfying the equation f(x, y) = 0 belongs to S, then f(x, y) = 0 is called the equation of the 
locus S. 

Here afterwards, we will describe a locus by its algebraic equation. 


1.4 Change of Axes 

In analytical plane, selection of the rectangular coordinate axes is arbitrary. When the axes change, the coordinates of 
the point also change. The study of the relations between the original coordinates and the changed coordinates is 
called change of axes. This change of axes is sometimes necessary to make the equation of a curve as simple as possible 
to prove certain properties. Not that the same properties could not be proved otherwise, but the working out of the 
proof would be more complicated. It is by experience that the student will learn the best method for change of axes. 
In the following, we discuss three types of change of axes. We begin with shifting of the origin. 


1 . 4.1 Shifting of Origin Without Changing the Directions of the Axes 



y 

Y 

> 

\ P 

X' 

O’ 


N X 

x' 

0(0, 0 ) 

y' 

L M x 

Y' 


FIGURE 1.4 


Let x'Ox and y'Oy be the coordinate axes. Let 0\x 1 ,y 1 ) be a point. Through O' draw lines X'O'X parallel to x'Ox 
and Y'O'Y parallel to y'Oy . Suppose Y'O'Y meets x'Ox in L. We call ( x'Ox , y’Oy ) as the old system of axes and 
( X'O'X , Y'O'Y ) as the new system of axes. Now, every point in the coordinate plane will have two systems of coor¬ 
dinates, namely old coordinates (with respect to old axes) and new coordinates (with respect to new axes). 

Suppose P is a point whose old and new coordinates are (x,y) and ( X , Y), respectively. Draw PM perpendicular to 
old A'-axes meeting the new Waxes in N. Now 

x = 0M = 0L + LM = 0L + 0'N = Xl + X=X+x t 
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and 


y = PM = PN + NM = PN + O r L = Y + y x 
Thus, the relations between old and new coordinates of the point P are 

x = X + x x 
y=Y + y x 


( 1 . 1 ) 


% QUICK LOOK 7 


1. Shifting of the origin is also called TRANSLA- 2. Equation /( x, v) = 0 of a curve will be changed to 
TION of axes. The effect on the coordinates is f(X + x v Y+ >q) = 0. 

Old coordinate = New coordinate + Corresponding 
coordinate of the new origin 


Note: The new origin O’ may be in any quadrant. Still the relation between old and new coordinates is the same. 


1 . 4.2 Rotation of Axes (Without Changing the Origin) 

Let x'Ox and y'Oy be original axes (old axes) (see Fig. 1.5). Rotate Ox about O through an angle 0 in the anticlock¬ 
wise sense. Let the new axes be X'OX and Y'OY ( OX' and OY' are not shown in the figure). Let P be a point in 
the plane and let its old and new coordinates be (x, y) and (X, Y), respectively. Draw PL perpendicular to x'Ox (old 
x-axis) and PM perpendicular to X'OX (new X-axis). Draw MQ perpendicular to old x-axis and MN perpendicular 
PL. Now 

\QQM = 9 = \NMO => \PMN = 90° -d 


so that \NPM = 6 . Also 


From A MOQ, 


x = OL = OQ-LQ-MN = OQ-MN 


( 1 . 2 ) 


COS0 = 


OQ 

OM 



y' 


FIGURE 1.5 
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1.4 I Change of Axes 


Therefore 

Also, from A PNM, 


OQ = OM cos 9 = X cos 9 


sin# = 


MN 

~PM 


Therefore 

Hence from Eqs. (1.2), (1.3) and (1.4), we have 


MN = PM sin# = Esin# 


x = Xcos#-Ysin# 


(1.3) 


(1.4) 


Again, 

y = PL 
= PN + NL 
= PN + MQ 
= MQ+PN 
= Xsin# + Y cos# 

Therefore 

y = Xsin# +Ycos# 

The above-mentioned relations (in color screen) can be written in the form of a matrix equation as follows: 


cos# 

-sin# 

X 


X 

sin# 

cos# 

Y 


_y_ 


Notes: 

1. If the origin is shifted to the point (x v jq) and the axes are rotated through 9 in the anticlockwise sense, then the 
old coordinates (x, y ) will be transformed to 

x = Xcos#-Ysin# + x r , y = Asin#+ Ycos# + y 1 

2. If the rotation is clockwise, then we have to replace 9 with -9. 

DEFINITION 1.4 If a,b,h are real and at least one of a, h, b is not zero, then ax 2 + 2hxy + by 2 is called second 
degree homogeneous expression and ax 2 + 2hxy + by 2 = 0 is called second degree homogeneous 
equation. 

DEFINITION 1.5 lla,h,b,g,f, care real and at least one of a,h, bis not zero, then ax 2 +2 hxy + by 2 +2gx + 2 fy + c 
is called second degree general expression and ax 2 + 2hxy + by 2 + 2gx + 2 fy + c = 0 is called 
second degree general equation. 

Examples 

1. 2x 2 + xy + y 2 3. 2 x 2 + 3 xy + y 2 + x — y+1 

2. x 2 + \f2xy + y 2 4. x 2 + 2xy + y 2 - x + y +1 


DEFINITION 1.6 In the second degree general expression, ax 2 ,2hxy, by 2 are called second degree terms; gx,fy 
are called first degree terms; and c is called constant term. 












10 


Chapter 1 I Rectangular Coordinates, Basic Formulae, Locus and Change of Axes 


Theorem 1.2 

If h 2 * ab, then to remove the first degree terms of the equation ax 2 +2hxy+by 2 + 2gx+2 fy + 

( 

c = 0 , the origin is to be shifted to the point - 2-, -- . 

\ab-h 2 ab-h 2 ) 

Proof 

Suppose that the origin is shifted to the point (x v y x ) and let x = X + x v y = Y + y r Therefore, the 
given equation is transformed to 

a(X + x 1 f + 2h(X + x 1 )(Y + y 1 ) + b(Y + y 1 ) 2 +2g(X + x 1 ) + 2f(Y + y 1 ) + c = 0 

This implies 

aX 2 + 2hXY + bY 2 + 2{ax 1 + hy x + g)X + 2{hx 1 + by x + f)Y 
+ax 2 + 2 hx 1 y 1 + by\ + 2gx 1 + 2 fy 1 + c = 0 

This further implies 

aX 2 + 2 hXY + bY 2 + 2(a X] + h yi + g)X + 2(hx x + by x + f)Y 

+ (ax 1 + hy 1 + g)x 1 + (hx } + by 1 + f)y 1 + (gx 1 + fy ] + c) = 0 (1.5) 

Now, put ax 1 + hy 1 + g = 0 and hx 1 + by x + f = 0. Solving we get 

hf-bg gh-af 

x, =- 5 - and y 1 = - 

ab - h 2 ab - h 2 

( hf — bg gh — 

Therefore, the origin is to be shifted to the point - j, -y so that Eq. (1.5) will be 

\ab — h l ab — h~) 

aX 2 + 2 hXY + bY 2 +gx 1 + fy l + c = 0 

where x 1 and y x are as defined above. B 


IMPORTANT NOTE 


1. Under shifting of origin, the second degree terms of 2. Under change of axes, only the coordinates of the 
a second degree equation will not change. points will change, but the distance between two 

points as well as the areas will not change. 


Theorem 1.3 

To remove the xy-term from the equation ax 2 + 2hxy + by 2 = 0, the axes are to be rotated through 
the angle (1/2) Tan _1 [2/r/(a-h)] when a A h and through the angle n! 4 when a=b. 

Proof 

Suppose axes are rotated through an angle 9 in the anticlockwise sense. Let x = Xcos0-ysin0 
and y = Xsin0+ Y cos 0. Therefore, the given equation will be transformed to 

a(X cos 0 - Y sin 0) 2 + 2h(X cos 0 - Y sin 0) (X sin 0 + Y cos 0) + b(X sin0 + Y cos 0) 2 = 0 

In this equation, the coefficient of xy is 

-2a sin 0 cos 0 + 2/i(cos 2 0 - sin 2 0) + 2b sin 0 = 0 
=> (b - a) sin 20 + 2h cos 20 = 0 

2/7 

=> tan 20 = -, if a A b 

a-b 

=> 0 = — Tan -1 f-^-1, if a^b 

2 {a-b) 


If a = b, then cos 20 = 0 =>20 = n!2 or 0 = 7r/4. 














11 


Worked-Out Problems 


WORKED-OUT PROBLEMS 


Since this chapter is only to recall what the students have 
learnt in their junior classes and practice the important 
formulae, we give a combination of both subjective and 
objective type questions here. Students should practice 
all questions. 


Questions Based on Basic 
Formulae 

1. Find the area of the triangle whose vertices are 
A( 2, -3), 5(4, 2) and C(-5, -2). 

Solution: We have 

Area ^^\x 1 (y 2 -y 3 ) + x 2 (y 3 -y 1 ) + x 3 (y 1 -y 2 )\ 

= ' |2[2 - (-2)] + 4[-2 - (-3)] - 5(-3 - 2)| 

= ||8 + 4 + 25| 

37 

= — sq. units 

2. Show that the area of the triangle with vertices 
A(- 3, 4), 5(6,2) and C(4, -3) is 24.5 sq. units. 

Solution: We have 


4. Show that the three points P(a, b + c ), Q(b, c + a) and 
5(c, a + b) are collinear. 

Solution: We have 


Area of A PQR = ^ 
1 , 


a(c + a — a — b) + b(a + b — b — c) 
+ c(b + c-c-a ) 


= — \ac - ab+ ba — be - cb - ca\ 
2 1 

4'°l 

= 0 


Therefore 5, Q, R are collinear (see Quick Look 3). 


5. If the three points A{ 3,1), 5(2/1, 3A) and C(A, 2A) are 
collinear, find the value of A. 

Solution: A, B and C are collinear implies 
Area of AABC = 0 

^ | |3(3A - 2X) + 2A(2A -1) + A(1 - 3X)\ = 0 

=> - |3A + 4A 2 -2A + A- 3A 2 1 = 0 
2 1 1 

=> |A 2 +2/l| = 0 

=> A = 0 or A = -2 


Area = -\x 1 (y 2 -y 3 ) + x 2 (y 3 -yi) + x 3 (yi-y 2 )\ 

= 1-3(2 + 3) + 6(-3 - 4) + 4(4 - 2)| 

= -1-15-42 + 81 
2 1 



= 24.5 sq. units 

3. Prove that the points A(x,x - 2). B(x + 3, x) and C(x + 2, 
x + 2) form a triangle whose area is independent of x. 

Solution: We have 

Area of AABC = ^\x[x - (x + 2)] + (x + 3)[jc + 2 - (x - 2)] 

+ (x + 2)(x-2-x)\ 

= — \—2x + 4.r +12 — 2x - 4| 

2 1 

_ 8 

~ 2 

= 4 sq. units which is independent of x 


Now 

T=0=i>5 = Cso that A, B and C are collinear. 

A = -2 => A = (3,1), 5 = (-4, -6) and C = (-2, -4) 

6 . If the three points (a, 0), (0, b ) and (2,2) are collinear, 
then show that 

1 11 
a b 2 

Solution: By hypothesis 

^ \a(b - 2) + 0(2 - 0) + 2(0 - b)| = 0 

=> ab - 2a — 2b = 0 

=> 2a + 2b = ab 

111 
=>- + - = - 
a b 2 

7. The points (1,2), (2,4) and (f, 6) are collinear. Find t. 

Solution: By hypothesis the area of the triangle is zero. 
Therefore 
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111(4 — 6) + 2(6 — 2) + r(2 - 4)| = 0 

=> ^-|-2 + 8 - 2 t | = 0 

=>6-2t = 0 
=>t = 4 


8 . If O is the origin and Q(— 2, -4) is a point on OP such 
that OQ = (1/3 )OP, find the coordinates of P. 

Solution: Let P = (x, y). See Fig. 1.6. Now, 

OQ = (113)OP => OP = 3 OQ 
=*OQ:QP = 1:2 

Therefore 


(-2,-4)=e 



=> x = -6, y = -12 
=>P = (-6,-12) 


1 _ 2 

0 ( 00 ) Q(-2, - 4 ) P(x, y) 


bisect each other. Hence, AC and BD bisect each other. 
That is, AC and BD have the same point as their mid¬ 
point. 

Therefore 

yi + y-i j = ^ * 2 + * y2 + .v j 

=> X, + x 3 = x 2 + x, y 3 + y 3 = y 2 + y 
=>x = x 1 -x 2 +x 3 , y = y 1 -y 2 + y 3 



Note: The student can remember it easily. 

11. If P(l, 2), 2(4, 6), R( 5, 7) and S(a, b) are the verti¬ 
ces of a parallelogram PQRS , then find the values of 

a and b. (IIT-JEE 1998) 

Solution: According to the above formula (Problem 
10 ), we have 


FIGURE 1.6 


9. If x v x 2 ,x 3 as well as y v y 1 ,y 3 are in GP with the same 
common ratio, then show that the points (x p >q), 
( x 2 , y 2 ) and (x 3 ,_y 3 ) are collinear. (IIT-JEE 1999) 

Solution: Let x 2 = x x k, x 3 = x 2 k 2 and y 2 = y x k , y 3 = y x k 2 . 
Then 


*1 

*2 

*3 


*1 

x 3 k 

x 2 k 2 

Ft 

yi 

3b 

= 

yi 

y\k 

yi k 2 

1 

l 

1 


l 

l 

1 


= *i3h 


1 k 
1 k 
1 1 


k 2 

k 2 

1 


= 0 (since two rows are identical) 


Hence, the points are collinear (by Quick Look 3). 


10. In a parallelogram ABCD if (x p y 3 ), (x 2 , y 2 ) and 
(x,, y 3 ) are the coordinates of A , B, C, respectively, 
then show that the coordinates of D are (jtj + x 3 - x 2 , 

yi + y^-yi)- 

Solution: Suppose the coordinates of D are (x, y). See 
Fig. 1.7. It is known that in a parallelogram the diagonals 


n=l+5-4=2 

b=2+7-6=3 


12. Show that the four points A(-a, -b), 0(0, 0), B(a, b ) 
and C(a 2 , ab) are collinear. 

Solution: Since 0(0, 0) is the midpoint of AB it fol¬ 
lows that 

Points A, O and B are collinear (1.6) 

Now, 


—a 

0 

n 2 


-1 

0 

a 

-b 

0 

ab 

= ab 

-1 

0 

a 

1 

1 

1 


1 

1 

1 


0 (v two rows are identical) 


Points A, O and C are collinear (1.7) 
Statements (1.6) and (1.7) => A, O, B, C are collinear. 

13. Let 0(0,0), P(3,4), <2(6,0) be the vertices of the tri¬ 
angle OPQ. The point R lies inside the A OPQ such 
that the triangles OPR,PQR , OQR are of equal area. 
The coordinates of R are 

(A) (4/3,3) (B) (3,2/3) 

(C) (3,4/3) (D) (4/3,2/3) 

(IIT-JEE 2007) 
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Worked-Out Problems 


Solution: A point inside a triangle divides the triangle 
into three triangles of equal areas if and only if the point 
is the centroid of the triangle. Hence, R must be the cen¬ 
troid of A OPQ. Therefore 


0 + 3 + 6 0+ 4 + 0j _ 4 j 


Answer: (C) 


Solution: Suppose C= (x,y).Then 

4-5 + x -3 + 2 + y 


(0,0) = 
4-5 + x 


n a — 3 + 2 + y „ 
= 0 and -- = 0 


=> x = 1, y = 1 

So the coordinates of C are (1,1). 


14. An integral point means that both coordinates of 
the point are integers. The number of integral points 
exactly in the interior of the triangle with vertices 
(0,0), (0,21) and (21,0) (see Fig. 1.8) is 

(A) 133 (B) 190 (C) 233 (D) 105 

Solution: The integral points must be on the vertical 
lines x = 1,2,3,..., 20. The number of integral points on 
x = 1 inside the triangle are (1,1), (1,2), (1,3),..., (1,19) 
(total number is 19). Similarly, the number of points on 
x = 2 is 18, on x = 3 is 17, etc. Finally, the number of points 
on x = 19 is 1 and on x = 20 is 0. 

Therefore, the total number of integral points inside 
the triangle is 

19x20 

19+ 18 +17 +■•• + 1+0 =-= 190 

2 

P(0, 21) 


0 ( 21 , 0 ) 

FIGURE 1.8 

Answer: (B) 

15. A line segment AB is of length 10 units and A = 
(2,-3). If the abscissa of B is 10, then there will be two 
values for the coordinate of B whose sum is equal to 

(A) 3 (B) -3 (C) 6 (D) -6 

Solution: Suppose B = (10, y). Then 

AB = 10 => (10 - 2) 2 + (y + 3) 2 = 10 2 
=> (y + 3) 2 = 36 
=> y + 3 = ±6 
=> y = 3 or -9 

Therefore, the sum of the values of y = 3 - 9 = -6. 

Answer: (D) 

16. Origin is the centroid of a triangle ABC. If A = (4,-3) 
and B = (-5,2), then find the coordinates of C. 



17. If A(a, b),B(a + >■ cos a,b + r sin a) and C{a + r cos/?, 
b + r sin j3) are the vertices of an equilateral triangle, 
then 

(A) \cc-p\ =;r/4 (B) \a-p\ =ni2 

(C) \a-p\ = 7 r/6 (D) \a-p\ = nl 3 

Solution: AABC is an equilateral triangle implies 

AB = BC = CA 

=> r 2 (cos 2 a + sin 2 a) = r 2 (cos 2 p + sin 2 p) = 
r 2 (cos a- cos p) 2 + r 2 (sin a + sin/)) 2 
=> 2r 2 [1 - cos(a - p)] = r 2 

=> cos (a-p) = ^ 

Answer: (D) 

18. The centroid of A ABC is (2,7). If A = (4,8), 5 = (a,0) 
and C = (0, b ), then 

(A) a = 2,b = -13 (B) a = 2,b = 13 

(C) u = 13, b = 2 (D) a = -2, b = -13 

Solution: By hypothesis 

4+u+O _ , 8+0+b _ 

-= 2 and -= 7 

3 3 

This implies a = 2, b = 13. 

Answer: (B) 

19. If the point P(x, y) is equidistant from the points 
A (6, -1) and 5(2, 3), then find a relation between 
x and y. 

Solution: By hypothesis 

PA = PB 
=> PA 2 = PB 2 

=> (x - 6) 2 + (y + l) 2 = (x - 2) 2 + (y - 3) 2 

=> x 2 - 12x + 36 + y 2 + 2y + 1 = x 2 - 4x + 4 + y 2 - 6y + 9 

=> 8x - 8y = 24 

=>x-y = 3 
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20. If the area of the triangle whose vertices are (a, 0), 
(3,4) and (5,-2) is 10, then 

(A) a= lor 22/3 (B) a= 1 or 13/3 

(C) a = lor 23/3 (D) a = 2 or 23/3 

Solution: By hypothesis 

6a-26 = ±20 
=> a = 46/6 or 6/6 
=> a = 1 or 23/3 

Answer: (C) 


21. If the points (x,2-2x), (l-x,2x) and (-4 - x, 6 - 2x) 
are collinear, find x. 


Solution: By hypothesis, 

1 x(2x-6 + 2x)+(l-x)(6-2x-2 + 2x) 

2 — (4 + x)(2 — 2x — 2x) 

=> x(4x — 6) + 4(1 — x) + (4 + x)(4x — 2) = 0 
=> 4x 2 — 6x + 4 — 4x + 4x 2 +14x-8 - 0 
=> 8x 2 + 4x - 4 = 0 
=i> 2x 2 + x — 1 = 0 
=> (2jc — 1)(jc +1) = 0 
1 


= 0 


Note: 


’ X= 2’~ 1 


x = — => (x, 2- 2x) = (1 - x, 2x) = —, 1 


22. Show that the area of the triangle whose vertices 
are ( am 3 m 2 , + m 2 )), (om 2 m 3 , a(m 7 + m 3 )) and 

(amjitp a(m 3 + tt7j)) is 



IK 


m 2 ) (m 2 - m 3 ) (m 3 - m,) | 


Solution: Let A be the area of the determinant so that 
the value of A is the numerical value (i.e., absolute value) 
of the determinant 


1 

2 


fl7W 1 WJ 2 
a(/77 1 + 7772 ) 
1 


am 2 m 3 
a(m 2 + tt7 3 ) 
1 


am 3 m 1 
a(m 3 + ) 

1 


= Absolute value of 


2 


m^y}i 2 
777 3 + 77J 2 
1 


= Absolute value of 

- 777J777t m 2 (m 3 - 777j) 

a" 

- 777j + 777 2 777 3 - 7772 

1 0 


m 7 m 3 m 3 m 1 

m 2 + 777 3 777 3 + 7772 

1 1 


77*1 (t77 3 - 777 2 ) 
777 3 - 777 2 
0 


= Absolute value of 

2 


a 


(7773-777, )(777 3 -777 2 ) 


77^2 77?2 777 2 7772 

771j + 777 2 1 1 

1 0 0 


= |K - 777 2 )(777 2 - 777 3 )(t77 3 -777, )| 


23. If a, 6, c are the roots of the equation x 3 - 6x 2 + llx - 
6 = 0, then find the centroid of the triangle whose ver¬ 
tices are ( ab , 1 lab), (be, 1 Ibc), ( ca , 1/ca). 

Solution: By hypothesis 

a + b + c = 6 
ab + be + ca = 11 


and 

Therefore 


ahe = 6 

ab+bc + ca 11 
3 


and 

1^ 11 1 'j a + h + c 6 1 
3 \ ah he ca) 3 abc 3x6 3 


Hence, the centroid of the triangle is 

ab + bc + ca a b t> c ca 
3 ’ 3 

V 



Caution: First, we have to check whether a, b, c are real 
or not. In the present case, the roots of the given equa¬ 
tion are 1,2 and 3. 


24. Find the area of the triangle having midpoints of its 
sides at (2,1), (-1,-3) and (4,5). 

Solution: Area of the triangle is four times the area of 
the triangle formed by the midpoints of its sides. There¬ 
fore 

Area of the triangle = 4 x —12(—3 - 5) -1(5 -1) + 4(1 + 3)| 

= 21—16 — 4 +16| 

= 8 sq. units 


25. 0(0, 0) is one of the vertices of triangle whose cir- 
cumcentre is 5(3, 4) and centroid G(6, 8). Then, the 
triangle 

(A) is right angled 

(B) must be equilateral 

(C) must be right-angled isosceles 

(D) is isosceles 


(By C 2 - C 3 and C 3 - C 3 ) 
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Worked-Out Problems 


Solution: Clearly 5(3, 4) is the midpoint of OG (see 
Fig. 1.9). Flence OG is the median through as well as the 
perpendicular bisector of the side opposite to the vertex 
O. Hence the triangle is isosceles. 

0 ( 0 , 0 ) 

■' S(3, 4) 

G(6, 8) 

FIGURE 1.9 

Answer: (D) 

26. Find the circumcentre and circumradius of the 
triangle whose vertices are A( 1,1), 5(2, -1) and 
C(3,2). 

Solution: Let 5(x, y ) be the circumcentre of A ABC so 
that SA = SB = SC. Now 

SA = SB => (x - l) 2 + 0 - l) 2 = (x- 2) 2 + (y + l) 2 
=> -2x -2y + 2 = —4x + 2y + 5 
=> 2x - 4y = 3 (1.8) 

SB = SC =$ (x - 2 ) 2 + (y + l) 2 =(x- 3) 2 + (y - 2) 2 
=> -4x + 2y + 5 = -6x - 4y + 13 
=> 2x + 6y = 8 (1.9) 

5C= 5,4 => (x - 3) 2 + (y - 2) 2 = (x- l) 2 + (y - l) 2 
=> — 6x - 4y + 13 = —2x — 2y + 2 
=> 4x + 2y = 11 (1.10) 

Solving Eqs. (1.8) and (1.9), we have x = 5/2 and y = 1/2 
which also satisfy Eq. (1.10). Hence 

Circumcentre of the triangle = f —, — J 


Circumradius, 

27. Find the incentre of the triangle whose vertices are 
A (2,3), B(-2, -5) and C(-4,6). 

Solution: We have 

a = BC = 7(-2 + 4) 2 +(-5-6) 2 = V4 + 121 = 5^5 
b = CA = 7(2 + 4) 2 +(3-6) 2 = -s/36 + 9 = 3s/5 
c = AB = 2 + 2) 2 +(3 + 5) 2 = s/16 + 64 = 4^5 

Therefore 

u + b + c = 12 s/5 


Now, 


Incentre = 


ax l + bx 2 + cx 3 ay 3 + by 2 + cy 3 


a+b + c 


a + b + c 


where 

ax 1 +bx 2 +cx 3 5s/5(2) + 3s/5(-2) + 4s/5(-4) 
a + b + c 12 s/5 

_ 10s/5 -22s/5 _ 

12V5 

uyi + hy 2 + c 53 _ 5s/5(3) + 3s/5(-5) + 4s/5(6) 
u + h + c 12s/5 

_ 39s/5-15s/5 _ 0 
12 s/5 

Hence, the incentre of the triangle is (-1,2). 


28. Find the ratio in which the point (-2, -9) divides the 
segment joining the points A( 1,3) and 5(2,7). 

Solution: Suppose 5= (-2,-9) and AP.PB =m:l.Then 
using section formula we have 


(-2,-9) 


2m + l lm + 3 
m+ 1’ m +1 


This implies 

^ 2wz + l 
«z +1 


and 


lm + 3 
m + 1 


( 1 . 11 ) 


Solving the first equality in Eq. (1.11), we get 

- 2m — 2 = 2m +1 
=> 4m = -3 
=> m = -3 / 4 


Solving the second equality in Eq. (1.11), we get 


-9m -9 = 7 m + 3 


=> 16m = -12 


=> m = -3/4 


We can see from both cases that the ratio is -3:4 or 3: -4. 
The division is external division. 

29. Show that the points (-3,-4), (2,6) and (-6,10) form 
a right-angled triangle. 

Solution: Let the vertices be A, B and C, respectively. 
Then 

(. AB ) 2 = (-3 - 2) 2 + (-4 - 6) 2 = 25 + 100 = 125 
{BC) 2 = (2 + 6) 2 + (6 - 10) 2 = 64 + 16 = 80 
(CA) 2 = (-6 + 3) 2 + (10 + 4) 2 = 9 + 196 = 205 
Now, by Pythagoras theorem, we have 
(AB) 2 + (BC) = (AC) 2 
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=> [B = 90° 

Hence, A ABC is a right-angled triangle. 

30. The circumcentre of a triangle lies at the origin and 
the centroid is the midpoint of the segment joining 
(2,2) and (2, -2). Find the orthocentre. 

Solution: In a triangle, circumcentre, centroid and 
orthocentre are collinear and the centroid divides the 
line joining the circumcentre and orthocentre in the ra¬ 
tio 1:2. 

Suppose H(x, y) is the orthocentre. Then 
OG.GH = 1:2 

Now, O = (0,0), G = (2,0) and H = (x , y) (see Fig. 1.10). 
Therefore 

OG.GH = 1:2 => (2,0) = G = (x/3, yl 3) 

=> x = 6,y = 0 

SoH =(6,0). 

1 2 

0(00) G( 2, 0) H~(x, y) 

FIGURE 1.10 

Locus 

31. Find the locus of the point which is equidistant from 
the points (-3,1) and (7,5). 

Solution: Let A = (-3,1) and B = (7,5). Let P = (x, y). 
Then 

AP = PB <=> (AP) 2 = ( PB) 2 

<=> (x+ 3) 2 + (y - l) 2 = (x- 7) 2 + (y - 5) 2 
<^> 6x - 2y + 10 = -14x - lOy + 74 
<=> 20x + 8y - 64 = 0 
<=> 5x + 2y - 16 = 0 

Hence, the equation of the locus is 5x + 2y - 16 = 0. 

32. Let +1(5, -4) and 5(7, 6) be two points. Find the 
locus of the point P such that 5+1:55 = 2:3. 

Solution: Let P be (x, y). Then 

54:55 = 2:3 <=> 3 PA = 255 

<=> 9(54) 2 = 4(55) 2 

9[(x - 5) 2 + (y + 4) 2 ] = 4[(x - 7) 2 

+ (y - 6 ) 2 ] 

<=> 5x 2 + 5y 2 - 34x + 120y + 29 = 0 

Hence, the equation of the locus is 5x 2 + 5y 2 - 34x + 120y 
+ 29 = 0. This equation represents circle (which will be dis¬ 
cussed in Chapter 3). 


33. Find the equation of the locus of a point 5 which 
moves such that its distance from the origin is twice 
its distance from the point A( 1,2). 

Solution: We have 

OP = 2 PA <=> (OP) 2 = 4(PA) 2 

<=> x 2 + y 2 = 4[(x- l) 2 + (y - 2) 2 ] 

» x 2 + y 2 = 4x 2 + 4y 2 - 8x - 16y + 20 
« 3x 2 + 3y 2 - 8x - 16y + 20 = 0 

Hence, the equation of the locus is 3x 2 + 3y 2 - 8x - 16y + 
20 = 0 . 

34. Find the locus of the point 5 such that the distance 
of 5 from the point +1(4,0) is twice the distance of 5 
from the x-axis. 

Solution: Let 5 = (x, y). Distance of 5 from the x-axis 
is |y|. Therefore 

AP = 2\y\o(AP) 2 = 4y 2 

(x-4) 2 +y 2 = 4y 2 
<=> x 2 - 3y 2 - 8x +16 = 0 

Hence the equation of the locus is x 2 - 3y 2 - 8x + 16 = 0. 

35. Let A = (2,3) and 5 = (-3,4). If 5 is a moving point 
such that the area of A PAB is 17/2 sq. units, then find 
the locus of 5. 

Solution: Let 5= (x,y).Then 

17 

Area of A PAB = — 

2 

»||x(3-4) + 2(4-y)-3(y-3)| = y 

<=> |-x-5y + 17| = 17 
<=> x + 5y-17 = ±17 
Therefore the equation of the locus is 

(x + 5y) (x + 5y - 34) = 0 

36. Find the equation of the locus of the point which is 
at a constant distance of 5 units from the fixed point 
(-2,3). 

Solution: Let A = (- 2,3) and let 5= (x,y). Now 

+15 = 5 <=> (AP) 2 = 25 

<=> (x + 2) 2 + (y - 3) 2 = 25 
£=> x 2 + y 2 + 4x - 6y - 12 = 0 

The equation of the locus is x 2 + y 2 + 4x - 6y - 12 = 0. 
Later in Chapter 3, we will see that this equation repre¬ 
sents circle with centre at the point (- 2,3) and radius 5 
units. 
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Worked-Out Problems 


Change of Axes 

37. Suppose the origin is shifted to the point (-1,2). Find 
the new coordinates of the point (2,3). 

Solution: Let ( X , Y) be the new coordinates.Therefore 
by the formula [Eq. (1.1)], we have 

2 = x— 1,3 = y + 2 
=$ x = 3,y = 1 

Hence, (3,1) are new coordinates of the point (2,3). 


and 

Now, 


y = X sin(-45°) + Y cos(45°) 


-X+Y 

T~ 


2 2 2 
x -y = a 


X + Y 

"VT 


■ 4XY = 2 a 1 


Y-X 

"VT 


= a 


=> XY = — or XY = c 2 where c = V= 


V2 


38. Find the transformed form of the equation 2x 2 + 4xy + 
3 y 2 = 0 if the origin is shifted to the point (1,1). 

Solution: Put x = X + 1, y = Y+ 1 in the given equation. 
We get 


Note: When we deal with hyperbola (conic section), we 
see that x 2 - y 2 = a 2 is the standard equation of rectan¬ 
gular hyperbola and xy = c 2 is the rectangular hyperbola 
in the simplest form. 


2(X+ l) 2 + 4(X + 1) (Y + 1) + 3(Y + l) 2 = 0 
=> 2X 2 + 4XY + 3Y 2 + 8X + 10Y+ 9 = 0 


39. When the axes are rotated through 30° in the anti¬ 
clockwise sense without changing the origin, find the 
new coordinates of the point (-2,4). 

Solution: Let (x, y) be the old coordinates and (X, Y) 
be the new coordinates. Therefore 

x = ^fcosd-Ysin# (1.12) 

and y- .Ysin0 + Ycos0 (1-13) 

Solving Eq. (1.12), we get 

-2 = Xcos30°- Ysin30° 

=>-2 = 

2 

=> +3X - Y = -4 (1.14) 

Solving Eq. (1.13), we get 

4 = X sin 30° + Y cos 30° 

„ X + V3Y 

=> 4 =- 

2 

=> JT + *J3Y = 8 (1.15) 

Solving Eqs. (1.14) and (1.15), we getX = 2-V3 and 
Y = l + 2>/3 are the new coordinates of (-2,4). 

40. If the axes are rotated through 45° in the clockwise 
sense, then find the transformed form of the equa¬ 
tion x 2 — y 2 — a 2 . 

Solution: Let (x,y) and ( X , Y) be the old and the new 
coordinates, respectively. Therefore 

x = ^fcos(-45°)-Ysin(-45°) = ^ + Y 

V2 


41. Find the point to which origin is to be shifted so as 
to remove the first degree terms of the equation 
2x 2 + 4xy — 5y 2 + 20x - 22y — 14 = 0. 

Solution: In the given equation, a = 2, h = 2, b = -5, 
g = 10,/= -11, c = -14. Therefore 

ab - h 2 = -10 - 4 = -14 

hf- bg = 2(—11) - (-5)(10) = -22 + 50 = 28 

gh - af= 10(2) - 2(-ll) = 42 

Therefore 


New origin 


r hf-bg gh-af \ 
V ab-h 2 ab-h 2 ) 
( 28 42 \ 

{lu’Zuj 

(-2,-3) 


42. Find the angle through which the axes are to be 
rotated so as to remove the xy-term from the equation 
x 2 + 2 V3 xy - y 2 - 2 a 2 = 0. 

Solution: In the given equation, a = l, /z = V3and 
b = -1 so that a ^ b. Therefore 


Required angle of rotation = ^-Tan 1 

= — Tan -1 
2 


= -Tan _1 (V3) 
2 


2 h 
a — b 

2 VP 


1 ( n 
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Chapter 1 I Rectangular Coordinates, Basic Formulae, Locus and Change of Axes 


SUMMARY 


1.1 Distance between two points: If A(x v yf) and 
B(x 2 , y 2 ) are two points, then the distance 

(2) 

Excentre 

between the two points is given by 



AB= yj(x 2 -X]) 2 +(y 2 -y,) 2 

(3) 

Excentre 

1.2 Section formula: If A(x { , y,) and B(x v y 2 ) are two 
points and P(x, y) is a point on the line AB dividing 

(4) 

h ~ 

the segment AB in the ratio l:m, where I + m A 0, 

Excentre 

then 


h z 


lx 7 +mx, , Iy 7 + my, 
x = —--- and y = 


l+i 


l + i 


This formula is valid for both internal and external 
divisions. 

1.3 Midpoint: If A(x v y } ) and B(x 2 , y 2 ) are two points, 
then the coordinates of the midpoint of AB are 
given by 

'x 1 +x 2 y x + y 2 


1.4 Centroid coordinates: If G(x, y) is the centroid of 
a triangle whose vertices are (x v y 3 ), (x 2 , y 2 ) and 
(- c 3 > y 3 )> then 


-ax 1 + bx 2 + cx 3 -ay 1 + by 2 + cy 3 
—a+b+c ’ -a+b+c 


ax x - bx 2 + cx 3 ay 3 — by 2 + cy 3 
a-b+c ’ a-b+c 


ax 3 + bx 2 — cx 3 ay t + by 2 - cy 3 
a + b — c ’ a + b — c 


1.8 Nine-point centre: In any triangle, the midpoints 
of the sides, the feet of the altitudes and the 
midpoints of the segments joining the vertices with 
the orthocentre are concyclic. This circle is called 
the nine-point circle whose centre is known as the 
nine-point centre which is denoted by N. 

1.9 In any triangle, the circumcentre S, the centroid 
G, the nine-point centre N and the orthocentre II 
are collinear in the given order (that is, SGNH). 
Further, G divides SH in the ratio 1:2 and N is 
the midpoint of SH. Further, the radius of the 
nine-point circle is half of the circumradius of the 
triangle. 


x 3 +x 2 + x 3 
3 


and y 


Ft + -V2 + 3b 
3 


1.5 Area of a triangle: The area of the triangle whose 
vertices are (x 1 ,y 1 ), (x 2 , y 2 ) and (x v y 3 ) is the abso¬ 
lute value of the determinant 


1 .9* Pedal line: Let ABC be a triangle and P be a point 
on the circumcircle of the triangle other than the 
vertices. Then the feet of the perpendiculars drawn 
from P on to the sides of the triangle are collinear. 
This line is called the Pedal line of the point P or 
Simson’s line. 


*i y\ 1 
*2 yi 1 
*3 y 3 1 

1.6 Condition for collinearity of three points: Three 
points (x^yj), (x 2 ,y 2 ) and (x 3 ,y 3 ) are collinear if and 
only if 


1.10 If A(x v y,), B(x 2 , y 2 ) and C(x 3 , y 3 ) are three 
consecutive vertices of a parallelogram ABCD, 
then the fourth vertex D is given by (x } + x 3 - x 2 , 

yi+y^-yi)- 

1.11 Locus: Let P be a geometrical condition(s) and S 
be the set of all points in the plane which satisfy P. 
Then S is called a locus. 


1 

2 


*i 

yi 

1 


1.12 

*2 

yi 

1 

= 0 


*3 

3b 

1 




1.7 Coordinates of incentres and excentres: Let A(x v 
y 1 ), B(x 2 , y 2 ) and C(x 3 , y 3 ) be the vertices of a tri¬ 
angle and suppose the lengths BC, CA, and AB are 
a, b, c, respectively, then 


(1) Incentre 1 = 


ax 3 + bx 2 + cx 3 ay x + by 2 + cy 3 


i+b + i 


i + b + c 


1.13 


Equation of the locus: Let S be a locus and 
f(x, y) = 0 be an algebraic equation in x and y. 
If every point (jc, y) belonging to S satisfies the 
equation f(x, y) = 0, and any point in the plane 
satisfying the equation/(x, y) = 0 belongs to S, then 
f(x, y) = 0 is called the equation of the locus S. The 
locus is generally given by its equation. 

Shifting of origin without changing the direction of 
the axes: Suppose the origin O (0,0) is shifted to the 
point Ofh , k). Let the old and the new coordinates 
of a point be ( x , y) and (^f, Y), respectively. Then x 
= X + h and y=Y+k give the relations between the 
old and the new coordinates. 
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Exercises 


1.14 Rotation of the axes without changing the origin: 

Let x'Ox and y'Oy be the original axes. Rotate 
these axes through an angle 0\n the anticlockwise 
direction about the origin O. Let the new position 
of the axes be X'OX and Y'OY. If ( x , y) and 
(X, Y) be the coordinates of a point with respect to 
the old and the new axes, then 

x = X cos 0- Y sin #and y = ATsin 6+Y cos 0 


are called the first degree terms and c is called the 
constant term. 

1.17 Theorem: To remove the first degree terms from 
the second degree general equation, the origin is to 
be shifted to the point 

W ~ bg gh-ap | 
ab — h 2 ab — h 2 ) 


If the rotation is in the clockwise sense, then in the 
above relations, replace #with -0. 

1.15 Second degree homogeneous and general 
equations: 

(1) Homogeneous equation: If a, h, b are real and 
atleast one of them is not zero, then ax 2 3 4 5 6 7 8 9 + 2hxy 
+ by 2 = 0 is called second degree homogeneous 
equation in x and y. 

(2) General equation: \ia,h,b, g,f and c are real and 
atleast one of a, h, b is not zero, then the equa¬ 
tion ax 2 + 2 hxy + by 2 + 2gx + 2 fy + c = 0 is called 
second degree general equation in x and y. 

1.16 In the second degree general equation, ax 2 , 2hxy, 
by 2 are called the second degree terms, 2 gx, 2fy 


provided h 2 ^ ab. 

1.18 To remove the xy term from the second degree 
general equation, the axes are to be rotated through 
the angle 


provided a ^ b. When a = b, the angle of rotation is 
nt 4. 

1.19 When the origin is shifted, the second degree terms of 
the second degree general equation will not change. 

1.20 In the change of axes, only the coordinates of a 
point will change, but the distance between two 
points and the areas will not change. 


EXERCISES 


1. Show that the points (1, -1), (p3, s[3) and (0, p3 -1) 
form the vertices of an isosceles right-angled triangle. 

2. Let ABCD be a rectangle and P any point in the plane 
of the rectangle. Then, prove that 

(PA) 2 + (PC) 2 = (PB) 2 + (PD) 2 
(Hint: Take A as origin, AB and AD as axes.) 

3. Prove that the points (3, 6), (2,1) and (1, -4) are col- 
linear. 

4. Show that the points (1, 4), (3, -2) and (- 3,16) are 
collinear. 

5. Show that the points (a, a), (-a, -a) and ( -a\f?> , aj 3) 
are the vertices of an equilateral triangle. 

6. Let A = (3, -5 ),B= (-5, -4), C = (7,10) and D = (15,9). 
In the given order, show that the points form a paral¬ 
lelogram. 

7. If A = (2, -3), B = (6,5), C = (-2, 1) and D = (-6, -7), 
then show that ABCD is a rhombus. 

8. Show that (1, 6), (5, 2), (12, 9), (8, 13), taken in this 
order, form a rectangle. 

9. If A = (5,3), B = (11, -5) and C = (12, A) are such that 
| ABC = 90°, then show that A equals either -4 or 2. 


10. Show that the four points (0,-1), (2,1), (0,3), (-2,1), 
taken in this order, form a square. 

11. Find the area of the triangle whose vertices are (5,2) 
(-9,-3) and (-3,-5). 


12. Show that the area of the triangle whose vertices are 
(a cos a, b sin a), (acos/5, b sin/l) and (a cosy, 
b sin y), where a, b are positive, is 


2 ab 


a-B\ . (B-y\ . I y-a 
sinl- sin - sin 1 


13. Oistheorigin,P 1 = (x 1 ,y 1 ),F , 2 =(x 1 ,y 2 )and|F , 1 OP 2 =0. 
Show that OP 1 ■ OP 2 ■ cos 9 = x l x 2 + y 1 y 2 . 

14. Find the incentre of the triangle whose vertices are 
(7 9), (3,-7) and (-3,3). 

15. Find the centroid of the triangle with vertices (2,7), 
(3,-1) and (-5,6). 

16. Find the incentre of the triangle whose vertices are 
(3,2), (7,2) and (7,5). 

17. Let A = (2, 3) and B = (-1,5). If P is a variable point 
such that the segment AB subtends right angle at P, 
then find the equation of the locus of P. 

18 . Let A = (1,1) and B = (-2,3). If P is a variable point 
such that the area of A PAB is 2 sq. units, then show 
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Chapter 1 I Rectangular Coordinates, Basic Formulae, Locus and Change of Axes 


that the equation of the locus of P is (2x + 3y - 1) 
(2x + 3y - 9) = 0. 

19. 0(0, 0), A(6, 0) and 5(0, 4) are three points. P is a 
variable point such that the area of A FOB is twice 
that of A POA. Show that the equation of the locus of 
P is x 2 - 9y 2 = 0. 

20. A(2, 3), 5(1, 5) and C(— 1, 2) are three points. P is 
a variable point such that (PA) 2 + (PB) 2 = 2 (PC) 2 . 
Show that the locus of P is lOx + 8y - 29 = 0. 

21. Let A = (2, 3) and 5 = (2, -3). Find the locus of the 
point P such that PA + PB = 8. 

22. Show that the equation of the locus of the point 
equidistant from the points (a + b, a - b) and (a - b, 
a + b) is x - y = 0. 

23. Find the incentre of the triangle with vertices (1, V3 ), 
(0,0) and (2,0). 

(Hint: The triangle is equilateral.) 

24. A point moves such that the sum of its distances 
from two fixed points (ae, 0) and (-ae, 0) is always 
2a. Prove that the equation of the locus is x 2 la 2 + 
y 2 lb 2 = 1 where b 2 = a 2 ( 1 - e 2 ) or a 2 (e 2 - 1) according 
as 0 < e < 1 or e > 1. 

25. Show that the equation of the locus of the point 
which is equidistant from the points (a + b, b - a) 
and (a - b, a + b) is bx-ay = 0. 

26. A bar of length a + b is moving such that its extremi¬ 
ties lie on the coordinate axes. Show that the locus of 
the point dividing the bar in the ratio a:b (the direc¬ 
tion is from y-axis tip towards x-axis tip) is x 2 la 2 + 
y 2 /b 2 = 1. 

27. (a, P ), (x,y) and (/;, q) are the circumcentre, 
centroid and orthocentre of a triangle. Prove that 
3x = 2 a + p and 3y = 2j5 + q. 

(Hint: See the note given under Quick Look 4.) 


28. (2, 3), (3, 4) and (6, 8) are the vertices of a triangle. 
Find its centroid, circumcentre and orthcentre. 

(Hint: To find the orthocentre, refer the note under 
Quick Look 4.) 

29. If the origin is shifted to the point (1, -1), then find 
the transformed equation of x 2 + y 2 - 2x + 2y - 4 = 0. 

30. Show that the equation 2x z + y 2 - 8jc + 4y + 1 = 0 will 
be transferred to 2X 2 + Y = 11 if the origin is shifted 
to the point (2,-2). 

31. Find the point to which the origin is to be shifted so 
as to remove the first degree terms of the following 
equations: 

(i) jc 2 + y 2 + 8 jc - 6y - 25 = 0 

(ii) 4xr + 9 y 2 - 8x + 36y + 4 = 0 

(iii) 14+' 2 - 4 xy + 11 y 2 - 36x + 48 y + 41 = 0 

32. When the axes are rotated through an angle 45° in 
the anticlockwise sense, then show that the equation 
3x 2 + 10 xy + 3y 2 -9 = 0 will be transformed to the 
form 8x 2 - 2 y 2 -9 = 0. 

33. When the axes are rotated through an angle n!\ in 
the anticlockwise sense, the transformed equation of 
a curve is 1 lx 2 - 16xy + \ly 2 = 225. Find the original 
equation of the curve. 

(Hint: Solve the equation x = X cosd - Y sin 9. 
y= XsinO + YcosO for X and Y after replacing 6 
with k!4 and substitute the values of X and Y in the 
given equation.) 

34. Find the angle through which the axes are to be 
rotated so as to remove the xy term of the equation 
x 2 + y 2 + 4.ry - 2x + 2y - 6 = 0. 

35. Find the angle of rotation of the axes so as to remove 
the xy term from the equation x 2 + 2p3xy - y 2 = 2a 2 
and also find the transformed form. 


ANSWERS 


11. 29 sq. units 

14. (13-8V2, 2>/2-l) 

15. (0,4) 

16. (6,3) 

17. x 2 + y 2 - x - 8y + 13 = 0 
21. 16x 2 + 7y 2 - 64x - 48 = 0 
23. (1,1/ -\/3 ) 


28. G = (11/3,5); Circumcentre = (-27/2,39/2); Orthocen¬ 
tre =(38,-24) 

29. x 2 + y 2 = 6 

31. (i) (-4,3); (ii) (1,-2); (iii) (1,-2) 

33. 25x 2 + 9_y 2 = 225 

34. 45° 

35. 30°, x 2 - y 2 = a 2 
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The simplest geometric figure is a 
straight line which is a line segment 
joining any two points. 

Two lines, that is, pair of lines, can be 
related each other by different ways 
such as intersecting lines, perpendic¬ 
ular lines and parallel lines. 
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Chapter 2 I Straight Line and Pair of Lines 


In this chapter, we discuss various types (forms) of equations of a straight line, angle between two lines, conditions for 
two lines to be parallel and perpendicular, sides of straight lines, concurrency of lines, etc. ‘Subjective Problems’ sec¬ 
tion provides subjective worked-out problems for the preceding sections. Students are advised to solve each and every 
problem to grasp the topics. 


2.1 Straight Line 


When areas of coordinates are selected, any line parallel to x-axis (including x-axis) is called a horizontal line and any 
line perpendicular to x-axis is called a vertical line. First, we discuss the concept of an ‘slope of a non-vertical line’. 

DEFINITION 2.1 Slope If a non-vertical line I makes an angle 6 with the positive direction of the x-axis (that is 
measured in counterclock sense), then the value of tan# is called the slope of line /. Generally, 
slope of a line is denoted by m. 

Note: Slope is defined for non-vertical lines only. We do not talk about the slope of a vertical line. 


x, QUICK LOOK 1 


1. Since the angle made by a horizontal line with 
x-axis is 0 or k. its slope is always zero. 

2. Two non-vertical parallel lines make the same angles 
with the x-axis implies that their slopes are equal; 
however, if the slopes of two lines are equal, then 
the lines are parallel lines. 


3. The slope of a line is positive <=> the line makes acute 
angle with the positive direction of the x-axis. 

4. The slope of line is negative <=> the line makes ob¬ 
tuse angle with the positive direction of the x-axis. 


Theorem 2.1 


Proof 


The slope of line passing through two points A(x ] ,y ] ) and B(x 1 ,y~ > ) is 

yi - yi f T - yi ' 

X 2 -Xt ^ X 1 -X 2j 

Case 1: If the line is horizontal, then 


yi = yi 


ZiZ3T =0 

Xl-X 2 


and slope of the line is also zero. 

Case 2: If the line is not horizontal, then we consider the following: Let the line make an angle 0 
with the positive direction of the x-axis (see Fig. 2.1). Draw AL and BM perpendicular to x-axis 
and AN perpendicular to BM. Clearly, ZNAB = 6 . Therefore, it is clear that 

„ BN BN BM-MN 

tan#=-=-=- 

AN LM OM-OL 

BM—AL y 2 —y\ 

OM - OL x 2 - x 1 



FIGURE 2.1 
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2.1 I Straight Line 


DEFINITION 2.2 Intercepts of a Line Suppose a line meets x-axis in the point (a, 0) and y-axis in the point 
(0, b). Then a is called x-intercept of the line and b is called the y-intercept of the line. 


^ QUICK LOOK 2 


1. A vertical line has x-intercept only. 3. For a line through origin, both intercepts are zero. 

2. A horizontal line has y-intercept only. 


Theorem 2.2 
(Point-Slope 
Form) 
Proof 


Equation of a line passing through point A{x v y x ) and having slope m (see Fig. 2.2) is 

y-y\ = m(x-x x ) 


Suppose P(x, y) is any point on the given line. Then, by Theorem 2.1, the slope of the line is 


Therefore, 


y-y i 

X-Xj 


= m 


y-y l =m{x-x l ) 


Conversely, let Q(x', y') be a point such that 


y'-y 1 =m(x-x 1 ) 

=> -—— = m (slope of the line) 

x — x 1 


This implies that the line AQ coincides with the given line which, in turn, implies that Q lies on 
the given line. Therefore, equation of the line is y-y\= m(x - x 1 ). 



Example 


2.1 


Write the equation of a line passing through ( -J2, V2 ) 
and having slope 1. 

Solution: We have m = 1 and x 1 = V2 = y r Therefore, 
the equation of the line is 


y-V 2 = l(x-V2) 
=> x - y = 0 


Example 


2.2 


Write the equation of the line which is inclined at an Solution: We have 

angle nt3 with the positive direction of the x-axis and / \ 

passing through the point (1, -2). m = tanl — I = v3 
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Chapter 2 I Straight Line and Pair of Lines 

Now given jq = 1 and y l = -2. Therefore, equation of the 
line is 


y + 2 = y[3(x — 1) 

=> V3;c-y-(2 + ^) = 0 


Theorem 2.3 
(Slope- 
Intercept Form) 


Equation of the line having slope m and ^-intercept c is y = mx + c. 


Proof 


Since c is the ^-intercept of the line, the line passes through the point (0, c) and has slope m. 
Therefore, by Theorem 2.2, the equation of the line is 


y — c = m(x - 0) 
y = mx + c 


, QUICK LOOK 3 


Equation of any line passing through origin (excluding y-axis) is of the form y = mx (i.e., c = 0). 


Example 


2.3 


Write the equation of the line having slope 1/2 and 
y-intercept 1. 


y = —x + 1 
2 


Solution: We have m = 1/2 and c = 1 so that the equa- x 2y + 2 - 0 

tion of the line is 


Example 


2 . 


Write the equation of the line having slope 2 and 
y-intercept -3 and hence find the area of the triangle 
formed by this line and the two coordinate axes. 


at (3/2,0) and (0, -3). Hence, the vertices of the triangle 
are (0, 0), (3/2, 0) and (0, -3). Therefore, area of the tri¬ 
angle is 


Solution: We have m = 2 and c = -3. Therefore, the 
equation of the line is y = 2x - 3 . The line meets the axes 


0(0 + 3)+—(-3-0)+0(0-0) 


9 

— sq. unit 
4 4 


Theorem 2.4 
(Intercept 
Form) 


If a and b are non-zero intercepts of a line on +- and y-axis, respectively, then the equation of these 
two intercepts is 


^=1 
a b 


Proof 


This line passes through the points (a, 0) and (0, b ) (see Fig. 2.3) so that its slope is 

b-0 b 


0 — a a 


Therefore, by Theorem 2.3, the equation of the line is 

-b . , 

y = — (x-a) 
a 
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2.1 I Straight Line 



* + ^ = l 
a b 



N QUICK LOOK 4 


Area of the triangle formed by the line 
a b 


and the coordinate axes is equal to 


i(OA-Ofi) = ||a|| 


| = — |nb| sq. unit 


Example 


2.5 


Find the equation of the line whose intercepts are numer¬ 
ically equal. 

Solution: Suppose the intercepts are a and -a or -a 
and a. Then the equation is 




or 



—a a 


x — y — a 
x- y = —a 


Example 


2.6 


Find the equation of the line whose sum of the intercepts 
on the axes is 3 and their product is 2. 

Solution: The equation of a line is 


^=1 


Now, 


and 


a+b = 3 
ab = 2 


Solving these equations, we get a = 2 and b = 1 or a = 1 
and b = 2. Therefore, equation of the lines is 


X - + y - = l 
2 1 
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or 


^=1 
1 2 


Therefore, the equation of the line is 
x+2y-2=0 
or 2x + y — 2 = 0 


Theorem 2.5 
(Two-Point 
Form) 

Proof 


Equation of the line passing through two points A(x v y^) and B{x 2 ,y 7 ) is 

(x-x l )(y l -y 2 )-(y-y 1 )(x 1 -x 2 ) = 0 

Case 1: Suppose the line AB is vertical. Hence, x 1 = x 2 and y x ^ y 2 . If P(x, y) is any point on 
the line AB, then x 1 = x 2 = x so that 


{x-x 1 )(y l -y 2 ) = {y-y 1 )(x l -x 2 ) 

Case 2: AB is not a vertical line. Therefore, by Theorems 2.1 and 2.2, its equation is 

(yi-yi), 


y-y\ = 


{x 1 -x 2 ) 




=*(x-x 1 )(y 1 -y 2 ) = (y-y 1 )(x 1 -x 2 ) 


Example 

Write the equation of the line passing through the points 
(a + b, a-b) and (a-b, a + b). 

Solution: We have x 1 = a + b,y 1 = a-b,x 2 = a-b and 
y 2 = a + b. Therefore, equation of the line is 


[x - (a + b)\ [a - b — (a + b)] = [y - (a - b)\ [a + b - (a - b)\ 
—2b[x — {a+by\ = 2b[y-(a- £>)] 

-x + a + b = y — a + b 

Therefore 


x+ y=2a 


Example 


2.8 


Find the equation of the line joining the points 
(ucosa, a sin a) and (a cos /), a sin /)) where a>0. 


Solution: Equation of the line is 

(x-acosa)(asina-asin/3) = (y-asina) 

(acosa-acosp) 

=> (jc-flcosa)(sina-sin/l) = (y-a sin a) (cos a -cos /)) 


. ( a-/3\ ( a + fi 


(x-acosa)2sin - cos - = (y-asina) 


(a+p) . ( a + B 
■ xcos^- i + ysm l 


. a+p . a-p 

-2 sin-sin- 

2 2 

a + P 


cos a cos 


smasin 


2 

a + P 


a+P . a+P 

■ xcos-+ ysm-= acos 

2 2 


a-p 


Note: One can see in Example 2.8 that (a cos a, a sin a) and (a cos p, a sin p) are the points on a circle with centre at 
origin and radius a. In the above chord equation, if p = a, then x cos a + y sin a = a is the equation of the tangent to 
the circle with centre (0,0) and radius a. 
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2.1 I Straight Line 


Example 


2.9 


Show that the equation of the line joining two points 
(at 2 , 2at x ) and (at 2 ,2at 2 ) is 

2 

y - 2aU —-(x - ati“) 

q + t 2 

Solution: The slope of the line joining the two points is 


2 at 2 - 2 at l 2 

at\ - at 2 t ] +1 2 

Hence, the equation of the line is 

2 . 2 \ 

y-2at 1 =- (x-at 1 ) 

h +t 2 


Note: In Chapter 4, we will discuss and show that for all real values of t, the locus of the point {at 2 ,2at) is the parabola 
y 2 = 4ax and the equation of the tangent at (at 1 , 2a t) is ty = x + at 2 which can be obtained by substituting q = t 2 = t 
in the equation of the line joining the points (at\, 2at) and (at\, 2at) which is also discussed in Example 4.3. 


Theorem 2.6 
(Equation of 
Straight Line 
in Normal 
Form) 
Proof 


A line / is such that its perpendicular distance ON (O is the origin) from the origin is p and the ray 
ON makes angle a with the positive direction of the x-axis (measured in counterclock sense). 
Then the equation of the line / is 

xcosa + ysina = p 

Case 1: Suppose that the given line / is a vertical line meeting positive x-axis at point N [see Fig. 
2.4(a)] so that ON=p and a= 0. Therefore, if p(x, y) is any point on /, then x = p and the equation 
of the line / is x = p which is equivalent to 


xcosa + ysina = p (va = 0) 


Similarly, if / meets the negative x-axis at point N [see Fig. 2.4(b)], then the equation of the line / 
is x = —p so that 


xcosa + ysina = p (va = i) 




J 

,y 


N(-P , 0) 

O *x 


(b) 


FIGURE 2.4 

Case 2: Suppose the line / is horizontal and meets positive y-axis at point N so that N = (0 ,p) and 
a= 7d2 [see Fig. 2.5(a)]. Since its equation is y =p, it is also given by 

xcosa + ysina = p (Ya = 7r/2) 

Similarly, if N lies on the negative y-axis, then N = (0, -p) and a= -3^/2 [see Fig. 2.5(b)] so that its 
equation is y = -p. The equation of the line can be written as 


xcosa + ysina = p 
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FIGURE 2.5 

Case 3: Suppose / is an inclined line meeting positive coordinate axes at points A and B , respec¬ 
tively [see Fig. 2.6(a)]. So the coordinates are A = (p sec a, 0) and B = (0 ,p cosec a). By Theorem 2.4, 
the equation of the line l is 


x 

-+ 


y 


= i 


pseca p cosec a 


Hence 


xcosa + ysina = p 


Similarly, for other cases, namely, 


n 3k 3k 

— <a<K or k < a < — or — <a<3 k 
2 2 2 


we can show that its equation is 

x costt+ y sin «=p 

These three cases are shown in Figs. 2.6(b), 2.6(c) and 2.6(d), respectively. 



(c) 




FIGURE 2.6 
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2.1 I Straight Line 


Example 


2.10 


Find the equation of the line whose distance from origin 
is 2 and the normal ray through origin makes an angle n/4 
with the positive direction of the x-axis measured in coun¬ 
terclock sense. 


Solution: We have p = 2 at a= n/4. Flence, the equation 
of the line is 

xcos —+ ysin—= 2 or x+y = 2V2 
4 4 


Example 


2.11 


Find the equation of the line whose distance from the 
origin is 4 and the normal ray through origin makes an 
angle (2/r)/3 with the positive direction of the x-axis mea¬ 
sured in counterclock sense. 


2 n . In 

xcos- 1 - ysm — 

3 3 


4 or 



That is, 


Solution: We have/? = 4 and a= (2n)/3. Flence the equa- x-V3y = -8 

tion of the line is 


Theorem 2.7 
(Symmetric 
Form of Line) 


The equation of the straight line passing through (x v y 1 ) and making an angle # with the positive 
direction of the x-axis measured in counterclock sense is 

(x - x 1 ): cos 6 = (y - y 1 ): sin 9 


Proof 


Suppose the line is L which passes through (x ] ,y ] ). 

Case 1: The line L is vertical so that 9 = n/2. Since the equation of L is x = x 1 which is written as 

(x - x 1 ): cos 9 = (y - y 1 ): sin 9 

because cos# = 0 and sin# = 1. 

Case 2: Suppose L is non-vertical so that #^ n/2. Hence by Theorem 2.2, its equation is 

(y~yi) = tan#(x-x 1 ) 

=> (x-x 1 )sin# = (y-y 1 )cos# 


Thus 


(x - Xj): cos 9 = (y - y 1 ): sin 9 


If (x-x 1 ) = ycos# and (y-y x ) = ysin#, we have 

•y/(x-xi ) 2 +{y-y \) 2 = \y\ 

which shows that \y\ represents the distance of the point (x, y) on the line from the given point (x p y : ). Therefore, if 
(x, y) is any point on the line and y is any real parameter, then the locus of the point (x x + ycos# y : + ysin#) is the 
straight line 

(x-x x ) :cos# = (y-yi) :sin# 

Also, y takes positive values for points on the line on one side of (x^yj) and takes negative values for the points on the 
other side of (x p y 1 ). For a given positive value of y. there will be two points on the line which are equidistant from (x p 
y!). Further, the equations 

x = Xj+ycos# and y = y 1 +ysin# 

(#is a fixed and y is a parameter) are called the parametric equations of the line passing through (x P y,) and making 
angle #with the positive direction of the x-axis measured in counterclock sense. 
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Example 


2.12 


Write the parametric equation of the line passing through 
the point (3,2) and making an angle 120° with the posi¬ 
tive direction of the x-axis measured in counterclock 
sense and also find the coordinates of the points on the 
line which are at unit distance from the point (3,2). 

Solution: We have (x v y^) = (3,2),cos#= cos 120° = -1/2 

and sin# = sin 120° = V3/2. Therefore, the parametric 
equations of the line are 

x = x l +ycos# = 3 + 7 



and 


y = yi + ysin# 


2 


+ 7 



x 


7 


Solving these equations, we get 
* = 3 - 7/2 

and 7 = 2 + y (V3 12) 


Substituting 7 = 1 and 7 = -1 in the above coordinates, 
the points on the line which are at a distance of 1 unit 
from the point (3,2) are obtained, respectively, as 


"5 4 +vr 

and 

( 1 4 -vr 

2 ’ 2 

yz. z. ) 

2’ 2 

yz. z. ) 



DEFINITION 2.3 Ifa,band c are real and either a or b is non-zero, then the expression ax + by + c is called first- 
degree expression in x and y and the equation ax + by + c = 0 is called first-degree equation in x 
and y. 


Examples 

1. 2* — 7 + 3 = 0 

2 . * + 2 = 0 


3. x/2y-l = 0 

4. x/3* + 4 v +1 = 0 


5. *cosa + ysma = p 


Theorem 2.8 


Every first-degree equation in * and 7 represents a straight line and conversely, the equation of a 
straight line is a first-degree equation in * and 7 . 


Proof 


Suppose ax + by + c = 0 is a first-degree equation so that either a or h is non-zero. Now, either b = 0 
or b 7= 0. If b = 0, then the equation reduces to ax + c = 0 where a 7= 0 which represents the vertical line 
* = -da. If b 7= 0, then the equation can be written as 7 = (-alb)x + (- clb ) which represents straight 
line having slope {-alb) and 7 -intercept -clb. In any case, ax + by + c = 0 represents a straight line. 

Conversely, let L be a straight line in the coordinate plane. Therefore, L is either a vertical line 
or a non-vertical line. Suppose L is a vertical line meeting *-axis at the point ( a , 0), the equation 
of L is x-a = 0 which is a first-degree equation in * and 7 . If L is non-vertical, then it meets 7 -axis 
at some point, say (0, c), and has slope, say, m, then the equation of L is 7 = mx + c (see Theorem 
2.3) which is a first-degree equation as coefficient of 7 is -1 (7= 0). g 


In view of Theorem 2.8, the following definition is provided. 


DEFINITION 2.4 General Equation of a Straight Line First-degree equation in * and 7 is called the general 
equation of a straight line. Suppose ax + by + c = 0 is a first-degree equation, then we have the 
following conditions: 

1. If c = 0, then the line passes through (0,0). 

2. If b ^ 0, then the first-degree equation represents a line having slope {-alb) and 7 -intercept {-clb). 

3. If b = 0, ax + by + c = 0 represents a vertical line. 

4. If abc ^ 0, then the first-degree equation represents a line with *-intercept {-da) and 7 -intercept {-clb). 


Theorem 2.9 


Two first-degree equations ape + byy + c 1 = 0 and a 2 x + + c 2 = 0 represent parallel lines if and 

only if a 1 b 2 =a 2 b 1 (i.e., ay.b^ = a 2 :b 2 ). 
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2.1 I Straight Line 


Proof 


When two lines are parallel, both are either vertical or non-vertical. If both are vertical, then by = 
b 2 = 0 [by point (3) below Definition 2.4] so that ayb 2 = a 2 by = 0. If both are non-vertical, their 
slopes are equal [by point (2) below Definition 2.4].Thus, 


dy @2 

b i b 2 

Hence, a x b 2 = a 2 by or a 1 :b 1 = a 2 :b , 

Conversely, when a x b 2 = a 1 b l and if by = 0, then a^ 0 so that b 1 = 0. Therefore, by = 0 <=> b 2 = 0 and 
hence if one of the lines is vertical, then the other is also vertical so that the given lines are parallel. 
If both b y and b 2 are non-zero, then 

/ u a i a 2 

a x b 2 =a 2 b 1 =>—= — 

by b 2 

dy d 2 

by b 2 

Since the slopes are equal, the lines are parallel. I 


v, QUICK LOOK 5 


1. Equation of any line parallel to the line ax + by + 
c = 0 is of the form ax + by + c'= 0. 


2. In particular, equation of the line passing through 
the point (jq, jq) and parallel to the line ax + by + 
c = 0 is a(x-Xy) + b(y-yy) = 0. 


Theorem 2.10 

Proof 


Two first-degree equations a x x + b x y + c x = 0 and a 0 x + b 2 y + c, = 0 represent the same straight line 
if and only if ay.by.Cy = a 2 .by.c T 

Suppose the two equations represent the same straight line. Since every line is parallel to itself, by 
Theorem 2.9, ayb 2 =a 2 by and hence ay.b l = a 1 :b 2 . If by = 0,then b 7 = 0 so that u 1 and a 7 are non-zero. 
This implies that 


Therefore 


fl_ = _£2 

dy d 2 


ay:by\cy=a 2 :b 2 : c 2 

If by ^ 0, then byt 0 (since a l b 1 = a 2 by). Let 



Therefore, 


a 2 _b 2 1 


ayb 2 = a 2 by =>— = — = — 
dy Dy A, 

=> ay = 


( 2 . 1 ) 

Also (0, - Cylby ) is a point on a x x + b x y + c x = 0 which implies that(0, - Cylby ) also lies on 
a 2 x + b 2 y + c 7 = 0. Therefore 




v b i / 

C2 = J_ 

Cy by X 


+ c 2 - 0 


( 2 . 2 ) 
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Therefore, from Eqs. (2.1) and (2.2) 

a^'.b pcq= a 2 :b 2 :c 2 

Conversely, suppose a 2 .b 2 .c T Therefore, for some real A^ 0, we have a 1 - Aa^, b x = Ab 2 , 

c 1 = Ac t Hence 

apx + b 1 y + c 1 = 0 <=> A(a 2 x + b 2 y + c 2 ) = 0 
<=> a 2 x + b 2 y + c 2 = 0 

Therefore, both equations represent the same straight line. g 


Theorem 2.11 


Proof 


Let ax + by + c = 0 be a straight line. Then 


( \ 
a 

x + 

b 

y 4a 2 +b 2 , 

y \la 2 +b 2 j 

( \ 


( , 1 

-a 

x + 

-b 

y 4a 2 +b 2 , 

y 4a 2 +b 2 j 


y= 


y = 


—c 


4777 


4777 


is the normal form of the given line if c < 0. 
is the normal form of the given line if c > 0. 


Suppose _rcosa + ysina = p is the normal form of ax + by + c = 0. Therefore, by Theorem 2.10, 
there exists a real A ^ 0 such that cosetr= Aa, sina= Ab and -p = Ac. Now, 

cos 2 «+ sin 2 «= 1 


implies 


A= ± 


1 


47747 


Also —Ac = p > 0 (since p is the distance of the line from origin) implies that 

1 


A = 


4777 

-i 


4777 


if c < 0 

if c > 0 


Therefore, if c < 0, then the normal form of the line is 

( \ f * b 




b 


47747) \47747) 47747 


or if c > 0, the normal form of the line is 


( \ 
-a 


( 

-b 

K 4a 2 + b 2 y 

O 

Ja 2 + b 2 j 


o 


QUICK LOOK 6 


1. To reduce ax + by + c = 0 to the normal form, take 
constant c to the right-hand side (RHS), divide both 

sides with 47747 and then make RHS positive. 


2. p = ± 


47747 

c = 0 from the origin. That is, 


is the distance of the line ax + by + 


P = 


4777 
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2.1 I Straight Line 


Example 


2.13 


Write 2x + 3y + 5 = 0 in the normal form. What is the dis¬ 
tance of the line from origin? 


To make the RHS positive, we multiply both sides with 
(-1). Thus, the normal form is 


Solution: In 2x + 3y + 5 = 0, the constant 5 should be 
taken to the RHS of the equation, that is 

2x + 3 y = -5 

Dividing both sides with \la 2 +b 2 = ^2 2 +3 2 = Vl3, we 
get 

2 3-5 


where 



x + 



5 

Vl3 


cos a = 


-2 

Vl3 


and 


sin a = 


-3 

-n/13 


Now, the distance of the line from the orgin is 
_ |c| _ |-5| _ 5 

P ~ Ja 2 +b 2 


Example 


2.14 


Find the normal form of the line 3x + 4v - 10 = 0 and its 
distance from the origin. 


Solution: The equation 3x + 4y - 10 = 0 can be 
written as 3x + 4y = 10. Dividing both sides with 

\la 2 + b 2 = -s/3“ + 4" = 5, we get 

— x+ — y = 2 
5 5 


where 


3 J . 4 

cos a = — and sin a = — 

5 5 


Now the distance of the line from the origin is 


P = 


M 

5 


10 

y 


2 


Theorem 2.12 
(Angle 
BETWEEN Two 
Lines) 


Proof 


If 0 < 9< 7rl2 is the angle between the lines a x x + b^y + c x = 0 and a 2 x + b 2 y + c 2 = 0, then 

1^02 + bib 2 \ 


cos 6 = 


or equivalently 


9= Cos 


-l 


V( fl i + bi)( a 2 +bl) 

|a 1 « 2 +^ 1 ^ 2 ! 

\ l( a 1 + b \ )(«2 + bi ) 


Let the lines represented by the given equations (in the order written) be /pind l 2 , respectively. If 
I 1 and l 2 are parallel lines, then we consider that 9 is equal to 0 or n and also 


|«i«2 + b ib 2 \ 


V( a l +b l)( a 2+bl) 


= 1 


because a 1 :b 1 = a 2 :b 1 (Theorem 2.9). Hence 


Cos 


-1 


\(i\Ci2 + bib 2 


yl(al+bl)(al+bl) 


= Cos -1 (1) = 0 


Therefore, without loss of generality, we assume that l t and l 2 are intersecting so that a ] :b ] -t ay.b 2 . 
Let OLj and OL 2 be the lines through origin O and parallel to the lines l x and l 2 , respectively 
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(see Fig. 2.7).Therefore, from Quick Look 5, part (2), the equations of OL x and OL 2 are, respec¬ 
tively, a x x + b { y = 0 and a 2 x + b 2 y = 0. Let 0 y and d 2 be the angles made by OL x and OL 2 with the 
positive direction of the x-axis so that d, -d 2 \ is the measure of the angle between the lines. We 
know that P(b v - a x ) lies on OL x and Q(b v - a 2 ) lies on OL 2 . Draw PL and QM perpendicular 
to A'-axis. Now, 

cosd = cos(d| —0 2 ) = cosd] cosd 2 + sin 9 1 sind 2 


( \ 

f \ 


( 

\ 

f 

\ 

h 

b 2 

+ 


-a { 


—a 2 

K yl a i +b x j 

Jal+bl j 

Q 

J a i + b !, 

A 

\a\ + bl j 


a 1^2 + bib 2 
\l( a i + b i)( a 2 +b 2 ) 


9= |d| - d 2 1 and 0 < d< /r/2 


cos d = 


\a x a 2 + b x b-, | 


^(al+bl)(al+bl) 



Note: If both lines are non-vertical and 6 is the angle between them, then 


tand = 


m 1 — m 2 
1 + ni\m 2 


where m 1 and m, are their slopes. 



QUICK LOOK 7 


1. (a) The lines a { x + b l y + c l = 0 and a 2 x + b 2 y + c 2 = 0 
are at right angles <=> a x a 2 + h { b 2 = 0 (since 
d = 90°). 

(b) Product of the slopes is -1 provided the lines 
are at right angles. 


2. The equation of any line perpendicular to the line 
ax + by + c = 0 is of the form bx-ay + c' = 0. 

3. In particular, the equation of the line passing 
through the point (x v y x ) and perpendicular to the 
line ax + by + c = 0 is b (x-x x ) - a (y-yq) = 0. 


DEFINITION 2.5 Image or a Reflection of Point Let / be a straight line and P be a point on the plane of the 
line, but not on the line. A point Q in the same plane is c alle d the image or reflection of P in 
the line / if / is the perpendicular bisector of the segment PQ. 



































2.1 I Straight Line 


Q 


^QUICK LOOK 8 


To find the image of P on the line /, draw PM perpen¬ 
dicular to the line l and produce it to Q such that PM - 
MQ (see Fig. 2.8). 


I 90° 


M 

< a 

FIGURE 2.8 


Theorem 2.13 


Proof 


Let / be a line whose equation is ax + by + c = 0 and P(x v y x ) be a point on the plane of the line, 
but not on /. Suppose M(h, k) is the foot of the perpendicular drawn from point P onto / and 
Q(x 1 ', y,') is the image of point P in the line. Then 

h — x, k — y 1 (ax l + by 1 + c ) 
a b a 2 +b 2 

( ax 1 + by 1 + c) 


2 . ^i + ZL^ZL = _ 2 

a b 


a 2 +b 2 


1. See Fig. 2.9. The line PM is perpendicular to the line ax + by + c = 0, so by Quick look 7, part 
(2), we have 


k~yi 
h - x t 
h — x 1 k — y 1 


-| = -1 
b 


= A 


(say) 


a b 

=> h = x 1 + A a, k = y 1 + kb 

Since M(h. k) lies on the line, we have ah + bk+c = 0, which implies that 

a(x r + A a) + b(y 1 + kb) + c = 0 

(ax 1 + by 1 +c) 

=> A =-,-^- 

a- +Zr 

Therefore, from Eqs. (2.3) and (2.4), we get 

h - x 1 k- y 1 ( ax 1 + by 1 + c ) 


a b 

2. Since M is the midpoint of PQ, we can see that 


a 2 + b 2 


x'l -x, _ y) - y, = _ 2 (ax, + by 1 + c) 


b 


a 2 +b 2 


ax + by + c= 0 




M (h, k) 


y/) 


(2.3) 


(2.4) 


FIGURE 2.9 
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Note: Theorem 2.13 gives the formulae for the foot of the perpendicular drawn from a point onto the given line and 
the image of a point on the given line. 


Example 


2.15 


Find the foot of the perpendicular drawn from the point 
(1,2) onto the line 3x + 4 v -1=0 and also find the image 
of (1,2) on the given line. 

Solution: We have (x v = (1, 2) and the line is 3x + 
4y - 1 = 0. 

1. Suppose ( h , k) is the foot of the perpendicular. There¬ 
fore, from Theorem 2.13, we have 

h-1 _ k-2 _ [3(1) + 4(2)-1] _ 10 _ 2 
4 3 2 + 4 2 ~~ 25~ 5 

Flence 


h = 1-- 
5 

k = 2~ — 
5 


1 

~5 

2 

5 


Therefore, foot of the perpendicular from (1,2) is 


1 2 
5’5 

2. Suppose ( a , j3) is the image of (1, 2). From Theorem 
2.13, we have 

q-1 P-2 [3(1) + 4(2) — 1] -20 -4 

3 “ 4 3 2 +4 2 “ 25 “ 5 

Flence 


i 12 

a = 1 - 

.-4 


7 

5 

6 
5 


Thus, the image is 

7 6 

5’ 5 


Theorem 2.14 The distance of the line ax + by + c = 0 from the point P(x v y 1 ) is 

\ax x + by i +c| 

\Ja 2 +b 2 

Proof See Fig. 2.10. Shift the origin to the point P(x v yj and let the new coordinates of any point be 
denoted by (X, Y). Flence, by Section 1.4.1, we have x = X + x 1 and y = Y + y 1 so that P becomes 
(0,0) and the equation of the given line is a(X + x^ + b{Y + yq) + c = 0. That is, 

aX + bY + ax 1 +by 1 +c = 0 (2.5) 

Flence, by Quick Look 6, part (2), the distance of the line [Eq. (2.5)] from P(0,0) is equal to 



FIGURE 2.10 






















2.1 I Straight Line 


Theorem 2.15 


Proof 


The distance between the parallel lines ax + by + c = 0 and ax + by + c' = 0 is 

\c — c'\ 


yja 2 + b 2 

See Fig. 2.11. Let P(x v y x ) be a point on ax + by + c' = 0 so that 

ax 1 + by 1 + c' = 0 (2-6) 

Now, the distance between the two parallel lines is equal to the distance of the line ax + by + c = 0 
from the point P(x v y^), which is given by 

I ax x + by x + cl 


Vfl 2 +b 2 

|—c' + c| 

ax+by+c' = 0 P(*i,yi) 


(by Theorem 2.14) 
[from Eq. (2.6)] 


ax+hy+c=0 


M 


FIGURE 2.11 


Theorem 2.16 


Proof 


If a x x + b { y + c 1 = 0 and a 2 x + /qy + c 2 = 0 are two intersecting lines, then their point of intersection 
is 

/ V 2 -Vl c l a 2~ a l c 2 ^ 
a 1 b 2 —a 2 b l a 1 b 2 -a 2 b l 

Since the lines are not parallel, we have rqb., ^ a 2 b r Let be the point of intersection of the 

lines. Therefore, 


a^a-b^ = -c 1 

and a 2 a-b 2 p=-c 2 

Solving Eqs. (2.7) and (2.8) for a and /?, we get 

b l c 1 -b 2 c l 
a^-a^ 

c \ a 2 ~ a l c 2 

a, b 2 —a 2 bi 


(2.7) 

( 2 . 8 ) 


a = 


P = 


Notation: The line ax + by + c = 0 is denoted by L so that L = 0 represents a straight line if either a or b is not zero. 

L = ax + by + c 
L|] = ax 1 + by x +c 
L 22 = ax 2 +by 2 +c 


Theorem 2.17 


Let L = ax + by + c be a line and A{x v >q) and B(x 2 , y 2 ) be the two points on the same plane, but 
not on the line L = 0, then L = 0 divides the line segment AB in the ratio -L n :L 29 . 
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Proof 


Suppose L = 0 meets the line AB in point P(x, y ) and AP.PB = A: 1. Therefore 

x 1 + Ax 7 


y = 


A +1 

y\ + ky 2 

A + l 


Since P{x, y) lies on the line L = 0, we have 


(Xi+Ax,) Ayi + Ay 2 ) „ 

A + l A + l 

That is, ax 1 + by 1 + c + A(ax 2 + by 2 + c) = 0. That is, L n + AL r = O.Therefore, 

A = -— 

-^22 

Hence, AP.PB = -L n :L 22 . 


^ QUICK LOOK 9 


1. L = 0 divides AB internally 

<=> -L n :L 22 is positive 

<=> ——> o 

L 22 

<=> L n and L 72 are opposite signs 

Therefore, points A and B lie on the opposite sides 
of line L = 0 L n and L 77 are of opposite signs. 


2. Points A and B lie on the same side of L = 0 
o the division is external 

^22 

»^->0 

-^22 

Therefore, L n and L 77 have the same sign. 


DEFINITION 2.6 Origin and Non-Origin Sides Let L be a straight line in the coordinate plane which is not 
passing through the origin. The side of the region in which the origin lies is called the origin 
side of the line and the other is called the non-origin side of the line L (see Fig. 2.12). 



Theorem 2.18 Let L = ax + by + c = 0 be a line which is not passing through the origin. Then a point ^4(x p y 
(not on the line L = 0) lies 

(a) on the non-origin side of L = 0 <=> c and L n are of opposite signs 

(b) A(x v y x ) lies on the origin side of L = 0 <=> c and L n have the same sign 

Proof In Quick Look 9, take B = (x 2 , y 2 ) = (0,0). Hence, points A and B (which is equal to the origin) 
lie on the opposite sides of L = 0 so that L n and L 77 = c have the opposite signs and points A and 
(0,0) are on the same side. Hence, L n and L 77 = c have the same sign. 
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2.1 I Straight Line 


■.QUICK LOOK 10 


Let ax + by + c = 0 be a line and c ^ 0. 

1. If c > 0, then for all points on the origin side L n > 0 
and for all points on the non-origin side L n < 0. 


2. If c < 0, then for all points on the origin side L n < 0 
and L n > 0 for all points on the non-origin side. 


Example 


2.16 


Check whether the point (2,1) lies on the origin side or 
non-origin side of the line 2x -3y+l = 0. 

Solution: We have L= lx - 3 y +1, A(x v _y x ) = (2,1) and 
c = 1. That is, 


L n = 2(2) -3(1) + 1 = 2 
and c = 1 

That is, L n and c have the same origin. Hence, (2,1) lies 
on the origin side of L = 0. 


Example 


2.1 


7 


Find the ratio in which the line L=x + 2y - 3 = 0 divides and = 3 + 2(2) -3 = 4 

the line joining the points A( 1,2) and 5(3,2). - 

Therefore, L = 0 divides AB in the ratio 

Solution: A( 1,2) = (x v y x ) and 5(3,2) = (x 2 , y 2 ) so that ~ L n :L 22 = ~ 2:4 = ~ 1:2 

L n - 1 + 2(2) - 3 - 2 That j s> L = () divides AB externally in the ratio 1:2. 


Theorem 2.19 


Proof 


Suppose U l = a 1 x + b x y + c Y = 0 and U 2 = a 2 x + b 2 y + c 2 = 0 are two parallel lines. Then for any real 
values of A 1 and A^ such that | A 1 | +1A 2 1 ^ 0 , the equation A 1 U 1 + A, U 2 = 0 represents the line paral¬ 
lel to each of the lines U l = 0 and U 1 = 0. 

From Quick Look 5, U 2 = 0 can be written as U 1 = aye + b x y + e,' = 0. Therefore, 

A l U l + A 2 U 2 = (A^ + A 2 ) \ayc + b^y\ + A^c 2 + A 2 c j ' = 0 
which represents the line parallel to U 1 = aye + by> +c 1 = 0. a 


Theorem 2.20 If t/, = aye + b x y + 0 and U 2 = a 2 x + b $ + c 2 = 0 are intersecting lines, then the equation A 1 U 1 + 

A 2 U 2 = 0 (|A| | + |A 2 1 ^ 0) represents the lines passing through the intersection of U 1 = 0 and U 2 = 0. 
Conversely, the equation of any line passing through the intersection of U l = 0 and U 2 = 0 is of the 
form A 1 U 1 + A 2 U~, = 0 for some A 1 and A 2 such that |Aj | + |A 2 1 ^ 0. 

Proof Suppose U 1 = a 1 x + b 1 y + c 1 = Oand U 2 = aye + b 2 y + c 2 = 0 are intersecting lines so that - a 2 b^ 0. 
Let p(a,/3) be the point of intersection of L) = 0 and U 2 = 0. Therefore, 

a 1 a+b 1 P+c 1 = 0 (2.9) 

and a 2 a + b 2 p + c 2 =0 (2.10) 

Now, | A 1 1 + |A 2 1 =£ 0 implies that atleast one of A 1 and A\ is not zero. Consider that 

A 1 U 1 + A 2 Ui = (A 1 a 1 + Ayi^x + (A 1 b 1 + AJb^y + A 1 c 1 + A 2 c 1 = 0 

If both A 1 a 1 + A^a and A l b 1 + A 2 b 1 are zero, then 


a ] A] b j 

a 2 ^2 t ) 2 
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which is a contradiction of the hypothesis a r b 7 ^ a 2 b y Therefore, A l U 1 + A,U 7 = 0 is a first-degree 
equation and hence it represents a straight line. Also, from Eqs. (2.9) and (2.10), it follows that 
A l U 1 + A 2 U 2 = 0 passes through (a, j3). Conversely, suppose U = ax + by + c = 0 is a line passing 
through (a. fi). then 

aa+bj5 + c = 0 (2-11) 

Since either a or b is not zero [i.e., (a, b) ^ (0,0)] and a 1 b 2 ~a 2 b ] ^ 0, it follows that the equations 

a^x + a 2 y = a and iqx + b 2 y = b 

have unique solution, say, x = A 1 and y = A 1 and A, | + |A 2 1 0. Therefore, 

A 1 a 1 + A 2 a 2 = a and A l b l + A 2 b 2 = 0 

Now, from Eq. (2.11), we get 

c =-aa - j3b =-(A 1 a 1 + A 2 a 2 )a-(A l b l + A 2 b 7 )fi 
= -A 1 (a 1 a + b l p)-X 2 (a 2 a+ b 2 fi) 

= -A^-cq)- A 2 (-c 2 ) [from Eqs. (2.9) and (2.10) 

= A^j + A 2 c 2 

Therefore 

cix + by + c = (A l a 1 + A 2 a 2 )x + (A 1 h 1 + A 2 £> 2 )y + A l c l + A 2 c 7 
= A 1 (a 1 x + i> 1 y + c 1 ) +A 2 (fl 2 v + h 2 y + c 2 ) 

= A 1 U 1 + A 2 U 2 

Thus, the equation of any line passing through the intersection of the lines U l = 0 and U 7 = 0 is of 
the form \U l + A 2 U 2 = 0 where |A 1 | + |A 2 |^0. — 


Note: If U ] - 0 and U 2 = 0 are two intersecting lines, then A, = 0, where either A 1 or A, is non-zero, represents 

all the lines passing through their point of intersection including U 1 = 0 and U 2 = 0. If A 1 ^ 0, then the equation can be 
written as U l + (A 2 /A,) U 2 = 0 which is of the form U l + AU 2 = 0, where A is A 2 /A 1 . The equation U 1 + AU 2 = 0 represents 
all lines passing through the intersection of U 1 = 0 and U 2 = 0 including U 1 = 0, but excluding U 2 = 0. Hence, for all 
practical purposes, we consider the equation U 1 + AU 2 = 0, where A is a real parameter in solving the problems. 


, QUICK LOOK 11 


Suppose U 1 = 0 and U 2 = 0 are two lines, then 

1. If U 1 = 0 and U 2 = 0 are parallel lines, then U 1 + AU 1 
= 0 represents a line parallel to each of U 1 = 0 and 

u 2 = o. 


2. If U 1 = 0 and U 7 = 0 are intersecting lines, then U l + 
AU 2 = 0 represents a line passing through the inter¬ 
section of U 1 = 0 and U 2 = 0. 


Theorem 2.21 If U l = 0 and U 7 = 0 are two intersecting lines, then every line in the plane of = 0 and U 2 = 0 is 
of the form A x U ] + A 2 U 7 + A, = 0. 

Proof Let U = 0 be a line in the plane of U 1 = 0 and U 2 = 0.Therefore, either U = 0 passes through the 
intersection of U 1 = 0 and U 2 = 0 or it does not. In the former case, U = 0 must be of the form A l U l 
+ A 2 U 2 = 0 for some real A 2 and A^ such that |A 2 1 + |A 2 1 ^ 0. In this case, A i = 0. Suppose U = 0 does 
not pass through the intersection of U l = 0 and U 2 = 0. Hence, there is one and only one line L in 
the plane passing through the intersection of U l = 0 and U 7 = 0 and parallel to the line L. Hence, 
by Theorem 2.20, the equation of L must be of the form A l U l + A 2 U 2 = 0. Since L is parallel to U 
= 0, then U= 0 is of the form A l U 1 + A 2 U 7 + A 3 = 0 for some real constant A y Thus the theorem is 
proved. g 
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Example 


2.18 


Find the equation of the line passing through the inter¬ 
section of the lines 2x - y + 5 = 0 and x + y +1 = 0 and the 
origin. 

Solution: By Theorem 2.20 and the Note mentioned 
below it, the required line is of the form 

(2x - y + 5 = 0) + A(x + y + 1) = 0 

Since this also passes through (0, 0), we have A = -5. 
Flence the required line is 


(2x - y + 5)-5(x + y + l) = 0 
=t> -3 x-6y = 0 
=> x+ 2y = 0 

Direct Method: Solving the equations 2x - y + 5 = 0 and 
x + y + 1 = 0, we get the point of intersection (-2, 1). 
Therefore, the equation of the line joining (-2, 1) and 
(0,0) is 

o-i „ 0 

y =- x or x + 2y = 0 

0+2 


Example 


2.19 


Find the equation of the line passing through the inter¬ 
section of the lines x - 2y - 3 = 0 and x + 3_y - 6 = 0 and 
parallel to the line 3x + 4y -7 = 0. 

Solution: We have U ] = x - 2y -3 = 0 and U 2 = x + 3y 
-6 = 0. The required line is 

U l + AU 2 = (l + A)x + (-2 + 3A)y-3-6A = 0 

Since this line is parallel to 3x + 4y - 7 = 0, the slopes 
must be equal.Therefore 


-(1 + A) -3 
-2 + 3A ~ 4 

=> 4 + 4 A = —6 + 9A => A = 2 

Hence, the required line is 3x + 4 y- 15 = 0. 

Direct Method: The point of intersection of the lines x- 
2y - 3 = 0 and x + 3y - 6 = 0 is (21/5,3/5). Hence, from Quick 
Look 5, part (2), the equation of the required line is 



=> 3jc + 4 y- 15 = 0 


Example 


2.20 


Find the equation of the line passing through the inter¬ 
section of the lines x + 3y - 1 = 0 and x - 2y + 4 = 0 and 
perpendicular to the line 2x + 3y = 0. 


Solution: We have U 1 =x + 3y-1=0 and U 0 = x - 2y + 
4 = 0. Equation of the required line is 

U 1 + AU 2 =(l+A)x + (3-2A)y-l + 4A = 0 

Since this line is perpendicular to the line 2x + 3y = 0, we 
have 


zO±A) x f^) 

3-2A { 3 J 


= -l 


=> —9 + 6 A = 2 A + 2 


a = M 

4 


Thus, the required line equation is 


11 


22 


1+— \x + \ 3- \y-l + — = 0 
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=> 15x - lOy + 40 = 0 
=> 3x - 2y+ 8 = 0 

Direct Method: Let U x = x + 3y -1=0 and U 2 = x-2y + 
4 = 0. Therefore, the point of intersection of the lines 
U 1 = 0 and U 2 = 0 is (-2,1). Hence, from Quick Look 7, 
part (3), the equation of the required line is 

3(x + 2) - 2(y - 1) = 0 


=> 3x - 2y + 8 = 0 


Theorem 2.22 


Let U l = a x x + b x y + c 1 = 0, U 2 = a 2 x + b 2 y + c 2 = 0 and U 3 = a 3 x + b^y + c 3 = 0 be three lines such 
that no two lines are parallel. Then, these lines are concurrent if and only if 
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«] b x 
a 2 b 2 
«3 h 


Cl 


c 2 


= 0 


c 3 


Proof 


Let P be the point of the intersection of the lines U 2 = 0 and U 3 = 0. Therefore, by Theorem 2.16, 
we have 


P = 


/ b 3 c 2 ~ b 2 c 3 c 3 a 2 -c 2 b 3 A 
a 3 b 2 -a 2 b 3 ’a 3 b 2 -a 2 b 3 


Point P also lies on U, = 0. So 


f b 3 c 2 - b 2 c 3 ^ 
y a 3 b 2-a 2 b 3 j 


+ b i 


c 3 a 2 -c 2 b 3 

K a 3 b 2 -a 2 b 3j 


+ q = 0 


<=> «i (b 3 c 2 - b 2 c 3 )+ b i (c 3 «2 - c 2 fl 3 ) + q(a 3 h 2 -a 2 b 3 ) = 0 
<==> q (b 2 c 3 - b 3 c 2 ) - b 3 (n 2 c 3 - n 3 c 2 ) + q (a 2 h 3 - a 3 h 2 ) = 0 




flj hj c 2 

a 2 h 2 c 2 

«3 b 3 C 3 


= 0 


Theorem 2.23 


Proof 


Let t/j = qx + hjy + q = 0, U 2 = a 2 x + b-,y + c 2 = 0 and U } = a 3 x + b 3 y + c 3 = 0 be three lines such 
that no two are parallel. If there exists non-zero real numbers A v A 2 and A 3 such that A 1 U 1 + U 7 
+ A 3 U 3 = 0, then the three lines U 1 = 0, U 2 = 0 and U 3 = 0 are concurrent. 

Suppose A l U l + + A 3 U 3 = 0 where A v T, and A 3 are non-zero real numbers. Therefore 


U,=\ 


S' 

1 

1 1 

+ 

1 1 

|to 

l ^3 , 


v ^3 j 


Un 


which is of the form AU 1 + juU 1 = 0. Hence, by Theorem 2.20, the line U 3 = 0 passes through the 
point of intersection of the lines U 1 = 0 and U 2 = 0. Therefore, the three lines are concurrent. 


Note: Direct method of showing three lines to be concurrent: (a) Find the point of intersection of two of the three 
given lines, (b) Verify whether the point lies on the remaining third line or not. 


2.2 Pair of Lines 

In this section, we obtain the equation of the angle bisectors of the angle between two intersecting lines. Also we will 
study the condition for a second-degree homogeneous equation and general equation to represent pair of lines, and 
the properties of these lines. 


Theorem 2.24 


If + /q v + c, = 0 and a 2 x + b 2 y + c 2 = 0 are intersecting lines, then the equations of their angle 
bisectors are 


a\X + b iy + q _ ^ (a 2 x + b 2 y + c 2 ) 

\j a i + b l \l a 2 + b 2 


Proof 


Let the lines represented by the given equations be and L 1 , respectively (see Fig. 2.13) and 
A be their point of intersection. Now 
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P(x,y) is a point on the bisector of the lines 
<=> the perpendicular distances drawn from P on to the lines are equal 


fljjq + b x y x + q 

a 2 x x + b 2 y l + c 2 

V«i +bl 

V«i + b l 

a 2 x + b 2 y + Ci (ci 2 x + b 2 y + c 2 ) 

V«1 + b\ 

V«2 + b 2 


(by Theorem 2.14) 


Therefore, the locus of P{x v jq) is 

a v x + b x y + Ci _ + (a 2 x + b 2 y + c 2 ) 
\ l a l + b i + b 2 



Note: Identification of Acute Angle Bisector Suppose L 1 and L , are not at right angles and let L[ and L' 2 be their 
angle bisectors. Let #be the angle between L y and L[. If 0 < |tan£?| < 1, then L[ is the angle bisector; if |tan0| > 1, 
then L 2 is the acute angle bisector. 

The following theorems are also useful in identifying acute or obtuse angle bisectors of two lines. 


Theorem 2.25 Suppose U 1 = a 2 x + b l y + c 1 = 0 and U 2 = a 2 x + b 2 y + c 2 = 0, where c l 0 and c 2 ^ 0,be two intersecting 

lines. If cq and c 2 are of same sign, then the equation 

<hx + b x y + Ci _ ^ ( a 2 x + b 2 y + c 2 ) 

yjcq+bf V af + b 2 

gives the bisector of the angle in which the origin lies. 

Proof Suppose the lines represented by U l = 0 and U 2 = 0 are and L 2 , respectively, and L[ and L 2 are 
their angle bisectors (see Fig. 2.14). Point P { x v y : ) lies on the origin angle bisector L x either 
both the origin and P are on the same sides for both L x and L 7 or lie on opposite sides for both 
Lj and L 1 . Since c 1 and c 2 are of same sign, it follows that (by Quick Look 10) L n = a x x + 
b x y + c 1 and L 12 = a 2 x + b 0 y + c 2 are of same sign. Therefore 
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Theorem 2.26 


Proof 


Suppose U 1 = fljX + b^y + c x = 0 and U 2 = a^x + b 2 y + c 2 = 0 are two lines that do not pass through 
origin and let c 1 and let c, have the same sign. Then 

(a 2 x+b 2 y + c 2 ) 


„ Ui x + b, y + Ci 
1 . —— , 1 1 = + 


2 . 


V«t+ 6 i 

UjX + 

V fl i +b l 


\l a 2 + t>2 

(ci 2 x + b 2 y + c 2 ) 


is the acute angle bisector if Oya 2 + byb 2 < 0. 


2 + b : 


if a y a 2 + byb 2 > 0. 


Let L y and L 1 be the lines represented by U x = 0 and U 1 = 0, respectively. Draw OM and ON per¬ 
pendicular to Ly and L 2 , respectively. Let ZNOM = or so that ZMPN = n-a {see Fig. 2.15). Now, 
oris acute or obtuse according to whether ;r-or is obtuse or acute. Also 


cos a = 


*V*2 


+ byb 2 


1 + b f )\l( a 2 +K) 


< 0 or > 0 


+ byb 7 < 0 or > 0 


according to whether or is acute or obtuse. So, 

a<p 2 + b 
<=> or is acute or obtuse 

Therefore, 

1. If a x a 2 + byb 2 < 0, then the origin angle bisector is the acute angle bisector and hence its equa¬ 
tion is 


ciyx + byy + Cy = (a 2 x + b 2 y + c 2 ) 


\l a i +b] 


\J a 2 + b : 


(by Theorem 2.25) 


2. If ciy(i 2 + byb 2 > 0,then n- or is obtuse and hence origin angle bisector is the obtuse angle bisec¬ 
tor so that its equation is 

ciyX + byy + Cy (a 2 x + b 2 y + c 2 ) 


yjciy + b 


\l a 2 + b : 


(by Theorem 2.25) 
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■v, QUICK LOOK 12 IDENTIFYING ACUTE ANGLE BISECTOR 


Let U 1 = ape + b x y + c x = 0 and U 2 = a 2 x + b 2 y + c 2 = 0 be 
intersecting lines and cpt 0 ^ c r First, make both c 1 and 
c 2 of same sign (or c 1 and c 2 are positive). Then 

a x x + b l y + c 1 _ | (a 2 x + b 2 y + c 2 ) 

V fl i + ^i ^ 


represents origin angle bisector (Theorem 2.25). The 
origin angle bisector (that is with + sign) is the acute 
angle or obtuse angle bisector according to whether 
a 1 a 2 + b i b 2 is negative or positive. 


Example 


2.21 


Find the angle bisectors of the angle between the lines 
x-y + 1 = 0 and lx + y + 3 = 0 and identify the acute angle 
bisector. 

Solution: We have U 1 = x - y + 1 = 0 and U 2 = lx + y + 
3 = 0. Here, c 1 = 1 and c 2 = 3 are of the same sign.There¬ 
fore, the angle bisectors are 

x — y + 1 lx + y + 3 

Vl 1 2 +1 2 V7 2 + l 2 

x — y + 1 7x + y + 3 

=>---= +--- 

1 5 


x — y + 1 7x + y + 3 
l ~~ 5 

=> 5x - 5y + 5 = -lx - y - 3 
=> 12jr-4y + 8 = 0 
=>3x-y + 2 = 0 


is the acute angle bisector. 

Aliter: Consider the line x - _y +1=0 and the bisector 3x 
- y + 2 = 0 and let 0 be the angle between them.Hence 


|tan0| 


m 1 — m 2 
1 + m 1 m 2 


1-3 
1 + 3 



Since a x a 2 + b l b 2 = 1(1) + (-1)(1) = 6 > 0, the bisector with Therefore, 3x - y + 2 = 0 is the acute angle bisector. 
+ sign is obtuse angle and hence 


DEFINITION 2.7 Let a, h , b, g,f and c be real numbers and atleast one of the real numbers a, h and b be non-zero. 

Then, the expression ax 2 + 2 hxy + by 2 is called second-degree homogeneous expression and ax 2 + 
2 hxy + by 2 + 2 gx + 2 fy + c is called second-degree general expression in x and y. At the same 
time, ax 2 + 2hxy + by 2 = 0 is called second-degree homogeneous equation and ax 2 + 2 hxy + 
by 2 + 2gx + 2 fy + c = 0 is called second-degree general equation. 

Examples 

1. 2x 2 + xy + by 2 = 0 3. x 2 + s/2 xy + y 2 = 0 5. x 2 + xy + y 2 - x + y - 1 = 0 

x 2 - y 2 = 0 4 3^2 _ + y 2 + 20 x - y + 3 = 0 
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Theorem 2.27 If h 2 >ab, then the locus represented by the equation ax 2 + 2hxy + by 2 = 0 is a pair of lines passing 

through the origin. 

Proof Since a is real, either a = 0 or a ^ 0. 

Case 1: a = 0. In this case, the given equation becomes 

y( 2 hx + by) = 0 (2.12) 


Since a = 0, atleast one of the values of h and b is not zero so that 2 hx + by = 0 is a first-degree 
equation and hence it represents a straight line. Also, y = 0 represents x-axis. Hence, Eq. (2.12) 
represents pair of lines, namely, y = 0 (i.e., x-axis) and the line 2 hx + by = 0. 

Case 2: a ^ 0. In this case, the equation is written as 

a 2 x 2 + 2 ahxy + aby 2 = 0 

=> (ax + by ) 2 - (h 2 - ab)y 2 = 0 

Therefore 


(ax + hy + yjh 2 -aby)(ax + hy - V // 2 - aby ) = 0 

The locus represented by the given equation is the pair of lines ax + (h ± yjh 2 -ab)y = 0 and both 
these lines pass through origin. When h 2 = ab or h = b = 0, these two lines are identical (coincide) 
with each other. ■ 


Note: This is very useful in problem solving. 

1. When h 2 >ab, let the lines represented by ax 2 + 2 hxy + by 2 = 0 be /,x + m { y = 0 and l 2 x + m 2 y = 0 so that ax 2 + 2hxy + 
by 2 = (/!x + m x y) (l 2 x + m 2 y). Equating the corresponding coefficients on both sides, we have 

IJ 2 = a, l x m 7 + l 2 >Oi = 2 h 

and m 1 m 2 = b 

2. If both the lines represented by ax 2 + 2 hxy + by 2 = 0 are non-vertical having slopes and m„ then 

Xy + [ M 2 =^ y - m ^ y ~ m2X } 



so that m x m 2 =alb and m l + m 7 = -( 2 h)tb. 


, QUICK LOOK 13 


To find the lines represented by the second-degree 
homogeneous equation ax 2 + 2 hxy + by 2 = 0, factorise 
the expression ax 2 + 2 hxy + by 2 into two linear factors 


so that the corresponding linear equations are the 
required equations. 


Example 


2.22 


Find the lines represented by the equation x 2 - 5x_y + 

6y 2 = 0. 


Solution: We have a = l,h = -5/2 and b = 6 . Also h 2 = 
25/4 > 6 = ab. Therefore, x 2 - 5xy + 6_y 2 = 0 represents a 


pair of lines passing through origin. Further, 
x 2 - 5 xy + 6 y 2 = (x- 2y)(x- 3 y) 

=> The lines are x - 2y = 0 and x - 3y = 0 
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Theorem 2.28 


Proof 


Note: 

1. 


If ax 2 + 2hxy + by 2 = 0 represents a pair of lines and a is the angle between them, then 

a + b 


cos a = 


V( a-by 


+ 4 h 7 


Suppose the lines are l x x + m x y = 0 and I 2 x + m 2 y = 0. Therefore, from Theorem 2.27, Note (1), 
/j/ 2 = a , l x m 2 + l 2 m 1 = 2h and m^m 2 = b. From Theorem 2.12, we have 


cosa = 


1 ^ 2 + 17^1712 


V(/i +ml)(ll + n%) 

a + b 

I il j2, j 2 2 j /2 2 i /2 2* 

■yji! l 2 + m 1 m 2 + / x ra 2 + / 2 ^i 

a + b 

\l(hk ~ m l m 2) 2 +{h m 2 + l 2 m lf 

a + b 

yj(a-b) 2 +4h 2 


where oris the acute or obtuse according to whethera + b > 0 or < 0. 


\a + b\ 


yj(a-b) 


gives the acute angle. 

2 + 4 h 2 


2. tan a = fl — also gives the acute angle between the lines. 

\a + b\ 


3. ax 2 + 2hxy + by 2 = 0 represents a pair of perpendicular lines <=> a + b = 0 (i.e., coefficient of x 2 + coefficient of 

y 2 — 0 ). 


Theorem 2.29 


Proof 


Suppose ax 2 + 2 hxy + by 2 = 0 represents a pair of lines and (x p y x ) is a point in the plane. Then, 

1. The equation of the pair of lines passing through (x p y,) and parallel to these lines is a(x-x 1 ) 2 + 
2 h(x-x i) (y-yj + b(y - yi ) 2 = 0. 

2. The equation of the pair of lines passing through (x p y x ) and perpendicular to the given lines 
is b(x-x l ) 2 - 2 h(x-x l ) (y-y{) + n(y->' 1 ) 2 — 0. 

Suppose the lines represented by ax 2 + 2hxy + by 2 = 0 are / p x + nqy = 0 and l 2 x + in 2 y = 0. Hence, 

from Theorem 2.27, Note (1), lj 2 = a , l ] m 1 + l 2 pi l = 2h and nq/n 2 = b. 

1. From Quick Look 5, part (2), the equations of the lines through {x v y^) and parallel to the lines 
/jX + m 2 y = 0 and l 2 x + m 2 y = 0 are (x - x^) + m 1 (y - y^) = 0 and l 2 (x - x x ) + m 2 (y - yj) = 0. 
Hence, their combined equation is 

[/i (x - x,) + Wj (y - yj\[l 2 (x - x,) + m 2 (y - y x )] = 0 
=> 1 ^ (x - x J 2 + (l { m 2 + (x - x x ) (y - y^ + m^m 2 (y - yj) 2 = 0 

=> a (x - Xj) 2 + 2 h (x - x 2 ) (y - y x ) + b (y - y 1 ) 2 = 0 

2. From Quick Look 7, part (3), the equations of the lines through (x p y x ) and perpendicular to 
the lines are m, (x - x : ) (y - yj) = 0 and m 1 (x - Xj) -l 2 (y - y 2 ) = 0. Hence, their combined 
equation is 


[m l (x - Xj) -/, (y - y 7 )][m 2 (x - x ; ) -l 2 (y - y ; )] = 0 
=> m ] m 2 (x - Xj) 2 — (l { m 0 + l 0 m j) (x - x x ) (y - y^ + l-J n (y - y 1 ) 2 = 0 
=> b (x - x^ 2 - 2 h (x - x x ) (y - y x ) + a (y - y^ 2 = 0 
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Example 


2.23 


Find the equation of the pair of lines passing through the 
point (1,1) and 

1. parallel to the lines x 2 - 5 xy + 6 y 2 = 0. 

2. perpendicular to the lines x 2 - 5xy + 6 y 2 = 0. 

Solution: The lines represented by x 2 - 5xy + 6 y 2 = 0 are 
x - 2y = 0 and x - 3y = 0. Therefore, from Theorem 2.29, 
we get the following: 


1. Equation of the pair of lines passing through (1,1) and 
parallel to the lines x - 2 y = 0 and x - 3 y = 0 is 

(x - l) 2 -5 ( x - 1) (y — 1) + 6 (y - l) 2 = 0 
=> x 2 - 5 xy + 6_y 2 + 3x - ly + 2 = 0 

2. Equation of the pair of lines passing through (1,1) and 
perpendicular to the lines is 

6 (x - l) 2 + 5 {x - 1) (y - 1) + (y - l) 2 = 0 

=> 6x 2 + 5 xy + y 2 - 11 x - ly + 12 = 0 


Theorem 2.30 


Proof 


If ax 2 + 2hxy + by 2 = 0 represents two intersecting lines, then the combined equation of the pair of 
angle bisectors of the angle between the lines is 

h(x 2 - y 2 ) = (a- b)xy 


Suppose the lines are l x x + m^y = 0 and l 2 x + myy = 0 so that IJ 2 = a, l } m 2 + l 2 m 1 = 2h and in t m 1 = b. 
By Theorem 2.24, the angle bisectors are 

l^x + m^y + l 2 x+m 2 y 




+ m i 


S 


+ nu 


+ml){l 1 x + m l yf = {l 2 + m 2 )(l 2 x + m 2 yf 
=> (l 2 ml - llm\)x 2 - (l 2 m 2 - /fm?)/ = 2[/ 2 m 2 (/j 2 + ml (/| + m\)]xy 
=> (/, 2 ml - llml)(x 2 -y 2 ) = 2 [(l 1 m 2 -l 2 m } )m 2 -m^m^jxy 
Since the lines are intersecting, l l m 7 - l 2 m ] 0. Hence, cancelling hpi 2 - I 7 m 1 on both sides, we have 

(i\ m 2 + h m \)( x2 -y 2 ) = 2 (hh - m i m 2 ) x y 

=> 2 h(x 2 -y 2 ) = 2 (a-b)xy 

=> h(x 2 - y 2 ) = (a - b)xy ■ 


Theorem 2.31 The second-degree general equation S = ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 represents a pair of 

lines if and only if 

1. a be + 2fgh - af 2 - bg 2 - ch 2 = 0. 

2. h 2 > ab,g 2 > ac and/ 2 > be. 

Proof Suppose 5 = 0 represents pair of lines and let the lines be l 2 x + m 2 y + n l = 0 and l 2 x + m 2 y + n 2 = 0. 

Therefore 

5 = (l 2 x + m^y + /ij) ( l 2 x + m 2 y + n 2 ) 

Equating the corresponding coefficients on both sides, we have IJ-, = a, l 2 m 2 + l 2 m 1 = 2h and 

m l m 2 = b, l l n 1 + l 2 n 1 = 2 g, m 2 n 2 + nz 2 n 1 = 2/, n 1 n 2 = c - 

1- 8/g/? = (2f)(2g)(2h) = (m^ +m 2 n l )(l 1 n 2 +l 2 n l )(l l m 2 + l 2 m^) 

= / 1 / 2 (m 2 n 2 + m\ nl) + m ] m 2 (I 2 n\ + l\n\) + n x n 2 (l\m\ + l^mf) + 2 l 1 l 2 m 1 m 2 n l n 2 
= a[{m 2 n 2 +m 2 n l ) 2 - 2/n 1 m 2 n 1 n 2 ] + b[(h n 2 + h n l) 2 ~'^hh n i n i\ + 
c \(h m 2 + h m l) 2 ~2l l l 2 m 1 m 2 \+2abc 
= a(4/ 2 - 2 be) + b(4g 2 - 2ca) + c(4h 2 - 2 ab) + 2 abc 
= 4 (af 2 + bg 2 + ch 2 - abc) 
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Therefore 


2 fgh = af 2 + bg 2 + chi' - abc or abc + 2 fgh - af 2 — bg 2 - ch 2 = 0 


Generally, the number of abc+ 2fgh-af 2 


ch 2 is denoted by A. Therefore, A = 0. Also 


A = 


a h g 
h b f 
g f e 


2. 4 (h 2 -ab) = Ah 2 -Aab = (l 2 m 2 + l 2 mf ) 2 — Al 1 l 2 m 1 m 2 

= (fm 2 - l 2 m i) 2 ^ 0 (equality holds if the lines are parallel). 

Similarly, g 2 > ca and f 2 > be. 

The proof of the converse part is a bit lengthy and beyond the scope of this book. Hence, we 
assume the validity of the converse part. B 


Theorem 2.32 


If S = ax 2 + 2hxy + by 2 + 2gx + 2 fy + c = 0 represents a pair of lines, then the homogeneous equa¬ 
tion ax 2 + 2 hxy + by 2 = 0 also represents pair of lines passing through origin and parallel to the 
lines S = 0. 


Proof 


Let the lines represented by S = 0 be fx + m x y + « 1 = 0 and I 2 x + m 2 y + n 2 = 0. Therefore 

lj 2 = a, l l m 2 + l 2 m 1 = 2/z, m l m 2 — b, fn 2 + l 2 p l = 2 g, m^n 2 + m 2 n l — 2 f, n 1 n 2 = c, h 2 > ab. 

Now, 


ax' + 2 hxy + by 1 = lil 2 x 2 + (/i»z 2 + l 2 m ] ) xy + mym^y 2 
= (fx + m ] y)(l 2 x + m 2 y) 

Therefore, the lines represented by ax 2 + 2 hxy + by 2 = 0 are fx + m } y = 0 and fx + m^y = 0 which 
are, respectively, parallel to the fx + m 2 y + n 1 = 0 and l 2 x + m 2 y + n 2 = 0. 


v, QUICK LOOK 14 


1. If h 2 = ab , then ax 2 + 2hxy + by 2 = 0 represents pair 
of coincidental lines so that in this case, S = ax 2 + 
2 hxy + by 2 + 2 gx + 2 fy + c = 0 represents a pair of 
parallel lines. 


2. If S = ax 2 + 2 hxy + by 2 + 2gx + 2fy + c = 0 represents 
a pair of distinct intersecting lines, this pair together 
with the pair represented by ax 2 + 2 hxy + by 2 = 0 form 
a parallelogram with the origin as one of the vertices. 


Example 


2.24 


Prove that the equation S = x 2 + 4xy + 3 y 2 - 4.r - lOy + 3 = 0 
represents a pair of lines and find the equations of the lines. 

Solution: We have a = 1, h = 2, b = 3, g = -2 ,/= -5 and 
c = 3.Now, 

1 . 



a 

h 

g 


1 

2 

-2 

A = 

h 

b 

f 

= 

2 

3 

-5 


g 

f 

e 


-2 

-5 

3 


= 1(9-25)-2 (6-10)-2 (-10 + 6) 
= -16 + 8 + 8 = 0 


2. h 2 — 4, ab = 3, h 2 > ab, g 2 = 4, ac = 3, g 2 > ac and f 2 = 25, 
bc = 9,f 2 > be. 

Therefore, the given equation S = x 2 + Axy + 3y 2 - Ax - 
1 Oy + 3 = 0 represents a pair of intersecting lines (by 
Theorem 2.31). Consider the equation x 2 + 4,vy + 
3y 2 = 0. Therefore 

x 2 + xy + 3 xy + 3y 2 = 0 
x(x + y) + 3 y(x + y) = 0 
(* +y)(x + 3y) = 0 

Since S = 0 represents lines parallel to x + y = 0 and x + 
3y = 0, we have 
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x 1 + 4 xy + 3 y - Ax — lOy + 3 = (x + y + m) (jc + 3y + n) 

Equating the coefficients of x and y and the constant 
terms, we have 

m + n = — 4 (2-13) 


3/u + n = -10 (2-14) 

and «7/7 = 3 (2-15) 

Solving Eqs. (2.13) and (2.14), we get m = -3, n = -1 so 
that /77/7 = 3. Therefore, the lines represented by S = 0 
are x + y— 3 = 0 and x + 3 y— 1=0. 


2.2.1 Procedure to Find the Lines Represented by the Second-Degree General Equation 
S = ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 

Step 1: Factorise the homogeneous part ax 2 + 2hxy + by 2 and suppose 

ax 2 + 2 hxy + by 2 = (fx + m 2 y) ( I 2 x + m 2 y) 

Step 2: S = (fx + m^y + nf)(l 2 x + m^y + n 2 ) 

Step 3: Equate the corresponding coefficients of x and y and also the constant terms on both sides and solve 
for 77! and n 2 . 

Theorem 2.33 is the last result which is very useful in solving some locus problems. This theorem is called homogenis¬ 
ing the second-degree curve equation with a straight line equation. 

Theorem 2.33 Suppose that the straight line lx + my = 1 meets the curve represented by the second-degree gen¬ 

eral equation S = ax 2 + 2hxy + by 2 + 2gx + 2 fy + c = 0 at two points A and B. If O is the origin, then 
the combined equation of the pair of lines OA and OB is 

S' = ax 2 + 2hxy + by 2 + 2 (gx + fy) (lx + my) + c (lx + my) 2 = 0 

Proof Clearly the coordinates of both points A and B satisfy the line equation lx + my = 1 as well as 

S = 0 and hence points A and B satisfy S' = 0. Also (0,0) satisfies S' = 0. That is, S' = 0 passes through 
A, B and origin (see Fig. 2.16). On simplification, we can see that 5' = 0 is a homogeneous equation 
of second degree representing pair of lines, which are nothing but the lines OA and OB. 



Example 


2.25 


Show that the lines joining the origin to the points of 
intersection of the curve x 2 - xy + y 2 + 3x + 3y - 2 = 0 and 
the line x-y - V2 = 0 are mutually perpendicular. 


Solution: Suppose that the line [(v - y)/V2] = 1 meets 
the curve at points A and B (see Fig. 2.17). Therefore, the 

combined equation of the pair of lines OA and OB is 
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x 2 - xy + y 2 + ( 3x + 3 y) 


x-y 

V2 


-2 


x-y 

V2 


= 0 (2.16) 


From Eq. (2.16), 

Coefficient of x 2 + Coefficient of y 2 = [ 1 + (3/ V2 ) - 1] + 

[l-(3/V2)-l] 

= 0 

Therefore, from Theorem 2.28, Note (3), it implies that 
ZAOB = 90°. 



Subjective Problems 

1. If p 1 and p 2 are the distances between the opposite Also 
sides of a parallelogram and a is one of its angles, 
then show that the area of the parallelogram is p x p 7 
cosec a. 


|«i«2 +bib 2 1 

cosa = ~ 

M + t>i)( a 2 + b 2 ) 


Solution: ABCD is a parallelogram (see Fig. 2.18). AM 
= p v DN = p 2 and Z BAD = a. 

Area of the parallelogram = (A B) p 7 (2-17) 

Now from AAMP, sin a= p^AB and hence we have AB = 
p 1 coseccr. Therefore, from Eq. (2.17), the area of the par¬ 
allelogram = P]P 2 cosec a: 



2. Show that the area of parallelogram whose sides are 
ape + b t y + c 1 = 0, ape + bpy + d 1 = 0, ape + b 2 y + c 2 = 0 and 
ape + b 2 y + d 2 = 0 is 

(^1 ~ c l )(^2 ~ c i ) 

a 2 b 2 —a 2 b 1 

Solution: Consider Fig. 2.18. Let the equations of the 
sides be ape + bpy + c x = 0, ape + bpy + = 0, ape + b 2 y + 

c 2 = 0 and ape + b 2 y + d 2 = 0. Therefore, 

Mi ~ c i| 

Pl= r~. -7 

yOi +b{ 

M2 ~ c l \ 

P2=-r^^ 

\j a 2 + t>2 


Therefore 


sin 2 a = 1 - cos 2 a = 1 - - 


(a^+b^f 

(a 2 +b\)(a\ +b\) 


(a 2 +bl)(a\ + bj) 


(2.18) 


Now the area of the parallelogram (by Problem 1) is 

Mi c i I I^2 c 2 1 V( fl 1 + )(a 2 + b 2 ) 


p l p 2 (cosec a) = 


■\J + 61 'J a 2 + b 


(d\ -c 1 )(d 2 -c 2 ) 


\aib 2 -a 2 bi\ 
[from Eq. (2.18)] 


a \b 2 -a 2 b x 


3. Prove that the area of the parallelogram formed by the 
lines 4y - 3x - a = 0, 3y - 4x + a = 0, 4y - 3x - 3a = 0 and 
3 y - 4x + 2a = 0 is 2a 2 /7. 


Solution: Rewriting the equations of the sides of the 
parallelogram, we have 

3x - 4 y + a = 0 
4x - 3y - a = 0 
3x - 4y + 3a = 0 
and 4x - 3y - 2a = 0 

Here, c 1 = a, d 1 = 3a, c 2 = -a, d 2 = -2a, a x = 3 ,b 1 = -4, a 2 = 
4 and b 7 = -3. Therefore, by Problem 2, 


Area = 


(di -c 1 )(d 2 -c 2 ) 
a x b 2 -a 2 b x 
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(?>a-a)(-2a +a) 2 a 2 
3(-3)-(4)(-4) = — 


4. Let p and q be non-zero real numbers and x v x n and 
x 3 be non-zero real roots of the equation x 3 - 3 px 2 + 
3qx -1 = 0. Then show that the centroid of the tri¬ 
angle whose vertices are [x 2 , (1/xj)], [x 9 , (l/x 2 )] and 
[x 3 , (l/x 3 )] is (p,q). 


Solution: Let y 1 = \lx v y 2 = l/x 2 and y 3 = l/x 3 . By 
hypothesis, 


Therefore 


x l +x 2 + x 3 =1p 
x,x 2 + x 2 x 3 + X 3 X, = 3q 


x 1 x 2 x 3 =l 


x 1 + x 2 + x 3 3 p 


= P 


(2.19) 


Now, 


yi + yi + ys 

3 3 

_ 1 
~ 3 


111 
— + — + — 

*1 *2 * 3 ) 

x 2 x 3 + X,X, + X,X 




3 A 1 ' 


l l A 2 


V *1*2*3 y 

Kt)-« 


( 2 . 20 ) 


From Eqs. (2.19) and (2.20), the centroid of the triangle is 

ip,q)- 


5. (Menelaus’ Theorem) Suppose a straight line meets 
the sides BC, CA and AB of a triangle at points D, E 
and F, respectively. Then show that 

BD CE AF_ 

~DC ~EA ~FB ~ 

Solution: Let the coordinates of A,B and Cbe (x 1 ,y 1 ), 
(x 2 , y 1 ) and (x 3 , y 3 ). See Fig. 2.19. Suppose L is the line 
whose equation is L = ax + by + c = 0 meeting the sides in 
D, E and F. Therefore, by Theorem 2.17, we get 

BD _ ~L 22 
DC ~ L 33 
CE _ -L 33 
EA L n 
AF _ -L n 


Hence 


BD CE AF 
~DC ~EA~FB 



Note: Either the line l meets all three sides externally or 
two sides internally and one side externally. That is why 
product of the ratios is equal to -1. 


Try it out 

also true. 


The converse of Menelaus’ theorem 


6. (Ceva’s Theorem) In the plane of A ABC, let O be a 
point (not on any side). If the lines AO, BO and CO 
meet the opposite sides BC, CA and AB at points D, 
E and F, respectively, then show that 

BD CE AF 
~DC ~EA~FB~ + 

Solution: Without loss of generality, we may assume 
that O is the origin and points A, B and C are (x 2 , y 3 ), (x 2 , 
y 2 ) and (x 3 ,y 3 ), respectively. See Fig. 2.20. Observe that ei¬ 
ther all the three lines AO, BO and CO divide the sides 
BC, CA and AB internally or two of them divide two sides 
externally and one divides the third side internally. Now, 
the equations of the lines AO, BO and CO are, respec¬ 
tively, xy 3 -x 3 y = 0, xy 2 -x 2 y = 0 and xy 3 - x 3 y = 0.Therefore, 
by Theorem 2.17 we get 


BD 

(x 2 y 1 -x 1 y 2 ) 

DC 

x^y\ ~x t y 3 

CE 

(x 3 y 2 -x 2 y 3 ) 

EA 

x^-x^ 

AF 

(xiy 3 -x 3yi ) 

FB 

x 2 y 3 - x 3 y 2 


FB L 
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FIGURE 2.20 


^ Try it out 

true. 


Converse of Ceva’s theorem is also 



FIGURE 2.21 

Aliter (Using Complex Numbers): Let A = 3 + 4/, C = 1 

-i,M = midpoint of AC =2 + 3/2/. Let B denote Z. Rotate 
MA about M through 90° in the anticlockwise sense so 
that 

Z-[2 + (3/2)/] 

(3+ 4/)-[2+ (3/2)/] ~ l 


7. If A{ 3, 4) and C(l, -1) are the ends of a diagonal of 
a square ABCD , then find the equations of the sides 
of the square. 


Solution: See Fig. 2.21. Equation of the line AC is 


y -4 


4+1 

3—1 


(x-3) 


=> 2y - 8 = 5x - 15 
=> 5x - 2y - 7 = 0 

Its slope is 5/2. Let the slope of side CD be m. Then 


ZD AC = 45° =>1 = tan 45° 


m-(5/2) 
1+(5/77./2) 


2Z-4-3Z 
2 + 5/ 


- = i 


=>Z = 

=>B = 


-1+5/ 

2 



Similarly, 


£> = |3 + l + ^4-l~|=|f, \ 


Now, we can write the sides equations because the verti¬ 
ces are obtained as A{ 3,4), B{- 1/2,5/2), C(l, -1), D(9/2, 
1 / 2 ). 


2 / 77-5 
5/77 + 2 


=> 5/77 + 2 = ±( 2/77 - 5 ) 



8 . Find the equations of the lines passing through the 
point (2,3) and making an angle 45° with the line 3x - 
y + 5 = 0. 

Solution: See Fig. 2.22. Let m be the slope of a side. 
ZABC = 45° so that we have 


Therefore, equations of CB and CD are 

y + l = y(x —l)=>7x + 3y-4 = 0 

y + l = |(x-l)=>3x-7y-10 = 0 

Similarly, the equations of AB and BD, respectively, are 

y -4 = |(x-3)=^3x-7y-19 = 0 

y-4 = y(x-3)=>7x + 3y-33 = 0 

Therefore, the equations of the sides are 3x - 7y - 10 = 0, 
lx + 3y - 4 = 0, 3 x - ly - 19 = 0 and lx + 3 y - 33 = 0. 


1 = tan 45° = 


771-3 
1 + 3/77 


Therefore, 

3/77 + 1 = +(/77 - 3 ) 

- 1 
m = -2 or — 

2 

Therefore, the equations of the lines are 

y - 3 = - 2(x- 2)=>2x + y- l = 0 

y — 3 = ^(x — 2) => x — 2y + 4 = 0 
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vertex of the rectangle, find the equations of the oth¬ 
er three sides. 


Chapter 2 I Straight Line and Pair of Lines 



FIGURE 2.22 


Solution: Let ABCD be the rectangle (see Fig. 2.24) 
where A is (-3,1) and the equation of AD is 3x + ly + 
2 = 0. Since the line joining (-3, 1) and (1, 1) is hori¬ 
zontal, the point (1,1) must be the end of the diagonal 
through A (-3,1). Therefore, C is (1,1) and the equation 
of SCis 


9. Two adjacent sides of a parallelogram are 4x + 5y = 0 
and lx + 2y = 0 and one diagonal is llx + ly - 9 = 0. 
Find the equations of the other sides and the second 
diagonal. 


Solution: Solving the equations 4.r + 5v = 0 and llx + 
ly - 9 = 0, we have x = 5/3, y = -4/3. Let A = (5/3, -4/3). 
Solving the equations lx + 2y = 0 and llx + ly- 9 = 0, we 
have x = -2/3, y = 7/3. Let C = (-2/3,7/3). Therefore, 


C 


y)-°< 0 ' °> 


and 



are the three consecutive vertices of the parallelogram. 
So its fourth vertex B (see Fig. 2.23) is 


2 5 7 
—i—,— 

3 3 3 


( 1 . 1 ) 


Therefore, the vertices of the parallelogram OABC are 
0(0, 0), A(5/3, -4/3), B( 1,1) and C(-2/3, 7/3). Since the 
side BC is parallel to OA and passes through (1, 1), its 
equation is 


y -1 = (x -1) or 4x + 5y - 9 - 0 
Also, the equation of the side AB is 

y — 1 = (x — 1) or 7x + 2y-9 = 0 
and the second diagonal is x-y = 0. 



10. One side of a rectangle lies along the line 3x + ly + 
2 = 0 and (-3,1) is a vertex on it. If (1,1) is another 


y- l=y(x-l) 

• 3x + ly —10 = 0 


Equation of AB is 


y-l = -(x + 3) 

=> 7x-3y + 24 = 0 
Equation of the side CD is 

y-l = ^(x —l)=>7x —3y-4 = 0 

Therefore, the other three sides are 3x + ly - 10 = 0, lx 
- 3y + 24 = 0 and 7x - 3y - 4 = 0. 


C(1,1) 



3x+ 7y+ 2 = 0 

FIGURE 2.24 


*(-3.1) 


11. The three lines x + 2y + 3 = 0,x + 2>'-7 = 0 and 2x - 
y - 4 = 0 form the three sides of two squares. Find the 
equations of fourth side of each square. 

Solution: Let the squares be ABCD and ADEF 
with AD as common side (see Fig. 2.25). Solving x + 
2y + 3 = 0 and 2x - y - 4 = 0, we have A = (1, -2). Solv¬ 
ing the equations x + 2y - 7 = 0 and 2x - y - 4 = 0, 

we have D = (3, 2). The length of the sides of squares 
= AD = ■ n /( 3-1) 2 +(2 + 2) 2 = V4 + 16 = 2^5. Let B (h, - 
(3 + h)l2) be a point on the line x + 2y + 3 = 0 such that 
AB = 2V5. Therefore, 

(h-l) 2 +^- 2 J=20 

4(h - 1) 2 +(h- 1) 2 = 80 
(h- 1) 2 =16 
h- 1 = ±4 
h = 5or-3 
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Therefore, B = (5,-4)andF = (-3,0). Hence, the equa¬ 
tion of the side BC is y + 4 = 2(x - 5) or 2x - y - 14 = 0 and 
the equation of the side FE is y - 0 = 2(x + 3) or 2 x-y - 
6 = 0. Equations of the fourth side of the square are 2x - 
y - 14 = 0 and 2x - y - 6 = 0. 


13. The vertices B and C of AABC lie on the line 4x - 3 y 
= 0 and x-axis, respectively, BC passes through (2/3, 
2/3) and ABOC is a rhombus where O is the origin. 
Find the equation of the line BC and the coordinates 
of the vertex A. 


x+2y- 7=0 


D 



II 




X 


C\J 


A 

x+2y+3=0 

FIGURE 2.25 

12. Each side of a square is of length 4. The centre of the 
square is (3,7) and one of its diagonals is parallel to the 
line y = x. Find the coordinate of the vertices of square. 

Solution: See Fig. 2.26. ABCD is the square. M{ 3,7) is 
the centre of the square. AC is parallel to the line y = x. 
Therefore, the equation of the diagonal AC is 

y -7 = i(x- 3) 

=>x-y + 4 = 0 (2.21) 

Hence, the equation of the diagonal BD is 
y- 7 = -i (*-3) 

=>x + y —10 = 0 (2.22) 

Since the length of the side is 4, the lengths of the diago¬ 
nals are 4V2. Fet A = (h, h + 4) and MA = 2-^2. This 
implies that 

(h - 3) 2 + (h + 4-1) 2 = 8 
=> (h — 3) 2 = 4 
=>h = 3±2 
=> h = 5 or 1 

Hence, A = (5,9) and C = (1,5). Fet B = ( k , 10 -k) and 
MD = 2\f2. This implies that 

(/c — 3) 2 +(10-A:-7) 2 =8 
=> k — 3 = +2 
=> k = 5 or 1 

Hence, B = (5,5)and£) = (1,9). Therefore, the vertices of 
the square are (5,9), (5,5), (1,5), (1,9). 



FIGURE 2.26 


Solution: See Fig. 2.27. OB = OC= CA = AB and the di¬ 
agonals OA and BC are at right angles. Fet OC = a. Sup¬ 
pose B = [x p 4xj/3]. Equation of the side AB is _y = (4x,)/3 
and the coordinates of A are [n + x p (4x^/3]. Hence 


(C4) 2 = a 2 
16x 2 


• Xa + 


= a 


■ a = ±- 


5x, 



Case 1: If a = 5xj/3, we have 


5x, 


C = I 0 |,yl = I —L 1,5 = 1 x x , ^ land O = (0,0) 


4x'i 


By hypothesis, points B, (2/3, 2/3) and C are collinear. 
This implies that 


4xi 


1 


2 

3 

5x x 


^ 1 
3 

0 1 


= 0 


5xj ( 4xj__ 2 . + 1 


2x 1 8x x 


= 0 


■ 5x 1 (4-rq — 2) + (6x x - 8x]^) = 0 
• 20x 2 — 12x 1 = 0 

* i=o '! 


Now, x 1 = 0 => B = (0,0), which is actually not the origin. 
Hence, x 1 =3/5. Therefore, 


3 4 


5 5 


O = (0,0),B= -, - U= -, - and C= (1,0) 


8 4 


5 5 
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Chapter 2 I Straight Line and Pair of Lines 


Case 2 :a = - 


5 .^ 

T~ 


^ Try it out 

a = —5jCj/3. 


Try case 2 mentioned above, that is, 




14. In AABC, A = (-4, 1). The internal bisectors the 
angles B and C are, respectively, x - 1 = 0 and x - 
y - 1 = 0. Find the coordinates of B and C and the 
equations of the sides AB and AC. 

Solution: See Fig. 2.28. Let BE and CF be the bisectors 
of the angles B and C whose equations are, respective¬ 
ly, x - 1 = 0 and x-y - 1 = 0. Suppose M and N are the 
reflections of the vertex A in the bisectors BE and CF, 
respectively. Hence, M and N lie on the line BC. Let M = 
(h, k) .Therefore, by Theorem 2.13, we have 

h-4 k +1 14-1) (, k + l , A 

-=-= -2- here-means k = — 1 

10 1 l 0 J 

=> h = -2 and k = -1 


Note: To check whether our answers are correct or not, 
we need to verify the following: 

1. The incentre 7(1,0) is inside A ABC. 

2. The distance of 7(1, 0) from the three sides must be 
equal. 

15. Determine all values of a for which the point ( a , a 2 ) 
lies inside the triangle formed by the lines 2x + 3y- 
l = 0,jf + 2y-3 = 0 and 5 jc - 6y - 1 = 0. 

(IIT-JEE 1992) 


Solution: LetL=2x+3y-l=0,L'=x+2y-3=0andL"= 
5x - 6y - 1 = 0. Vertices are A (5/4,7/8), B (1/3,1/9) and 
C (-7,5). See Fig. 2.29. 


1. For the side BC ( L = 0), the points .4(5/4, 7/8) and 
(a, a 2 ) must be on the same side (by Quick Look 9). 


At 



20 + 21-8 
8 


> 0 . 


=> 7,22 = 2(a) + 3a 2 -1 > 0 
=> 3a 2 +2a-l > 0 


Hence, M = (-2,-1). Let N = (h', k')! Therefore, 

h' -4 A ' i 1 2 (4 + 1-1) _ <| 

1 -1 1 2 +1 2 
=> h' = 0 and k' = 3 

Hence, N = (0,3). Therefore, equation of the side BC is 

=>2x-y + 3 = 0 
Equations of BE is 

x = 1 

Equation of CF is 

x — y = 1 

Equation of BC is 

2x — y = -3 


(2.23) 

(2.24) 

(2.25) 

Solving Eqs. (2.23)-(2.25), we have B = (1, 5) and C = 
(-4,-5). 


4(4, -1) 



=> (3a-l)(a + l) > 0 
Therefore, 


a < -1 or a > — 
3 


(2.26) 


2. For the side CA (7/ = 0), the points B(l/3, 1/9) and (a, 
a 2 ) are on the same side. Therefore 

r , 12 3 + 2-27 

3 9 9 

and L 22 = a + 2a 2 - 3 < 0 (by Quick Look 9) 

=> (2a + 3)(a-l) < 0 


-< a < 1 

2 


(2.27) 


3. For the side AB (L" = 0), the points C and (a, a 2 ) are 
on the same side. Therefore 


and 


7 ." = 5(—7) — 6 (—5) — 1 < 0 
L" 2 = 5a - 6a 2 -1 < 0 


6a 2 -5a +1 > 0 

(3a-l)(2a-l)>0 

1 1 

a < — or a > — 

3 2 


(2.28) 


From Eqs. (2.26)-(2.28), a e (-3/2, -1) u (1/2,1). 


FIGURE 2.28 
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16. If the sum of the distances of a point from two per¬ 
pendicular lines in a plane is 1, then prove that its 
locus is a square. (IIT-JEE 1992) 

Solution: Take the two perpendicular lines as coordi¬ 
nate axes. P(x,y ) is a point on the locus <=> |x| + |j/| = l.This 
implies that 

x + y = 1 
x-y = 1 
-x + y = 1 
-x-y = 1 

These lines form a square. 


17. A line meets the straight lines 5x - y - 4 = 0 and 3x + 
4v - 4 = 0 at points P and Q. If (1,5) is the midpoint 
of PQ, find the equation of the line PQ. 


Solution: See Fig. 2.30. Let the line PQ be 

y-5 = m(x-\) (2.29) 

Substituting y = mx + 5 — m in the equation 5x - y - 4 = 0, 
we have 

5a:- mx -5 + m — 4 = 0 
=> (5 - m)x +m — 9 = 0 

Therefore 

9 — m , (9 — m\. 25 — m 

x = - and y = m\ - +5 — m= - 

5 — m ' v 5 — m) 5 — m 

Hence 


9 — m 
5 — m 


25-m\ 
5 — m J 


Substituting y = mx + 5 - m in the equation 3x + 4y -4 = 0, 
we have 


Therefore 


4m -16 
4m + 3 


and 


y= 


m(4m —16) 

—-- + 5 - m 

4m + 3 

4m 2 — 16m - 4m 2 + 17m +15 


4m + 3 


m + 15 
4m + 3 


Hence 


Q 


4m —16 m + 15^ 
4m + 3 ’ 4m + 3 J 


Since M( 1,5) is the midpoint of PQ, we have 


and 


^ 1 (9 — m 4m-16'j 

2 \ 5 - m 4/7! + 3 j 

^ 1 ( 25 - m. m + 15 'j 

2 v 5 — m 4m + 3 J 


(2.30) 

(2.31) 


From Eq. (2.31), we get 

2(5 — m) (4m + 3) = (9 - m)(4m + 3) + (5 - m)(4m —16) 
=> 2(—4m 2 + 17m + 15) = (—4m 2 + 33m + 27) + (—4m 2 

+ 36/7!-80) 

=> —8/7 r + 34 m + 30 = -8m 2 + 69 m - 53 
=» 35m = 83 
83 


Substituting the value of m = 83/35 in Eq. (2.29), equa¬ 
tion of line PQ is obtained as 


y-5 


83 

35 


(x-1) 


=> 83*-35^ + 92 = 0 


The value of m obtained from Eq. (2.31) is also equal to 
83/35. 



3x + 4 (mx + 5 — m) — 4 = 0 
=> (3 + 4m)i +16 - 4m = 0 


FIGURE 2.30 
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Chapter 2 I Straight Line and Pair of Lines 


Try it out 


We can take the equation of the line PQ as 


x-1 y-5 

cos# sin# 


and substitute x = 1+ y cos # and y = 5+ y sin # in both 
the line equations and obtain the coordinates of P 
and Q. Finally, use that (1,5) is the midpoint of PQ. 


19. A line through A(-5, -4) meets the lines x + 3y + 
2 = 0,2x + y + 4 = 0 and x-y-5 = 0at the points B , 
C and D, respectively. If 

(15 vw i° y _(6 y 

Iab ) + {ac) ~\ad) 

then find the equation of line. 

(IIT-JEE 1993) 

Solution: Let the line through A(-5, -4) be 


18. The line joining two points A( 2,0) and 5(3,1) is rotat¬ 
ed about A through an angle 15° in the counterclock 
sense. Find the equation of the line in the new posi¬ 
tion and the coordinates of the new position of B. 

Solution: See Fig. 2.31. Let ZXAB = or so that 

tan a = -—- = 1 or a = 45° 

3-2 

Since ZXAC = a+ 15° = 60°, the equation of the line AC 
(point C is the new position of point B) is 

y - 0 = tan 60°(x - 2) = V3(x - 2) 


A + ^ = ZlLl = y Theorem 2.7) 

cos# sin# 

Therefore, every point on the line is of the form x = -5 + 
y cos#,y = -4+ y sin#. Let AS = y v AC = y 7 and AD = y y 
Since B = (-5 + y l cos#, -4 + y sin#), we have 

(-5 + y 1 cos #) + 3 (-4 + y 1 sin 0) + 2 = 0 

(v B lies on x + 3y + 2 = 0) 

Therefore 

15 

^ cos#+3sin# 

Hence 


Therefore, equation of the line AB in its new position is 
\[3x — y — 2\[3 = 0 

Since C = (x, y/3 (x- 2)) and AC = AB = yj2, we have 
(x - 2) 2 + 3(x - 2 ) 2 = (AC) 2 = 2 


^ (X ~ Z) = ± j2 

=> x = 2 i — 1 = 

V2 


Hence 


C = 


f „ 1 (3 A 

V2’V2 


The value of x = 2 - 1/ V2 gives the position of point B , 
when AB is rotated about point A through angle 15° in 
clockwise sense. 


= cos0+ 3sin# (•.■/!= AB) (2.32) 

Similarly, points C and D lie on 2x + y + 4 = 0 and x - y 
-5=0, respectively. We have 

—— = 2 cos # +sin# (2.33) 

AC 

and -= cos#-sin# (2.34) 

AD v 2 

Now, by hypothesis, 

r is y r io y _ f 6 y 

IasJ + {ac) ~\AD) 

Hence, from Eqs. (2.32)-(2.34), we have 

(cos# + 3sin#) 2 +(2cos# + sin#) 2 = (cos#-sin#) 2 
=» 5cos 2 # +10sin 2 #+10sin#cos0 = cos 2 # + sin 2 # 



-2sin#cos# 

=> 4cos 2 0 + 9sin 2 #+ 12sin#cos# = 0 
=> (2cos0 + 3sin#) 2 = 0 
Therefore, 


2cos# + 3sin# = 0 or 


„ -2 
tan 0 = — 
3 


FIGURE 2.31 


Hence, the equation of the line is 
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2.2 I Pair of Lines 


7 + 4 


2 

——(* + 5) or 2x + 3y+22 = 0 


20. One diagonal of a square is the portion of the line lx 
+ 5y = 35 intercepted between the axes. Determine 
the extremities of the other diagonal. 


Solution: See Fig. 2.32. A(5,0) and 5(0,7) are the ex¬ 
tremities of the given diagonal. Therefore, the slope of 
the diagonal AB is -7/5. Hence, the slope of the other 
diagonal, say, CD is 5/7. Therefore 


so that 


„ 5 

tan 0 = — 
7 


COS0 = 


V74 


and sin 9 = 


V74 


The equation of the diagonal CD is 

*-(5/2) _ y-(7/2) 

7/V74 5/V74 


(say) 


Since, y = ^74/2, the other vertices of the diagonal are 


and 


C = 


D = 


5 

7 

V74 7 5 

\fl4 ) 

-h 

2 

V74 

x-,-1- X 

2 2 V74 

2 J 

5 

V74 

7 7 V74 

5 1 

2 

2 

X - -, X 

V 74 2 2 

V74j 

5 

7 7 

5"l , 


r 

2 ’ 2 

-2 = <- U) 



= (6,6) 



21. A variable line / passing the point 5(2,5) intersects 
the lines 2x 2 - 5 xy + 2y 2 = 0 at P and Q. Find the locus 
of the point R such that the distances 55, BR and 
BQ are in harmonic progression (HP). 


——— = ——— = y (by Theorem 2.7) 
cos0 sin0 

See Fig. 2.33. Let 55 = y v BQ = y 2 and BR = y. Therefore 
5= (2 + y x 0080,5 + /! sin0) 
and Q = (2+y 2 cos0, 5 + y 2 sin0) 

Since point 5 lies on x - 2y = 0, we have 

(2 + / x cos0)-2(5 + 7 ! sin0) = 0 


8 


=> 71 = - 

cos0-2sm0 

Similarly, Q lies on 2x - y = 0, we have 

1 

72 = 


2cos0-sin0 


By hypothesis, 


7i 7 2 7 


(2.35) 


(2.36) 


Therefore, from Eqs. (2.35) and (2.36), we get 


cos0-2sin0 

8 


+ (2cos0-sin0) 


2 

7 


=> 17cos0-lOsin0= — 

7 

Let R = (jc, y) so that 

x = 2 + y cos 0 => ycosd=x - 2 
y = 5 + 7sin0 => 7sin0=y - 5 
Therefore, from Eq. (2.37), 

16 = 177 cos 0 - IO 7 sin 0 
= 17(x - 2) - 10(7 - 5) 
The locus of R is 17x- IO 7 = 0. 



(2.37) 


Solution: The given equation 2x 2 - 5 xy + 27 2 = 0 rep¬ 
resents the pair of lines 2x - 7 = 0 and x - 2y = 0. Let the 
equation of the line through 5(2,5) be 


22 . ABC is an equilateral triangle in which 5 = (1,3) and 
C = (-2,7). Find the coordinates of the vertex A. 
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Chapter 2 I Straight Line and Pair of Lines 


Solution: See Fig. 2.34. The slope of SC is 

7-3 4 

-2 -1 _ _ 3 

Therefore, the slope of perpendicular bisector of BC is 
3/4 and its equation is 

where M(-1I2, 5) is the midpoint of BC. Since 
BC = 7(7-3) 2 +(-2-l) 2 = 5, we have 


Altitude AM = (sin60°)AS = 
The equation of the altitude AM is 


5^3 


y = g ( 2x+1 )+ 5 


(2.38) 


Now, 


= {AM) 2 


1 


= \ x+ 2' [where A = (x, y)] 


= X + 2 + 


— (2x + l) + 5-5 
8 V 2 


[by Eq. (2.38)] 


^±^ + A (2x + 1)2 

4 64 V 2 

25(2x + l) 2 


64 


Therefore 


(2x + l) 2 = 48 
2x+l = ±4\/3 
-1+4^3 


X = 


x = 273-- and -f 2^3 +— 

2 l 2 


When x = 2y/3 - (1/2) we have 


3( H < 
y =4( X+ 2j +5 

= ^ 2 73 + i-i) + 5 
4 v 2 2 


3V3 


+ 5 


and when x = -2y/3 - (1/2) we have 


y = 5- 


3V3 


Flence 


A = 


2V3-——+ 5 


2 2 


or 


/ 

>A 


_2V3-i,5-^' 
2 2 



FIGURE 2.34 


Aliter (Using Complex Numbers): S = 1 + 3/ and C = -2 

+ 7i. Rotate CB about C through an angle 60° in anti¬ 
clockwise sense (see Fig. 2.35). Thus 


Z —(—2 + 7i) 


Therefore 
Z + 2-li = 
This gives 


(1+3/)-(-2+ 7/) 

{ l + *VP 


- = cos 60° + / sin 60° 


(3-40 = 


3+4V3 + i(3V3 — 4) 


„_3 + 4V3+/(3V3-4) 

2 

_ 3 + 473+/(3V3-4)-4 + 14/ 
~ 2 
_ 4V3 + /(3V3 + 10) 


2 


f 2 V 3 - —1 + / 

f^ +5 ) 

l 2 ) 

l 2 J 


Therefore 


A = 


r 2S AbH +5 ' 

2 2 


Similarly, if we rotate CB in clockwise sense about C 
through an angle 60°, we get the second position of A. 


A(Z) 



FIGURE 2.35 
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2.2 I Pair of Lines 


Try it out Solve the same problem by taking 
the equation of the altitude AM as 

1 

x + — c 
2 k -5 

- - = - -= Y 

cos 9 sin 6 

where cos6>= 4/5 and sin£/= 3/5. 

v_ _ 

Note: With regard to geometric problems concerning 
equilateral triangles, squares, etc., the method of using 
complex numbers is easier than the method of using 
coordinates. 

23. The sides of a rhombus are parallel to the lines y + 
2x = 3 and y = lx + 2.The diagonals intersect at (1,2). 
If one vertex lies on the y-axis, then find the coordi¬ 
nates of this vertex. 

Solution: See Fig. 2.36. Let ABCD be the rhombus 
where A = (0, k). AB and CD are parallel to y = lx + 2 
whereas BC and AD are parallel to y + 2x = 3. Flence, the 
equation of AB is 

y = lx + k (2.39) 

Since (1, 2) is the midpoint of AC and A = (0, k), it fol¬ 
lows that C = (2,4 - k). Also, BC is parallel to 2x + 3 and 
passes through C (2,4 - k). Hence, the equation of BC is 

y-(4-k) = 2(x-2) 

=>y = 2x-k (2.40) 

Solving Eqs. (2.39) and (2.40), we have 



24. A ray of light is sent along the line x - 2y + 5 = 0. Upon 
reaching the line 3x - 2y + 7 = 0, the ray is reflected 
from it. Find the equation of the reflected ray. 

Solution: See Fig. 2.37. We have 

x-2y + 5 = 0 (Incident ray) (2-41) 

3x - 2y +1 = 0 (Surface line) (2.42) 

P = (-1,2) is the point of incidence of the lines given in 
Eqs. (2.41) and (2.42). Hence, the equation of the normal 
at P(-l,2) is 

y~ 2 = y(* + l) 

=>2;c + 3y-4 = 0 (2.43) 





Since A = (0 ,k),B 
= BC, we have 


2k 
5 ’ 



,C = (2A-k) and AB 



=> 10k 2 = (k + 5) 2 
=> k + 5 = ±Mk 



+ l4-* + f 


=>k = -=J— = -(Vio + i),—(VTo-i) 

VlO-l 9 V ’ 9 V 


Let m be the slope of the reflected ray. Since the normal 
at P makes equal angles with the incident line and 
reflected line, we have 


m + 


2 m 



1-— 


3 

=> 

3m + 2 

3 - 2m 


=> 

3 m + 2 


-2 

y 


i+ 


■ — i — 
3 — 2m 4 

1 29 
■ m = —,— 

2 2 


A = 0, — (-s/lO + 1) , 0, —(VIo-1) 


-5 


However, m ^ 1/2. So that the reflected line is 

29 

y- 2 = -(x + l) 


Therefore 
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Chapter 2 I Straight Line and Pair of Lines 



FIGURE 2.37 

25. Straight lines 3x + 4y = 5 and Ax — 3jy = 15 intersect at 
the point A. Points B and C are chosen on those lines 
such that AB = AC. Determine the possible equa¬ 
tions of the line BC passing through the point BC. 

Solution: See Fig. 2.38. The two lines intersect at A(- 3, 
1). Clearly, the lines 3x + Ay = 5 and Ax - 3y = 15 are at right 
angles to each other and AB = AC implies that A ABC is a 
right-angled isosceles triangle with its right angle at ver¬ 
tex A. Let in be the slope of the line BC. Flence 


1 = tan 45° = 


m + - 


1- 


3m 


Am + 3 


A —3m 


=> 4/n + 3 = ±(4 — 3m) 
Two cases arise: 


1 

771 = —. 

7 


Case 1: Am + 3 = (4 - 3m) - 

Case 2: Am + 3 = -4 + 3m => m = -7. 
Therefore, the equation of the line BC is 
1 


y-2 = -(x-l) 


or 


=> x - ly +13 = 0 
y-2- —7(jc —1) =>7x + y-9 = 0 



26. Show that the point (3, -5) lies between the parallel 
lines 2x + 3y = 7 and 2x + 3y = -12 and find the equa¬ 
tion of the lines through (3, -5) cutting the above 
lines at an angle 45°. 


Solution: See Fig. 2.39. The distance between the par¬ 
allel lines is 


12 + 7 


v/2 2 +3 2 


19 

Vl3 


Let P = (3, -5). Let p y be the distance from the first line, 
which is given by 


2(3) + 3(-5)-7 


V 2 2 + 3 2 


16 

Vl3 


and p 1 be the distance from the second line, which is 
given by 


2(3) + 3(-5) +12 


Therefore 


V 2 2 + 3 2 


Pl+P2 = 


Vl3 


19 

Vl3 


This implies that P( 3,5) lies in between the two lines. Let 
7?7 be the slope of a line through P (3, -5). Therefore, by 
hypothesis, we have 


1 = tan 45° = 


777 + - 


1- 


2/77 


3/77 + 2 


= +l 


3 — 2/77 

Two cases arise: 

Case 1: 3m + 2 = 3- 2m - 
Case 2: 3m + 2 = -(3-2m) => m = -5. 
Therefore, the required lines are 
1 


1 

777 = —. 
5 


y + 5 = — (jc-3)=>x-5y-28 = 0 


and 



FIGURE 2.39 

27. A(10,0) and B(- 5, -5) are two vertices of a triangle 
whose incentre is the origin. Find the coordinates of 
the third vertex. 
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2.2 I Pair of Lines 


Solution: See Fig. 2.40. Let C(h, k) be the third vertex. 
Since 0(0, 0) is the incentre, BO and AO are the bisec¬ 
tors of the angles B and A, respectively. The equation of 
BO is 


x-y = 0 (2.43) 

The equation of AO is 

y = 0 (2.44) 

Equation of the side AB is 


Two cases arise: 

Case 1: 4m + 3 = 3m - 4 => m = -7. 

Case 2: 4m. + 3 = -(3m - 4) => m = —. 

Therefore, the equations of the sides AB and AC are 
y-2 = -7(x-2)=>7* + y —16 = 0 

and y-2 = ^-(*-2) => *-7_y+12 = 0 


y = 


0 + 5 
10+5 


(*- 10 ) 


=> * — 3y —10 = 0 


(2.45) 


Since BO is the angle bisector of ZB, the image of C(h, k) 
in the line BO lies on the line AB. Since the equation of 
BO is y = x, the image of C{h, k) in BO is (k. h) and this 
lies on AB. Therefore 


C 



k-3h = 10 


(2.46) 


FIGURE 2.41 


The image of C(h, k ) in the angle bisector AO lies on the 
side AB. That is, (h, -k) lies on the side AB. Therefore, 
from Eq. (2.45), we get 

h-3(-k) = 10 (2.47) 

Solving Eqs. (2.46) and (2.47), we get h = -2 and k = 4. 
Lienee, the third vertex is (-2,4). 



28. Find the equations of the sides of a right-angled isos¬ 
celes triangle whose hypotenuse is the line 3x + 4 v 
-4 = 0 and the right angle vertex is the point (2,2). 


29. The points (1,3) and (5,1) are two opposite vertices 
of a rectangle. The other two vertices lie on the line 
y = 2x + c. Find c and the other remaining vertices. 

Solution: See Fig. 2.42. ABCD is the rectangle in which 
A = (1, 3), C = (5,1). Points B and D lie on the line y = 
lx + c. The diagonals intersect in (3,2) which lies on the 
line y = lx + c. Therefore, 2 = 2(3) + c or c = -4. That is, the 
equation of the diagonal BD is 

_y = 2x - 4 (2.48) 

Suppose M = (3, 2) is the midpoint of the diagonals. 
Therefore, 

MD = MB = (1/2 )AC = V5 
Let B be (*, 2x- 4). Therefore 

MB = 45 
=> {MB) 1 = 5 

=> (3 - x) 2 + (2 - 2* + 4) 2 =5 
=> (3 - x) 2 + (6 - 2x) z = 5 
=> 5x 2 - 30* + 40 = 0 
=> x 2 -6*+ 8 = 0 


Solution: See Fig. 2.41. Let the slope of AB be m. ’ 

Therefore Flence, B = (2,0) and D = (4,4). 



=> 4m + 3 = +(3m - 4) 


FIGURE 2.42 
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30. The ends of a straight line segment AB of constant 
length c move on two perpendicular lines OX and 
OY which are the coordinate axes. If the rectangle 
OAPB is completed, then show that the locus of the 

foot of the perpendicular drawn from P on to AB is 

2/3 2/3 2/3 

x 1 + = c . 


31. A variable straight line through the point of intersec¬ 
tion of the lines 

x y x y 

a b b a 

meets the coordinate axes at A and B. Show that the 
locus of the midpoint of AB is the curve 


Solution: See Fig. 2.43. Let A = (a, 0) and B = (0, b) so 
that the equation of the line AB is 


and also 


x + l=l 

a b 

(2.49) 

' 2 + b 2 =c 2 

(2.50) 


Let M(x v >’,) be the foot of the perpendicular drawn 
from P onto the line AB. Since M(x v y x ) lies on AB, we 
have 


2 (a + b) xy = ab(x + y) 


Solution: Equation of any line through the intersec¬ 
tion of the given lines is of the form 


— + —-1 +A - + Z_i =0 


This line meets the x-axis at 


A = 


ab(l+ X) 
b + aX 


, 0 and 5= 0, 


ab(\ + A) 
a+bX 


^- + ^_=1 (2.52) 

a b 

Since P = ( a, b) and PM is perpendicular to AB, we 
have 


Let M(x l ,y 1 ) be the midpoint of AB. Therefore 


2x l = 


ab( 1 +A) 
b + aX 


and 2 y 1 = 


ab( 1 +A) 
a + bX 


Slope of PM x Slope of AB = -1 


Therefore, 


b-y 1 


a — x 


l 7 


6-0 


0 — ci 


= -l 


=> ax x — by 1 = a 2 -b 2 
From Eqs. (2.52) and (2.53), we get 


J ij 

a b 

x i — —2 7T >3h — o 7T 
a +b" a + b~ 


Therefore 

2/1 , „„ 

x i +yi = 


2/3 , 2/3 a +b 2 


(2.53) 


(, a 2 +b 2 ) m 


= (a 2 + b 2 ) V3 = c 2/3 

[by Eq. (2.50)] 


Therefore, the locus of M(x v >q) is 


2/3 2/3 2/3 

x + y = c 



Therefore 

1 1 (b + aX)+(a+bX) (a+b)( 1 + A) a+b 

2x x 2 y 1 ab( 1 + A) ab( 1 + A) ab 

Hence 

(a + b)2x l y 1 = ab(x 1 + y x ) 

Therefore, the locus of (Xp^q) is 

2 (a + b)xy= ( ab)(x + y ) 

32. The equations of the perpendicular bisectors of the 
sides AB and AC of the triangle ABC are x - y + 5 = 
0 and x + 2y — 0, respectively. If the point A is (1,-2), 
then find the equation of the side BC. 

Solution: See Fig. 2.44. Perpendicular bisectors of the 
sides AB and AC, respectively, are 

x — y + 5 = 0 (2.54) 

and x + 2y = 0 (2.55) 

Solving Eqs. (2.54) and (2.55), the circumcentres of 
AABC is (-10/3,5/3). Also, the equation of AB is 

y + 2 = —l(x -1) 

=>x + y + l = 0 

Suppose 5 = (x, -x - 1). We have 


SA = SB 
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Hence 


=> 13 2 + ll 2 = (3x + 10) 2 + (3x + 8) 2 

=> 18jc 2 + 108x-126 = 0 

=> 2x 2 + 12x-14 = 0 

=> x 2 + 6x - 7 = 0 

=>(x + 7)(x-l) = 0 

=> x = 1, - 7 

x = 1 => (x,-x-l ) = (1,-2) = A 
x = -7 => B = (-7,6) 


and 
Therefore 

B = (-7,6) 

Similarly, equation of AC is 

y + 2 = 2 (x -1) 
=> y = 2x - 4 
Suppose C = (h, 2h - 4), we have 
SC = SA 


-10 


-h I +1 2/z — 4 — — I =1 — — _l I +I- + 2 


• (3 h + 10) 2 + (6 h - 17) 2 = 13 2 + ll 2 
. 45 /j 2 -144 h + 99 = 0 

■ 5h 2 - 16/7 +11 = 0 

• 5h 2 -5h- llh + 11 = 0 

• 5h(h -1) - ll(h -1) = 0 

/ i 11 

■ h — 1 , — 

5 


Now 


/z = 1 => the point (h, 2h - 4) = (1,-2) = A 


11 


k ~ - = " C_I 5 ’5 


11 2 


Hence 


B = (-7,6) andC = |y,| 


This implies that the equation of the side BC is 
6-(2/5) 


y-6 = 


-7-(11/5) 
28 , 

=- (x + 7) 

-46 V 2 

-14 

=- (x+7) 

23 

14x + 23y - 40 = 0 


(x+7) 



Aliter: A = ( 1, -2) and the perpendicular bisector of AB 
is 


x-y+5 = 0 (2.56) 

Hence, B is the image of A in the given line in Eq. (2.56). 
If B = (h, k), then by Theorem 2.13, we have 

h -1 k + 2 —2[1 - (-2) + 5] 

i 2 +h ) 2 

Therefore 

h = -7, k = 6 

Hence 


B = (-7,6) 


Similarly, C (x v yq) is the image of A in the line x + 2y = 0 
which implies that 

x 1 -l_y 1 +2_-2(l-4)_6 
1 “ 2 l 2 +2 2 “5 


_ 6 ,11 

Xi —-hi —- 

1 5 5 


and 

Therefore 


12 „ 2 
yi =- 2 =— 

yi 5 5 


C = | ll.? 

1 5 5 


Thus, the equation of the side BC is 
14x + 23y-40 = 0 


33. A line cuts x-axis at A(7. 0) and y-axis at 5(0, -5). A 
variable line PQ is drawn perpendicular to AB cut¬ 
ting the x-axis at P and the y-axis at Q. If AQ and BP 
intersect at R , then find the locus of R. 

(IIT-JEE 1990) 

Solution: See Fig. 2.45. The slope of AB is 
-5-0 5 


0-7 7 
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Therefore, the slope of PQ is -7/5. Consider A ABQ in 
which QP is the altitude from Q onto AB and AP is the 
altitude from A onto 5<2. These two intersect at P. Hence, 
BP is the third altitude of A ABQ. Therefore, BR is per¬ 
pendicular to AR. Hence, if R = ( h , k), then 

Slope of BR x Slope of AR = -1 



=$ h 2 + k 2 -1 h + 5k = 0 
Therefore, the locus of R(h, k) is 

x 2 +y 2 -1 x + 5y = Q 



34. Let S = ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 where hr 
> ab represent a pair of lines both passing through 
origin. Prove that g=f=c = 0. 

Solution: Since S = 0 passes through (0, 0) we have 
c = 0. Let P(x p _y 1 ) and Q(x 2 , yf) be points on one of the 
lines other than the origin so that area of A OPQ ^ O.This 
implies that 

Wyz- x iyi\*Q 

=> Xl y 2 - x 2 y 1 * 0 (2.57) 

P(x p y 2 ) lies on one line which passes through origin. 
This implies that (-x,, -yf) also lies on the line. There¬ 
fore, 

ax 2 + 2 hx l y l + by 2 + 2 gx l + 2 fy 1 = 0 


Similarly, 

g x 2 +fy 2 = 0 (2.59) 

Therefore, g = / = 0 because x 1 y 2 -x 2 y 1 ^0 or the 
matrix 

t yi 
_■ x 2 yi_ 

is a non-singular matrix. Equations (2.58) and (2.95) 
have zero solution only so that g = 0 and/= 0. 

35. If S = ax 2 + 2hxy + by 2 + 2gx + 2 fy + c = 0 represents 
a pair of distinct lines ( h 2 > ab), then prove that their 
point of intersection satisfies the equations ax + hy + g 
= 0,hx + by +/= 0 and gx+fy + c = 0, and the point of 
intersection is 

tf~bg gh-af \ 
ab - hr ab - hr ) 

Solution: Since S = 0 represents a pair of lines, we 
have 

A = abc + 2fgh - af 2 - bg 2 - ch 2 = 0 (by Theorem 2.31) 

and h 2 > ab implies that the lines are distinct intersecting 
lines. Let P(x v y^} be the point of intersection (see Fig. 
2.46). Shift the origin to the point P(x v y 2 ) and let the 
new coordinates be ( X , Y) so that by Section 1.4.1, x = X 
+ x v y=Y+y r Therefore, S = 0 is transformed to 

S = a(X + Xl f +2h(X + Xl )(Y + yi ) + b(Y + yi f 
+ 2g(X + x 1 ) + 2f(Y + y 1 ) + c = 0 

=^>S = aX 2 + 2 hXY + b Y 2 + 2 (axj + hy ] + g)X 
+ 2 (hx 1 + by 1 + f)Y + ax{ + 2 hx x y x + by 2 
+ 2gx 1 +2fy 1 +c = 0 (2.60) 

Since Eq. (2.60) represents a pair of lines through origin 
P, by Problem 34, we have 

uxj + hy 1 + g = 0 (2-61) 

hx 1 + by 1 + / = 0 (2.62) 

and = ax 2 + 2hx 1 y 1 + by\ + 2gx 1 + 2 fy x + c = 0 (2.63) 
Solving Eqs. (2.61) and (2.62) for x 1 and y v we get 
_ hf-bg 
1 ab-h 2 
_ gh-af 
1 ab-h 2 


and ax 2 + 2hx 1 y 1 + by 2 — 2gx 1 — 2 fy^ = 0 
imply that 


(2.58) 


Therefore, the point of intersection is 

f hf-bg gh-af 2 1 
V ab - h 2 ab- h 2 ) 


gx i + fy i = 0 
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Also, from Eq. (2.63), we have 


Hence, the point of intersection is 


(«*i + hy\ + g)*i + (hx t + by 1 + f)y 1 + gx x +fy x + c = 0 
Since ax^+ hy 1 + g = 0 and hx l + by x + /= 0, we have 
8 x i+fyi+c = 0 


The point of intersection of the lines represented by S = 0 
satisfy the following three equations: 


ax 1 + hy 1 + g = 0 
hx 1 + by 1 + f = 0 > 
g*i + fyi + c = 0 


(2.64) 




37. Show that the equation of the pair of lines passing 
through origin and perpendicular to the lines repre¬ 
sented by the equation ax 2 + 2hxy + by 2 = 0 is bx 2 
- 2hxy + ay 2 = 0. 


Solution: Suppose the lines represented by ax 2 + 2hxy 
+ by 2 = 0 are l^x + myy = 0 and l 2 x + m 2 y = 0 so that we 
have 


and 


— a 

l\m 2 + l 2 ni\ = 2h > 

m l m 1 = b 


(2.65) 


We know that [see Quick Look 7, part (3)] the equations 
of the lines passing through the origin and perpendicular 
to the lines l r x + m { y = 0 and l 2 x + m 0 y = 0, respectively, 
are m x x - /, v = 0 and m 2 x — l 2 y = 0 and hence their com¬ 
bined equation is 

(m l x-l 1 y)(m 2 x-l 2 y) = 0 
=> (nqmj) x 2 — (l 1 m 1 + U m ]) x y + (/|/ 2 ) y 2 = 0 
From Eq. (2.65), we have 

bx 2 - 2 hxy + ay 2 = 0 


QUICK LOOK 15 


Solving any two equations given in Eq. (2.64), we get 
the point of intersection of lines represented by 
S = 0. 

36. Find the point of intersection of the lines represent¬ 
ed by S = 3x 2 + xy - 4y 2 + lOx + 4y + 8 = 0. 

Solution: Comparing the given equation with the 
second-degree general equation, we have a - 3, h = 1/2, 
b = -4, g = 5, f = 2 and c = 8. So 

hf-bg=^( 2)-(-4)5 = 21 
gh-af = 5(|]-(3)2 = y 

Therefore 


38. Show that the product of the perpendicular distances 
of the lines ax 2 + 2hxy + by 2 = 0 from a point (x l} . y 0 ) 
is 

uxq + 2 hx 0 y 0 + by^ 

yjita-bf+Ah 2 

Solution: Suppose the given lines are lyc + m^y = 0 and 
l 2 x + m 2 y = 0 so that 

^ 1^2 = ^ 

l 2 m 2 + = 2 h 

and m 1 m 2 = b 

See Fig. 2. 47. Let d l and d 2 be the distances of the lines 
from P(x Q , y 0 ). Therefore, by Theorem 2.14, we have 


hf-bg 
ab — h 2 

gh-af 

ab - h 1 


21 


-(49/4) 

7 -4 _ 2 
~2 X 49 “ 7 


21x4 

49 


12 

y 


d 1 = 


d 2 — 


h x o + m i yo 




+ m7 


h x o + m iyo 


di 


+ m 7 


and 
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Hence 


Therefore, the area of AOAB is 


d^d 2 — 


^ + m l y 0 )(l 2 XQ + m 2 y a ) 

1 

h m 2 - l 2 m l 

V( /2 + m 2 )(/ 2 + m 2 ) 

2 

(Jm 2 - l 1 m)(lm 2 - l 7 m) 


(by Section 1.2.4) 


hh x o + (k m 2 + h m i) x oyo + m^yl 

1 

\l(l\m 2 + l 2 m 2 ) 

2 - Al 1 l 2 m 1 m 2 

yjihk - m \ m 2 f + (h m 2 + l 2 m if 

2 

/ 2 m 1 m 2 — (/ 1 m 2 +/ 9 nz 1 )/n; + ((m 2 

axQ + 2 hx 0 y 0 + by^ 


1 

\l Ah 2 - A ab 


^(a-bf+Ah 2 


~2 

bl 2 - 2/7/777 + am 2 




\lh 2 -ab 
bl 2 - 2/r/m + am 2 



39. Find the area of the triangle formed by the lines 
ax 2 + 2 hxy + by 2 = 0 and lx + my = 1 

Solution: Let the lines be l f x + m 2 y = 0 and l 2 x + m 2 y 
= 0 so that 


Note: If the given line is lx + my + n - 0 (n * 0), then 
write 



hh = a 

lim 2 + l 2 m 1 = 2/7 

and m, m 2 = b 


Suppose the line lx + my = 1 meets these lines at A and B 
(see Fig. 2.48). Substituting y = -/, /m, in lx + my = 1, we 
have 


m l A ~k 
x- - L -andy = 


/m 1 - /pu lm ] — l x m 


Thus, 


A = 


m 2 


~h 


Im j — /] m lm 2 - l 2 m 


B = 


-U 


\ lm 2 - l 2 m ’ lm 2 - l 2 m 


\ 




use the above formula so that the area is 

n 2 \jh 2 - ab 
bl 2 - 2hlm+am 2 

40. If n* 0, then show that the triangle formed by the 
lines (lx + my) 2 - 3 (mx - ly) 2 and lx + my + n = 0 is 
equilateral and find its area. 

Solution: See Fig. 2.49. The equation of the sides pass¬ 
ing through origin is 

(l 2 - 3m 2 ) x 2 + 8 Imxy + (m 2 —3 l 2 )y 2 =0 (2.66) 

Let 0 be the angle between these sides. Therefore, by 
Theorem 2.28, Note (3), we have 

tan0 _ 2^16 l 2 m 2 -(l 2 - 3m~ )(m 2 - 3 1 2 ) 

|(/ 2 - 3m 2 ) + (m 2 - 3/ 2 )| 


and similarly, 
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2^Jl6l 2 m 2 -I0l 2 m 2 +3(/ 4 + m A ) 
2 (l 2 +m 2 ) 


_ V3\// 4 + m 4 + 2l 2 m 2 
l 2 + m 1 
V3(/ 2 + m 2 ) 
l 2 + m 2 

= V3 


41. Show that the equation of the diagonal not pass¬ 
ing through the origin of the parallelogram formed 
by the lines ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 
and ax + 2hxy +by = 0 is 2 gx + 2 fy + c = 0 

and the diagonal passing through the origin is 
y(hf-bg) - x(gh-af ). 

Solution: Suppose the lines 

S = ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 (2.67) 


That is, the angle between the sides represented by the 
equation of the sides provided in Eq. (2.66) is 60°. Also, 
the combined equation of the pair of angle bisectors of 
equation of the sides passing through origin given in Eq. 
(2.66) is 

4 lm(x 2 - y 2 ) = [/ 2 - 3 m 2 - (m 2 - 3 1 2 )\xy 

(by Theorem 2.30) 

=> Im (x 2 - y 2 ) = (P - m 2 ) xy 
=> (lx + my) (mx — ly) = 0 

The angle bisectors of the angle at the vertex origin are lx 
+ my = 0 and mx - ly = 0 which, respectively, are parallel 
and perpendicular to the base line lx + my + n = 0. Hence, 
the triangle formed by the lines is equilateral. Suppose a 
is the length of the sides and p is the length of the altitude 
from origin onto the base lx + my + n = 0 so that 

p= I - - (byTheorem2.14) 

V/ 2 +m 2 

ry 

and — = sin 60° = ^ 

2 a 

2 p 2 \n\ 

Therefore, area of the triangle is 

V3 2 v/3 An 2 

T a ~ ~4~ 3(l 2 +m 2 ) 


V3 (l 2 +m 2 ) 



and the lines 


ax 2 + 2 hxy + by 2 = 0 (2.68) 

intersect in A(x v >q) and B(x-,, >- 2 ). Hence, both A and B 
satisfy Eqs. (2.67) and (2.68) and hence they satisfy their 
difference 2 gx + 2fy + c = 0 which is first-degree equation 
in x and y. Hence, 2 gx + 2fy + c = 0 represents a straight 
line passing through points A and B. Thus, AB is the 
diagonal represented by 2 gx + 2fy + c = 0. Since 


(0,0) and 


hf-bg gh-af \ 
ab-h 2 ab-h 2 ) 


are the ends of the diagonal passing through origin, its 
equation is 


y = 


gh-af ' 
M-bg , 


X 


=> y (hf-bg) = (gh-af) X 


42. Show that the area of parallelogram formed by the lines 
ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 and ax 2 + 2hxy + 
by 2 = 0 is 

|c| 

2 \lh 2 —ab 


Solution: Suppose the sides of the parallelogram are 
(by Theorem 2.32) 

fx + m^y + n l = 0 

lyX. + m 7 y + n 2 = 0 

fx + m x y = 0 

and l 2 x + m 7 y = 0 

Therefore, fl 2 = a, lpn 7 + l 2 m 1 = 2 h, m 1 m 2 = b, fn 2 + l 2 n l = 
2g,m x n 2 + m 2 n l = 2f and npi 2 = c. Now, by Problem 2, the 
area of the parallelogram is 

\( n i ~0)( n 2 ~0)| __ \ n i’h\ _ 

I h m 2 -l 2 m i\ yl(fm 2 +l 2 m l ) 2 —4l 1 l 2 m 1 m 2 

|c| |c| 

V4/r 2 -Aab 2\Jh 2 - ab 


FIGURE 2.49 
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43. Show that the triangle formed by the pair of lines x 2 
- 4 xy + y 2 = 0 and the linex + y- 3 = 0isan equilat¬ 
eral triangle and find its area. 


j g 2 ~ac 
y a(a + b) 


Solution: The equation of the lines x 2 -4xy + y 2 = 0 can If we use n i + n i= 2 f lm2 > then the distance between the 

be written as parallel lines is 


(x + y) 2 —3(x — y) 2 = 0 

Hence, by Problem 40, the pair of lines x 2 - 4xy + y 2 = 0 
and the line x + y - 3 = 0 form an equilateral triangle 
whose area is 


n/3 (/ 2 +m 2 ) 


3V3 

2 


sq. units 


44. If S = ax 2 + 2hxy + by 2 + 2 gx + 2fy + c = 0 represents 
a pair of lines, then show that h 2 = ab, af 2 = bg 2 and 
the distance between these lines is 


2 


g 2 -«c 

a(a + b) 


which is also equal to 


f~bc 
b(a + b) 


Solution: Suppose the pair of parallel lines are lx + my 
+ n 1 = 0 and lx + my + n 2 = 0. Therefore, 

l 2 = a, 2bn = 2h, m 2 = b 

I(n 1 + n 2 ) = 2g, m(n l + n~) =2 f,c = n x n 2 

Now, h 2 = l 2 m 2 = ab 


2 

b(a+ b) 

45 . Show that the pair of lines a 2 x 2 + 2h(a + b)xy + 
b 2 y 2 = 0 are equally inclined to the pair of lines 
ax" + 2 hxy + by 2 = 0. 

Solution: Two pairs of lines ( PA, PB ) and (PC, PD ) 
are said to be equally inclined to each other if both pairs 
have the same angle bisectors at point P. Now, for the 
given pairs of lines, origin is the common point. By Theo¬ 
rem 2.30, the equation of the pair of angle bisectors of 
the lines a 2 x 2 + 2h(a + b)xy + b 2 y 2 = 0 is 

h(a + b){x 2 - y 2 ) = (a 2 -b 2 )xy 
=> h(x 2 -y 2 ) = (a- b)xy 

which also represents the pair of angle bisectors of the 
line ax 2 + 2hxy + by 2 = 0. Hence, both pairs are equally 
inclined to each other. 

46 . Find the equation of the pair of lines passing through 
origin which are at a distance d units from a point 
(x 1 ,y 1 )^(0, 0). 

Solution: See Fig. 2.50. Let P be (x v y 1 ) and y = mx the 
line whose distance from P is equal to d. That is, 


and 


af 2 =l 2 


m 2 (rii + m ) 2 


y 1 - mx l 

4 


yjl + m 2 


= d 


(by Theorem 2.14) 


/(wi+rc 2 ) 2 


-i2 


= bg 2 


Also, the distance between the two parallel lines is (by 
Theorem 2.15) 


=> (y 2 - mX]) 2 = d 2 (l+ m 2 ) 


/ \2 

( „ 2N \ 

(yi--*i) = d2 


v x J 

l X J 


=^(xy 1 -x 1 y) 2 = d 2 (x 2 + y 2 ) 



n\ ~n 2 


V( w i + w 2 ) 2 ~4 «i«2 

\jl 2 +n 2 


V/ 2 +m 2 


\ 

4e 2 
—4c 

l 2 

V/ 2 +m 2 

2 

jg 2 -ac 

]] a(a+ b) 




FIGURE 2.50 
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47. If the equation x 2 + 5 xy + 4 y 2 + 3x + 2y + c = 0 repre¬ 
sents a pair of lines, then find the value of c and also 
the angle between the lines. 


Solution: By Theorem 2.31, we have 


A = abc + 2 fgh - af 2 - bg 2 - clr = 


a h g 
h b f 
g f c 


= 0 


This implies 


5 

2 


1 - - 


4 
1 

5 
8 
2 


= 0 


3 

2 

2c 


= 0 


• 2(16c - 4) - 5(10c - 6) + 3(10 - 24) = 0 
-18c-20 = 0 


10 

=> c =- 

9 

If a is the angle between the lines, then 


cos a = 


a+b 

7( a-bf + Ah 2 


(by Theorem 2.28) 


Hence 


1 + 4 


j(l-4) 2 + 4( 

:?) 


5 

V9 + 25 


a = Cos 1 


' 5 N 

,V34, 


48. Show that the straight lines ax 2 + 2hxy+by 2 = 0 and 
the straight lines ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 
form a rhombus if (a - b)fg + h(f 2 - g 2 ) = 0. 


and y(hf-bg) = x(gh - af) 

The parallelogram is a rhombus if the diagonals are at 
right angles (see Fig. 2.51). That is, if the product of their 
slopes is equal to —1: 

_l( gh-af |_ 1 
f{hf-bg) 

=> g 2 h-afg= f 2 h-bfg 

^h(f 2 -g 2 )+fg(a-b) = 0 



FIGURE 2.51 

49. Show that the four lines given by the equations 2x 2 + 
3 xy - 2y 2 = 0 and 2x 2 + 3 xy - 2y 2 + 3x + y + 1 = 0 form 
a square. 

Solution: We know that the lines represented by the 
equations are 

2x-y = 0 
x + 2y = 0 
2x — y + 1 = 0 
and 2x + 2y + 1 = 0 

Solving 2x - y = 0 and x + 2y + 1 = 0, we have 

3 a 1 

x = — and y = — 

5 5 

so that the slope of diagonal through origin is 1/3. Since 
the other diagonal is 3x + y + 1 = 0, the diagonals are at 
right angles. Therefore, the parallelogram is a square. 

50. Find the centroid of the triangle formed by the lines 
12x 2 - 20xy + ly 2 = 0 and 2x - 3y + 4 = 0. 


Solution: By Theorem 2.32, the given pairs of lines 
form a parallelogram. Also, by Problem 41, the diagonals 
of the parallelogram are 

2 gx + 2fy + c = 0 


Solution: We have 

12x 2 - 20xy +1 y 2 = {2x- y){6x-l y) 
Therefore, the sides of the triangle are 


2x-y = 0 


(2.69) 
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6x - 7y = 0 (2.70) 

2x-3y = -4 (2.71) 


l 1 n 2 +l 2 n 1 =2g 
m 1 n 2 + m 2 n 2 — 2 / 


Solving Eqs. (2.69) and (2.71), we get (1, 2) as the 
vertex. Solving Eqs. (2.70) and (2.71), we obtain (7,6) as 
another vertex.By hypotheses, (0,0) is the third vertex. By hypothesis, 

Hence, the centroid of the triangle is 

M _ \ n 2 1 

yjlf +m\ + m 


0+1+7 0+2+6) (8 8) 
3 ’ 3 J _ y3 ’ 3 J 


2 

2 


n 1 n 2 = c 


51. If S = ax 2 + 2hxy + by 2 + 2 gx + 2fy + c = 0 represents 
a pair of lines equidistant from the origin, then show 

that f 4 ~ g 4 = c(bf 2 -ag 2 ). 


=> n ] (li + m 2 ) = n\{l 2 + m 2 ) 

(squaring and cross-multiplying) 

_ ,2 2 /2 2 2 2 22 

—I' ^2 — ^2 ^1 ^2 


Solution: Suppose the lines are Zpt + ra x y + n 1 = 0 and 
l 2 x + m 2 y + « 2 = 0. Therefore 

(/ 2 — a 

l 1 m 2 +l 2 m l = 2/; 
myn 2 = b 


=> (h n 2 + l 2 n i)(h n 2 ~k n i) = + m 1 n 2 )(m 2 n 1 -m^) 

=> 2g(/ 1 n 2 -/ 2 «i) = 2f(m 2 n 1 -m 1 n 2 ) 

=>g 2 (4g 2 -4ac) = f\4f 2 -4bc) 

=* f ~g 4 = bcf 2 - cag 2 = c(bf 2 - ag 2 ) 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

1. If the line 3 ax + 5y + a-2 = 0 passes through the point 
(-1,4), then value of a is 


4c 


= 24 => c 2 = 36 => c = ±6 


(A) 9 (B) 7 (C) -9 (D) -7 

Solution: Since the line passes through (-1, 4), we 
have 

3a(-l) + 5(4) + n - 2 = 0 
=> — 2a + 18 = 0 

Hence, a = 9 and the line is 21 x + 5y + 7 = 0. 

Answer: (A) 

2. A line has slope - 3 / 4 , positive y-intercept and forms 
a triangle of area 24 sq. units with coordinate axes. 
Then, the equation of the line is 

(A) 3x + 4y + 24 = 0 (B) 3x + 4>- - 24 = 0 

(C) 3x + 4y - 25 = 0 (D) 3x + 4y + 25 = 0 

Solution: Let the line be 

x + c 

so that the intercepts on the x and y axes, respectively, are 
4c/3 and c. Therefore, the area of the triangle (by Quick 
Look 4) is 


Since y-intercept is positive, the value c is 6 and the equa¬ 
tion of the line is 3x + 4y - 24 = 0. 

Answer: (B) 

3. A non-horizontal line passing through the point (4, -2) 
and whose distance from the origin is 2 units is 

(A) 3x + 4y - 10 = 0 (B) jt + y-2 = 0 

(C) 4x + 3y — 10 = 0 (D) 2x + 3y-2 = 0 

Solution: Let the slope of the line be m. Now the 
equation of the line, by Theorem 2.2, is 

y + 2 = m(x — 4) 

Therefore, by Theorem 2.14, 

_ |m(0 — 4) — 0 — 2| 

^ fm 2 + 1 

=> (2m +1) 2 = m 2 +1 
=> 3m 2 + 4m = 0 

4 

=> m = 0, — 

3 
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When m = 0, the line is 

y + 2 = 0 

which is horizontal. When m = - 4/3, the line is 


y + 2= - — (x-4) 
• 4x + 3y - 10 = 0 


Answer: (C) 


4. The positive value of k such that the distance of the 
line 8x + 15y + k = 0 from the point (2,3) is 5 units is 

(A) 12 (B) 6 (C) 8 (D) 24 

Solution: By Theorem 2.14, we have 

|8(2) + 15(3) +k\ 5 

^8 2 +15 2 

=»61 + /c = +(5xl7)=+85 
=> k = 24 or -146 


Since k > 0, its value is 24. 


Answer: (D) 


5 . Equation of the line passing through the point (2, -3) 
and parallel to the line joining the points (4, 1) and 
(-2,2) is 

(A) x + 6y + 12 = 0 (B) x + 6y-12 = 0 

(C) x + 6y — 16 = 0 (D) x + 6y + 16 = 0 

Solution: Slope of the line joining the points (4,1) and 
(-2,2) is 

2-1 f 1 

-2-4T 6 

Hence, by Theorem 2.2, the equation of the given line is 
y + 3=i(x-2) 

=> x + 6y + 16 = 0 

Answer: (D) 


6 . Equation of the line passing through the point (-2,3) 
and perpendicular to the line 2x - 3y + 6 = 0 is 

(A) 3x - 2y = 0 (B) 2x + 3y=0 

(C) 3x + 2y = 0 (D) 2x-3y = 0 


7. Let A(h, k ), 5(1, 1) and C(2, 1) be the vertices of a 
right-angled triangle with AC as its hypotenuse. If the 
area of the triangle is 1, then the set of values of k is 
given by 

(A) {0,2} (B) {-1,3} (C) {-3,-2} (D) {1,3} 

Solution: See Fig. 2.52. Since BC is horizontal line (y 
= 1) and AB is perpendicular to BC, it follows that A B 
is a vertical line passing through 5(1,1). Hence, h = 1. 
Therefore 

1 = Area of AABC = (AB)(5C) 

=\\k-m 

So, k - 1 = +2 or k = -1,3. 


A{h, k ) 



FIGURE 2.52 

Answer: (B) 

8 . If the perpendicular bisector of the line segment join¬ 
ing 5(1,4) and Q(a, 3) has y-intercept -4, then a pos¬ 
sible value of k is 

(A) -2 (B) -4 (C) 1 (D) 2 

Solution: Since every point (x, y) on the perpendicu¬ 
lar bisector of PQ is equidistant from both 5 and Q we 
have 

(x -1) 2 + (y - 4) 2 = (x - a) 2 + (y - 3) 2 
=> -2x - 8y +17 = -2ax - 6y + a 2 + 9 
Therefore, equation of the perpendicular bisector of PQ is 
2(a -l)x + 8 = 2y + a 2 

Hence 


-4 = y-intercept 


8 - a 2 
2 


Solution: By Quick Look 7, part (3), the equation of 
the line is 

-3(x + 2) -2(y - 3) = 0 
=> 3x + 2y = 0 


Therefore, a 2 = 16 or a=±4. 

9. The lines 


Answer: (B) 


Answer: (C) 


A(A 2 + l)x - y + b = 0 
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and (A 2 + l) 2 x + (A 2 + l)y + 2b = 0 

are perpendicular to a common line for 

(A) exactly one value of A 

(B) exactly two values of A 

(C) more than two values of A 

(D) no value of A 

Solution: By hypothesis, the given lines are parallel. 
Hence 


Solving the equations which are taken pairwise, the ver¬ 
tices of the triangle are 

A(-p, 0), B(-q , 0) and C[pq, (p + 1 )(q + 1)] 

Since the side AB is along the x-axis, altitude CN, drawn 
from C to the side, is a vertical line so that the equation 
of CAis 

x = P c l (2.75) 

Equation of altitude AM is 


A(A 2 + 1) 


-(A 2 +1) 2 
A 2 +1 


Therefore A = —1. 


Answer: (A) 


10. The number of integral values of m for which the 
x-coordinate of the point of intersection of the lines 
3x + 4v = 9 and y = mx + 1 is also an integer is 

(A) 2 (B) 0 (C) 4 (D) 1 

(IIT-JEE 2001) 

Solution: Solving the given equations, the x-coordinate 
of their point of intersection is 


3 + 4m 

when m = — 1 and -2, respectively. That is for m = -1 and 
-2, the x-coordinate is also an integer. Hence, the number 
of integral values is 2. 

Answer: (A) 


11. The locus of the orthocentre of the triangle formed 
by the lines y = 0 (i.e., x-axis) and the lines 

(l+p)x-py+p(l+p) = 0 


y — 0 = — 


•y = 


q + 1 


(pq+q) 

(p + l)(q + l) 
(x+p) 


(x + p) 


(2.76) 


Solving Eqs. (2.75) and (2.76), we get the orthocentre as 


y = —^-(pq + p) = -pq 
q+1 

If (x,y) is the orthocentre, then we have x=pq and y = -pq 
so that the locus of the orthocentre is y = — x or x + y = 0 


C(pq, (p+1)(q+1)) 



FIGURE 2.53 


Answer: (A) 


(q + l)x - qy + q(l + q) = 0 
where p ^ q, is 

(A) the line x + y = 0 

(B) the line x-y = 0 

(C) the curve y 2 = 4pq(p + q){-pq)q 

2 2 

(D) the curve * , y _ | 

p(p+q) q(p+q ) 

(IIT-JEE 2009) 

Solution: The given lines are 

y = 0 (2.72) 

(1 +p)x —py +p(l +p) = 0 (2.73) 

(l + q)x-qy+q(l + q) = Q (2.74) 


12. Two adjacent sides of a parallelogram are 4x + 5y = 0 
and lx + 2y = 0. If the equation to one diagonal is 
llx + 7y - 9 = 0, then the equation of the other di¬ 
agonal is 

(A) x + y = 0 (B) x-y = 0 

(C) 2x-lly + 9 = 0 (D) x-y-9 = 0 


Solution: See Fig. 2.54. We have 


4x + 5y = 0 

(2.77) 

7x + 2y = 0 

(2.78) 

llx + ly = 9 

(2.79) 


Solving Eqs. (2.77) and (2.79), we get 
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Also solving Eqs. (2.78) and (2.79), we get 


Also 


c -'-H 


Now 


+(f,-i). 0 <0,0,a„d C (-f,Z 

are three consecutive vertices of a parallelogram. The 
fourth vertex B is 


5_ 0 _2 4_ 0+ 7 

3 3 3 3 1 


Hence, the other diagonal is y = x. 


C(f. 1 ) 



Answer: (B) 

13. The vertices B and C of A ABC lie on the lines 4 y - 
3x = 0 and y = 0, respectively, and the side BC passes 
through the point P( 0, 5). If ABOC is a rhombus 
where O is the origin and P is an internal point to 
the rhombus, then the vertex A is 


(A) (3,9) 
(C) (3,-9) 


(B) (9,3) 
(D) (-3,9) 


Solution: See Fig. 2.55. Let B = ( x , 3x/4) and C = (h, 0). 
Since B, P and C are collinear, from Quick Look 2, 
Chapter 1, we have 


x 
3x 

T 

l l 


0 h 
5 0 
1 


= 0 


■5x + /i(^-5j = 0 

20.r + h(3x - 20) = 0 
■x(20+3h) = 20h 
20 h 


=t> x = ■ 


20+3 h 


(2.80) 


OB 2 = OC 2 
2 9x 2 _ 2 

X H-— h 

16 

25x 2 , 2 


16 


= h 


25 400 fp _ 2 

16 (20 + 3h) 2 ~ 
25 2 =(20 + 3 h) 2 
20 + 3/z = +25 


h= -,-15 
3 


When h = 5/3 


20/i 


20 


3 100 4 


20 + 3,1 20 + 3f|) 75 3 


When h = -15 


20(-15) -300 

X ~ 20 + 3(-15) _ -25 “ 

Hence, the coordinates of B and C, respectively, are 
either ^,lj and or (12,9) and (-15,0). 

Two cases arise: 

Case 1: B= lj ,P = (0,5) andC=^|,0 

P is an inside point and B , P and C are collinear. 
This implies 

BP + PC = BC 


BP+PC =)“ + 16 + jf +25 

= WTo + WIo = 3VI5 


and 


19 3 


Therefore, B ^ | 1 j and C ^ f 0 


Case 2: B = (12,9), P = (0,5) and C = (-15,0). Now 

BP = v/l2 2 +4 2 = Vl60 = 4Vl0 
PC = -J225 + 25 = V250 = 5Vl() 

BC = ^27 2 + 9 2 = yjl29 + 81 = V810 = 9Vl() 
























76 


Chapter 2 I Straight Line and Pair of Lines 


Therefore, 

BP + PC = 9Vl0 = BC 

Hence 


A= (12 - 0 - 15,9 - 0 - 0) = (-3,9) 



A 

FIGURE 2.55 

Answer: (D) 


14 . Consider the points 

P = [—sin(/? — a), - cos/?] 

Q = [cos(/?- «),sin/j] 
and R = [cos(/?- a+ #),sin(/?~ #)] 
where 0 <«,/?,#< nl 4. Then 

(A) P lies on the segment RQ 

(B) Q lies on the segment PR 

(C) R lies in the segment QP 

(D) P, Q and R are non-collinear 

(IIT-JEE 2008) 


Solution: It is known that three points (x v y 3 ), (x 2 , y 7 ) 
and (x 3 , y 3 ) are collinear if and only if 


*1 


*2 

^2 

*3 

3b 


1 

1 

1 


= 0 


Take P = (x v y 1 ),Q = (x 2 , y 2 ) and R = (x 3 , y 3 ). Therefore, 


x 3 = cos(/? - a + #) = cos#cos(/? - a) - sin#sin(/? - a) 
= x,cos# + XjSin 0 


and 


Therefore, from R 3 - RjSin^- RjCosft we have 


*1 

yi 

1 


Xi 

yi 

1 

*2 

yi 

1 

= 

x 2 

Jb 

1 

*3 

Jb 

1 


0 

0 1 - (sin# + cos#) 


= (l-sin0-cos0)(jr 1 y 2 _ *23h) = 0 

This implies that x^y 2 - x^^ 0 or sin#+ cost? = 1. Since 
0 < 9 < nt 4, sin# + cos# ^ 1. Therefore, x ] y 2 - x 2 y 1 = 0. 
This implies that 

-sin(/?-a)sin/i + cos /? cos (fi - a) = 0 
=> cos Q3-a + /3) = 0 

Hence, 2/3-a= nl2 which is impossible because 0 < a 
and p< nIA. Therefore 

2/3-a ^ nl2 

Thus x t y 2 - x 0 y t A 0. Hence, the points P. Q and R are 
non-collinear. 

Answer: (D) 

15. Let 0(0, 0), P( 3, 4) and Q(6, 0) be the vertices of a 
triangle OPQ. A point R is inside the triangle such 
that the triangles OPR , PQR and OQR are of equal 
areas. Then, the coordinates of R are 



(IIT-JEE 2007) 

Solution: Let tsABC be any triangle. P is an inside 
point such that the triangles PBC, PCA and PA B are 
of equal areas if and only if P is the centroid of A ABC. 
Hence, R must be the centroid of A OPQ and so 



Answer: (C) 

16. If none of two lines among the following three lines 

ax + by — (a + b) = 0 
bx - (a + b)y + a = 0 
and (a + b) x - ay - b = 0 

are parallel then the lines 


y 3 = sin(/?- #) = sin /?cos#- sin#cos/? 
= y 2 cos#+y 1 sin# 


(A) are concurrent 

(B) form a right-angled triangle 
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(C) form an equilateral triangle 

(D) form a triangle with circumcentre (a + b, a + b) 
Solution: By adding C : and C 2 to C 3 , we get 


a 

b 

-(a + b) 


a 

b 

0 

b 

-(a + b) 

a 

= 

b 

-(a + b ) 

0 

a + b 

-a 

-b 


a + b 

-a 

0 


Hence by Theorem 2.22, the lines are concurrent. 

Answer: (A) 


19. Sum of the slopes of the lines which make 45° with 
the line 3x - y + 5 = 0 is 

(A) | (B) -| (C) -2 (D) 1 

Solution: Let m be the slope of the required line. 
Therefore 


1= tan 45° = 


m — 3 
1 + m(3) 


=> 3m + 1 = +(m - 3) 


17. If the line 2x + 3y + 4 + M6x — y +12) = 0 is perpendicu¬ 
lar to the line lx + 5y - 4 = 0, then the value of A is 


29 

(A) — 
v ' 37 


(B) — 
v 27 


(C) — 
v ’ 27 


-29 

(D) - 

37 


Solution: Slope of the given line is 


Hence, m = -2, 1/2 so that their sum is 


„ 1 3 

—2 H— — — 
2 2 


Answer: (B) 


(2 + 6A) 
3 - A 


This line is perpendicular to the line lx + 5y - 4 = 0. This 
implies that 


-(2 + 6 A ) 
3 - A 


x 



= -l 


=> 14 + 42A = -15 + 5A 


=> 37A = -29 


=> A = — 


29 

37 


Answer: (D) 


18. The points A(l, 3) and C(5,1) are extremities of a di¬ 
agonal of a rectangle ABCD. The other two vertices B 
and D lie on the line y = 2x + c. Then, the value of c is 

(A) 2 (B) 4 (C) -4 (D) -2 

Solution: See Fig. 2.56. Let M = (3, 2) be the intersec¬ 
tion of the diagonals. Since M(3, 2) lies on the diagonal 
BD whose equation is given as y = 2x + c, we have 

2 = 2(3) + c 
=> c = -4 



20. Let PS be the median of the triangle with vertices 
P(2, 2), <2(6, -1) and i?(7,3). The equation of the line 
passing through (1,-1) and parallel to PS is 

(A) 2x - 9y - 7 = 0 (B) 2x-9y-ll = 0 

(C) 2x + 9y - 11 = 0 (D) 2x + 9y + 7 = 0 

(IIT-JEE 2000) 

Solution: See Fig. 2.57 P = (2, 2) and S =(13/2,1). 
Therefore, the slope of the median PS is 

2-1 _ -2 
2 - (13/2) ~~9 

Hence, the equation of the line through the point (1, -1) 
and having slope -2/9 is 

y+ l = y(*-l) 

=$■ 2x + 9y +1 = 0 



FIGURE 2.57 


FIGURE 2.56 


Answer: (C) 


Answer: (D) 
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21. The orthocentre of the triangle formed by the lines 
xy = 0 and x + y = 1 is 


(A) 




(C) (0,0) (D) 


(IIT-JEE 1995) 


Solution: See Fig. 2.58. By hypothesis, the sides of the 
triangle are y = 0, x = 0 and x + y = 1. Therefore, the trian¬ 
gle is a right-angled triangle at the origin. Now for a right- 
angled triangle, the right-angled vertex is its orthocentre. 
Flence, origin is the orthocentre of the given triangle. 



Answer: (C) 


22. In A ABC, ZC = 90° and the side AB is of length 60 
units. The equations of the medians AD and BE, re¬ 
spectively, are y = x + 3 and y — 2x + 4. Then the area 
of AABC (in square units) is 


Thus, from Eq. (2.82), we have 
- 3 = -cot# 



= tan ([£> + [£) [by Eq.(2.83)] 
tan \D + tan [E 

1 - tan [D tan \E_ 

(AC / DC) + (BC / EC) 

~ 1-(AC I DC) (BC / EC) 

_ (2bla)+(2alb) 

(1-4) 

2 (a 2 + b 2 ) 2(60 f 

-3 ab -3ab 


(2.84) 


Therefore, from Eq. (2.84), the area of AABC is 


1 u 6 ° 2 inn 

— ab= -= 400 

2 9 


A 



(A) 200 (B) 300 (C) 400 (D) 500 

Solution: See Fig. 2.59. By hypothesis, we have 


FIGURE 2.59 


Answer: (C) 


a 2 +b 2 =60 2 (2.81) 

Let 0 be the acute angle between the medians AD and 
BE. Therefore 


tan# = 


2-1 

1 + 2 ( 1 ) 


1 

3 


From the quadrilateral DGEC, we have 


(2.82) 


|E>GE + |GE>C + 90 o + |GEC = 360° 


23. A straight line L with negative slope passes through 
the point (8, 2) and cuts the positive coordinate 
axes at points P and Q. Then the absolute mini¬ 
mum value of OP + OQ as L varies (where O is the 
origin) is 

(A) 6 (B) 9 (C) 12 (D) 18 

(IIT-JEE 2002) 

Solution: Let the equation of the line L, by hypothesis, 
be 


Flence 


(n-6) + \GDC + ^ + |GEC =2 n 


=> \GDC + \GEC =j+0 


y — 2 = m(x — 8) 
where m < 0. Therefore 

p = \ 8 - —, 01 and Q = (0,2-8m) 
v m 


(2.83) 






















79 


Worked-Out Problems 


Now, 

OP + OQ = \8- — j + (2-8w) (v m < 0) 

= 10 — [- 1 - 8m ] > 10 + 2.1 — x (-8 m) 

\m ) V m 

= 10 + 8 (•■• AM > GM) 

and equality occurs if and only if 

2 « 1 
-= -8m or m = — 

m 2 

Hence, the absolute minimum of OP + OQ is 12 + 6 = 18. 

Answer: (D) 

24. A straight line through the origin O meets the par¬ 
allel lines 4x + 2y = 9 and 2x + y + 6 = 0 at points 
P and <2, respectively. Then the point O divides the 
segment PQ in the ratio 

(A) 1:2 (B) 3:4 (C) 2:1 (D) 4:3 

Solution: See Fig. 2.60.The line 4x + 2y = 9 has positive 
interception coordinates while the line 2x + y + 6 = 0 has 
negative interception on the axes. Hence, origin O lies in 
between the axes. Suppose OM and ON, respectively, are 
drawn perpendicular to the given two lines. Observe O, 
M and N are collinear (see Fig. 2.60). Now, 

9 6 

OM = —=■ and ON = -== 

2-S V5 

If any line through O meets the parallel lines in P and Q, 
then by pure geometry, we have 

OP:OQ = OH:ON = -^:-^== 3:4 
2V5 J5 



25. The equations of a pair of opposite sides of a paral¬ 
lelogram are x 2 - 5x + 6 = 0 and y 2 - 6y + 5 = 0. The 
equations of its diagonals are 

(A) x + 4y = \3,y = 4x -17 

(B) 4x + y = 13, 4y =x — l 

(C) 4x + y = 13, y = 4x - 7 

(D) y-4x = 13,y + 4x = l 

Solution: See Fig. 2.61. We have 

x 2 - Sx + 6 = {x - 2){x- 3) 
f-6y + 5 = (y-l)(y-5) 

Therefore, the sides of the parallelogram are 
x = 2,x = 3 and y = 1 ,y = 5 

Therefore, the vertices of the rectangle are A(2, 1), 5(3,1), 
C(3,5) and D( 2,5). Hence, the equation of AC is 

V -l = |f^(x-2) = 4(x-2) 

=>4x-y-7 = 0 
Equation of BD is 

y - 1 =~ 3 ) = - 4(x ~ 3 ) 


=> 4x + y = 13 



FIGURE 2.61 

Answer: (C) 

26. The line x- y -2 = 0 divides the segment joining the 
points A( 3, -1) and 5(8,9) in the ratio 

(A) 2:3 (B) 2:1 (C) 1:2 (D) 3:4 

Solution: See Fig. 2.62. Suppose the line x - y - 2 = 0 
meets the line joining A and 5 in P and AP.PB = A: 1. 
Therefore, 

8A + 3 9A - l'l 


Answer: (B) 


A + 1 ’ A + 1 


/ 
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Since P lies on the line x — y — 2 = 0, we have 

8A + 3_9A-1 
A+l X+l 
=>-31 + 3 + 1-2 = 0 



Hence, AP.PB = 2:3. 



Answer: (A) 

Note: Using Theorem 2.17, the ratio AP.PB is 
-L n :L 22 where 

L = x - y - 2 = 0, A = (3, -1) and B = (8,9) 

Now, 

L u =3-(-l)-2 = 2 
and L 22 = 8 - 9 - 2 = -3 

so that 

AP'.PB — -L n :L 22 
^ AP.PB = (- 2):(-3) = 2:3 

27. The ratio in which the line 3x - y + 6 = 0 divides the 
line joining the points A(3,4) and B(— 2,1) is 


diameter 4y - x - 7 = 0. If O is the centre of the circle, 
then we know that 

AD = 2(OM) (2.85) 

Since AB is a horizontal line, OM is a vertical line and 
hence the equation of OM is x = 1. Therefore, the line OM 
and the diameter intersect at O and we have O = (1, 2). 
Now 

AD = 2{OM) = 2(2) = 4 

By hypothesis, AB is 8. Thus, the area of the rectangle 
ABCD = 8 x 4 = 32. 



29. The vertices of a triangle are A(-l, -7), B( 5,1) and 
C(l, 4). The equation of the bisector of the angle 
\ABC is 

(A) 2y=x + l (B) ly=x + 2 

(C) 3y = x + 7 (D) 7y = x + 3 

Solution: We have 


(A) 2:11 (B) 9:2 (C) 11:1 (D) 1:12 

Solution: L = 3x - y + 6 = 0, A = (3,4), B = (-2,1) 

L n = 3(3) -4 + 6 = 11, L 22 = 3(-2) - 1 + 6 = -1 
Hence, by Theorem 2.17, the ratio AP.PB is 
-L 11 :L 22 =(-11):(-1) = 11:1 

Answer: (C) 

28. One of the diameters of the circle circumscribing the 
rectangle ABCD is 4y = x + 7. If A and B are the 
points (-3,4) and (5,4), respectively, then the area of 
the rectangle in square units is 

(A) 22 (B) 32 (C) 42 (D) 26 

Solution: See Fig. 2.63. Let M be the midpoint of AB 
so that M = (1, 4). Clearly, A and B do not lie on the 


AB = y]( 5 + 1) 2 +(l+7) 2 = VT00 = 10 


and BC = ^(5 - l) 2 + (1 - 4) 2 = V25 = 5 

Suppose the bisector of | ABC meets the side AC at D 

(see Fig. 2.64). Therefore, CD.DA = BC.BA = 5:10 = 1:2. 
Hence 


D = 


2-1 -7 + 8) 

"l”’ 3 J 



Since B = (5,1) and D = (1/3,1/3), the equation of the 
bisector BD of | ABC is 


y- 1 = 


i-(i/3) 
5-(1/3) 


(x-5) 




















81 


Worked-Out Problems 


y- i = ^(x-5) = ^(x-s) 


Hence, 7y = x + 2. 





FIGURE 2.64 

Answer: (B) 

30. Let the algebraic sum of the perpendicular distances 
from the points (2,0), (0,2) and (1,1) onto a variable 
line be zero. Then, the line passes through a fixed 
point whose coordinates are 


(A) (1,1) (B) (-1,-1) 



Solution: Algebraic distance of a point (x v y 2 ) from a 
line ax + by + c = 0 is 

ax 1 + by 1 + c 

■sja 2 + b 2 

Suppose the variable line is ax + by + c = 0. Therefore, by 
hypothesis, 

2 a + 0 + c + 0 + 2 b -rc^u + b + c ^ 

yja 2 + b 2 yja 2 + b 2 yja 2 + b 2 


of the acute angle between L { and L 1 intersects the 
line L 3 at R. Consider the following two statements: 

1. S^The ratio PR.RQ = 2V2:V5. 

2. Sj. In any triangle, bisector of an angle divides 
the triangle into two similar triangles. 

Then 

(A) both S’j and S 2 are true 

(B) both S' 1 and S 7 are false 

(C) S 1 is true while S 2 is false 

(D) S 2 is true while S 2 is before 

(IIT-JEE 2007) 

Solution: Solving Ly= 0 and L 3 = 0, we get P = (-2, -2). 
Solving L 2 = 0 and L 3 = 0, we get that Q = (1, -2). There¬ 
fore, OP =2^2 and OQ = \fb where O is the origin. In 
any triangle, the internal angle bisector of an angle di¬ 
vides the opposite side internally in the ratio of the other 
two sides. Hence 

PR.RQ = OP.OQ = 2^2 :V5 

Hence S l is true. S 2 is false because in a triangle whose 
angles are 90°, 60° and 30°, the bisector of 90° cannot 
divide the triangle into two similar triangles. 

Answer: (C) 


32. If the lines 2x - 3y + k = 0, 3x - 4 y - 13 = 0 and 
8x - lly - 33 = 0 are concurrent, then the value of k is 

(A) 7 (B) 6 (C) -7 (D) -6 

Solution: By Theorem 2.22, we have 


2-3 k 
3 -4 -13 

8 -11 -33 


= 0 


• 2(132 -143) + 3(-99 +104) + £(-33 + 32) = 0 

• -22 +15 - £ = 0 


=> £ = —7 


=> 3n + 3b + 3c = 0 
=> a + b + c = 0 

Hence, the line ax + by + c = 0 passes through the point 

( 14 ). 

Answer: (A) 

Note: If the algebraic distances of the points (x r , y ) 
(r= 1,2,..., n) from a straight line / are zero, then the line 
/ passes through the point (x, y) where 

_ = * 1 + * 2 + ... + *„ and - = y 1 + y 2 + - + y„ 
n n 

31. Lines Ly y - x = 0 and Ly. 2x + y = 0 intersect the line 
L 3 : y + 2 = 0 at P and Q, respectively. The bisector 


Direct Method: Solving 3x - Ay - 13 = 0 and 8x - 11 y - 
33 = 0, we obtain x = 11 and y = 5 so that (11, 5) is the 
intersection of these lines. The third line 2x - 3y + k = 0 
also passes through (11, 5). This implies (11.5) satisfying 
the equation of the third line. So 

2(11) - 3(5) + £ = 0=>£ = -7 

Answer: (C) 

33. If the lines ax + by + c = 0, bx + cy + a = 0 and 
cx + ay + b = 0 are concurrent and a + b + c y 0, then 
the quadratic equation ax 2 + bx + c = 0 has 

(A) equal roots (B) rational roots 

(C) irrational roots (D) no real roots 
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Solution: By Theorem 2.22, we have 

a b c 
b c a = 0 
cab 


=> 3 abc — a 3 - b 3 — c 3 = 0 

=> (a + b + c) ( a 2 + b 1 + c 2 - ab — be — ca ) = 0 

The condition a + b + c^ 0 implies a 2 +b 2 + c 2 -ab-bc-ca 
= 0 which in turn implies that 

^ [(fl - b ) 2 +(b — c) 2 + (c - a) 2 ] = 0 =$ a = b = c 

Hence, the quadratic equation is x 2 + x + 1 = 0 whose 
roots are 


-1+/V3 

2 


Answer: (D) 


34. The equation of the line passing through the inter¬ 
section of the lines 2x - 5y +1 = 0 and 3x + 2y - 8 = 0, 
and having equal non-zero intercepts on the axes, is 

(A) x + y = 3 (B) x + y = 2 

(C) x + y = 1 (D) x + y = -3 

Solution: By Theorem 2.20, any line passing through 
the intersection of the given lines is of the form 

(2x - 5y + 1) + 2 (3x + 2y - 8) = 0 
On simplification we get 

(2 + 32)x + (22-5 )y + 1 - 82 = 0 
whose intercepts on the axes are 

82-1 82-1 
2 + 32 ’ 22, - 5 

Therefore, 

82.-1 82,-1 
2 + 32 “ 22 - 5 
=> (82- 1)(2 + 32- 22+ 5) = 0 

=> 2 = — or -7 
8 

If 2 = 1/8, then the line is x - 2y = 0 which is not the 
case. Hence x = -l and the required line is —19x - 19y + 
57 = 0 or x + y - 3 = 0. 

Direct Method: The point of intersection of the given 
lines is (2, 1). Any line having equal intercepts on the 
coordinates axes is of the form x + y = a. This line passes 
through the point (2,1) which implies that a = 3. Hence 
the equation of the required line is x + y = 3. 

Answer: (A) 


35. The straight line 2x + 3y + 1 = 0 bisects the angle be¬ 
tween two straight lines of which one line is 3x + 2y + 
4 = 0. Then, the equation of the other line is 

(A) 9x + 26y = 48 (B) 9x + 46y = 28 

(C) 9x + 26y = 28 (D) 3x + 26y = 48 

Solution: See Fig. 2.65. Let L 1 = 3x + 2y + 4 = 0,L = 2x + 
3y + 1 = 0 and L 2 = 0 be the required lines. Since the line 
L 2 = 0 passes through the intersection of the lines Lf = 0 
and L = 0, L 2 = 0 is of the form (by Theorem 2.20) 

L 2 = (3x + 2y + 4) + 2(2x + 2 y + 1) = 0 

Suppose (^ the intersection of L 1 = 0 and L = 0) is 

a point on the line L = 0 so that 

2a+ 3/3+ 1 = 0 (2.85) 

But L = 0 is an angular bisection of L x = 0 and L 2 = 0 
which implies that 


(3a + 2/3 + 4) + 2(2a + 3/3 + 1) 

3a + 2/3 + l\ 

aJ(22 + 3) 2 + (32 + 2) 2 

\j3 2 + 2 2 


=» 132 2 +242 + 13 = 13 [from Eq. (2.85)] 


Therefore, 2= Ogives the line 7^ = 0 and 2= -24/13 gives 
the line 


L 2 = (3x + 2y+ 4) -— (2x + 3y+l) = 0 
= -9x - 46y + 28 = 0 

Therefore, the required line is L^=9x + 46y - 28 = 0. 



36. A variable straight line passes through the point 
P{ a, ft) and cuts the axes of coordinates in points 
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Worked-Out Problems 


A and B, respectively. If the parallelogram OACB is 
completed, then the locus of the vertex C (O is the 
origin) is 

(A) = l (B) ^ + “=1 

pa x y 

(C) —+ —= 1 (D) ax +/3y = (a +/3)xy 

x y 

Solution: See Fig. 2.66. Let the line AB be 


(n + n)(n + n ) 
— Im — Im 


= 2 


■ n A = lm 


Answer: (B) 


38. Consider the family of lines 2x + y + 4 + A(x -2y — 
3) = 0 where A is a parameter. Then, the number of 
lines belonging to this family whose distance from 
the point (2,-3) is VlO is 

(A) 4 (B) 2 (C) 1 (D) 0 


where A = (a, 0) and B = (0, b ). This line passes through 
P(a,j3) which implies that 


“ + fi=i 

a b 


( 2 . 86 ) 


Let C(h, k) be the fourth vertex.Therefore, h = a and k = b. 
Hence, from Eq. (2.86), we have 


Therefore, the locus of C is 


“A=i 

x y 



37. If the area of the rhombus enclosed by the lines lx + 
my + n = 0, lx + my — n = 0, lx - my + n = 0 and 
lx - my - n = 0 is 2 sq. unit, then 

(A) m 2 =ln (B) n 2 =lm 

(C) m = ln (D) n = lm 

Solution: From Problem 2 of the section ‘Subjective 
Problems’, the area of the rhombus is 


Solution: The given family of lines can be written as 
(2 + A)x + (1 - 2 A)y + (4-3A) = 0 
By hypothesis, the distance of this line from (2,-3) is 


(2 + A)(2) + (1 - 2A)(-3) + (4 - 3A) 
J(2 + A) 2 + (1-2A) 2 


VlO 


=> (5A + 5) 2 = 10(5A 2 + 5) 
=*(A + 1) 2 = 2(A 2 +1) 

=$ A 2 - 2 A + 1 = 0 


=> A = 1 

Hence, the required line is 3x - y +1 = 0. 

Answer: (C) 


39. The point (2,1) is shifted through a distance 3^2 
units measured parallel to the line x + y = 1 in the 
decreasing direction of ordinates to reach a point B. 
The image of the point B in the line x + y = 1 is 

(A) (0,0) (B) (0,-1) 

(C) (-3,2) (D) (3,-4) 

Solution: See Fig. 2.67. Let A = (2,1). By hypothesis, A 
is translated along the line 

y - 1 = -l(x - 2) 

=>x + y = 3 (2.87) 

Therefore abscissa of B is given by the equation 
(2 - x) 2 + (2 - x) 2 = 18 
=> 2 — x = +3 
=> x = -1,5 

Hence, the point B = (-1, 4) or (5, -2). However, A(2, 
1) is translated in the decreasing sense of ordinates. 
Thus, B = (5, -2). Hence, the image of 5(5, -2) in the 
line x + 5 = 1 is B'( 3, -4) because the slope of BB' is 1 
and the midpoint of BB' is (4, -3) which lies on the line 
x + y - 1 = 0. 
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40. If a, b and c are real such that a 2 + 9 b 2 - 4c 2 - 6 ab = 
0, then the line ax + by + c = 0 always passes through 
the point with negative ordinate 



Solution: We have 


a" + 9 b 2 - 4c 2 - 6 ab = 0 


=> (a - 3b) 2 - 4c 2 = 0 
=> (a - 3b + 2c) (a -3b — 2c) = 0 


Therefore, the line ax + by + c = 0 passes through the 
points 



lies on the altitude through A(5,12) and parallel to the 
line y = x, whose equation is 

y- 12 = l(x- 5 ) 

=>x-y + 7 = 0 

Answer: (C) 

42. Consider the following two families of lines repre¬ 
sented by the equations (x - y - 6) + A(2x + y - 3) = 0 
and 0 + 2y - 4) + //(3x - 2y - 4) = 0. If these families 
of lines are at right angles to each other, then their 
points of intersection lie on the curve 

(A) x 2 — y 2 + 3x - 4_y - 3 = 0 

(B) x 2 + y 2 -5x + 2y + 3 = 0 

(C) x 2 + y 2 + 3x + 4y-3 = 0 

(D) x 2 -y 2 -3x + 4y-3 = 0 

Solution: By Theorem 2.20, the equation (x - y - 6) + 
A(2x + y - 3) = 0 represents the family of lines passing 
through the intersection of the lines x - y- 6 = 0 and 2x + 
y - 6 = 0 which is (3, -3). Similarly, the second equation 
represents a family of concurrent lines which is concur¬ 
rent at the point of intersection of the lines x + 2y -4 = 
0 and 3x - 2y - 4 = 0 which is (2, 1). Suppose the line 
through the point (3, -3) is 

y + 3 = m(x - 3) (2.88) 

Then the line through the point (2,1) and perpendicular 
to the line given in Eq. (2.88) is 

y- 1 = -—(x-2) (2.89) 

m 

From Eqs. (2.88) and (2.89), we have 

y + 3 ( x ~2) 

-= m =- 

x - 3 y — 1 

=> (x — 3 )(jc — 2) + (y — l)(y + 3) = 0 


Since the ordinate is negative, the point is 



Answer: (C) 

41. Let A(5, 12), 5(-13cos# 13sin#) and C(13sin#, 
-13cos#) where #is real be the vertices of A ABC. 
Then, the orthocentre of A ABC lies on the line 

(A) x — y - 7 = 0 (B) x + y — 7 = 0 

(C) x - y + 7 = 0 (D) x + y + 7 = 0 

Solution: Observe that B and C are images of each 
other on the line y = x and hence the side BC varies and 
is perpendicular to the line y = x. Hence, the orthocentre 


=> x 2 + y 2 - 5x + 2y + 3 = 0 

Answer: (B) 

Note: In Chapter 3, we will see that the equation 
x 2 + y 2 - 3x + 4y - 3 = 0 represents a circle describable 
on the segment joining (3, -3) and (2, 1) as ends of a 
diameter. 

43. The line 3x + 2y - 24 = 0 meets x-axis at A and 
y-axis at B. The perpendicular bisector of AB meets 
the line through (0, -1) parallel to x-axis at C. Then, 
the area of the AABC is 

(A) 91 sq. unit (B) 12 sq. unit 

(C) 36 sq. unit (D) 48 sq. unit 
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Solution: The given line 3x + 2y = 24 in the intercept 
form is 

* + ^=1 
8 12 

so that A = (8,0) and B = (0,12). Equation of the perpen¬ 
dicular bisector of the segments AB is 

y-6 = l(x- 4 ) 

=> 2x - 3y + 10 = 0 

This line meets the line y +1 = 0 at the point C(-13/2,-1). 
Therefore, the area of the triangle ABC is 


Therefore, the equation of AD is 


8 

0 

1 

1 

8 

0 

1 

0 

12 

1 

0 

12 

1 




“ 4 




13 

-1 

1 


-13 

-2 

2 

2 

1 

8 

0 

1 






0 

12 

1 




“ 4 

-13 

-2 

2 


= —18(24 + 2) +1(0 +156)| 


364 


= 91 


Answer: (A) 


44. The vertices of a triangle are A (-8, 5), 2?(-15, -19) 
and C(l,-7).The internal bisector of the angle A has 
the equation px + 2y + r = 0. Then, p + r is equal to 

(A) 78 (B) 88 (C) 98 (D) 89 

Solution: See Fig. 2.68. We have 

AB = yj 7 2 + 24 2 = V625 = 25 

BC = y/l6 2 + 12 2 = V400 = 20 

CA = y]9 2 + 12 2 = V225 = 15 

Suppose the internal bisector of the angle A meets the 
side BC at D so that BD.DC = AB:AC = 25:15 = 5:3. 
Therefore 


D = 


-15x3 + 5(1) -19 x 3 + 5 x (-7) 


5 + 3 


5 + 3 




, 5 +(23/2), ,,. 

y- 5 = ^ T ^(. + 8 ) 

y -5=^(x + 8) 

-6 

7-5 = -y(i + 8) 


Therefore,/) + r = 11 + 78 = 89. 

/4(-8, 5) 



FIGURE 2.68 


Answer: (D) 


45. The equations of the sides AB, BC and CA of A ABC 
are, respectively, 2x + y = 0, x + by = c and x-y — 3. 
If G(2,3) is the centroid of AABC, then the value of 
b + c is 


(A) 50 (B) 47 (C) 74 

Solution: See Fig. 2.69. We have 
2x + y = 0 
x + by = c 
x-y = 3 


(D) 57 


(2.90) 

(2.91) 

(2.92) 


Solving Eqs. (2.90) and (2.92), we get A= (1, -2). Solving 
Eqs. (2.90) and (2.91), we get 


B = 


—2c 


,1-26’ 1-26 
Solving Eqs. (2.91) and (2.93), we get 

C - 


(3b + c c —3^ 

l 1+6 ’T+b) 


1+6 ’ 1+6 

Suppose D{x,y) is the midpoint of BC.Then 
AG.GD = 2:1 


?+ti = 2a„d^ = 3 


„ , 5 11 
•£>=-,— 
2 2 
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D lies on BC. So 



=> lib-2c = -5 (2.93) 

Again, if E is the midpoint of AC and BG:GE= 2:1, then 
66-12 b-c 9- 18h + 2c N | 

“ { 2(1-2 6) ’ 2(1-26) J 

Since E lies on the side CA, we have 

6-126-c 9-186 + 2c 

2(1-26) 2(1-26) 

=>-3 + 66 -3c = 6 —126 

=> 66-c = 3 (2.94) 

Solving Eqs. (2.93) and (2.94), we get 6 = 11 and c = 63. 
Hence, 6 + c = 74. 


/\(l,-2) 



Answer: (C) 


and 

6 = 2 + A = ^ 

25 25 

Hence 

H'J 1 - 

125 25 J 


Therefore, the circumradius is 
R = OH' 



V33 2 +19 2 
25 


1450 

VT450 V58 

25 5 



46. In an acute-angled triangle ABC , equation of the 
side BC is 4x - 3y + 3 = 0, orthocentre // is (1,2) and 
the circumcentre O is (2, 3). Then the value of the 
circumradius R is 


(A) 


V28 

yr 



(C) 23 



Solution: See Fig. 2.70. Suppose the image of the or¬ 
thocentre H( 1,2) on the side BC is //'. It is known that the 
images of the orthocentre of a triangle in the sides lie on the 
circumcircle. Hence, H' lies on the circumcircle. Suppose 
H'= (6, k). Therefore, by Theorem 2.13, part (2) we have 


47. A ray of light emanating from the point (3,4) meets 
the y-axis at (0, 6) and reflects towards the x-axis 
which meets it at ( a , 0) and again reflects from 
x-axis to pass through the point (8,2). Then the val¬ 
ue of a is 


(A) 


13 

y 




(D) 


14 

y 


Solution: Suppose P = (3, 4), B = (0, 6), A(a, 0) and 
Q = (8, 2) (see Fig. 2.71). From the figure, we can see 
that 


2 4-6 6 4-6+6 4 


h-l _ k-2 _ 2(4-6 + 3) _ -2 8 -a 3-0 a 3 + a 3 + a 

4 “ -3 4 2 + 3 2 ~25 => 2(3 + a) = 4(8 - a) 

=>6a = 26 


6=1 - 

25 


17 

25 


13 

=> a = — 
3 


Therefore 
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Worked-Out Problems 



Answer: (A) 


49. In AABC, A = (4, -1). If*-1 = 0 and x-y- 1 = 0 
are the interior angle bisectors of angles B and C, 
respectively, then the equation of the side BC is 

(A) 2x + y-3 = 0 (B) 2*-y + 3 = 0 

(C) jc + 2y-3 = 0 (D) x-2y + 3 = 0 

Solution: Let A' and A" be the images of A(4, -1) 
in the bisectors x - 1 = 0 and x-y- 1 = 0,respectively. 
Therefore, A' and A" lie on the line BC (see Problem 27 
of the section ‘Subjective Problems’). Hence, the equa¬ 
tion of BC is the equation of A'A". Now, A' = (-2, -1) 
and A" = (0,3). Therefore, the equation of the side BC is 


48. Let P be the point (3,2). Q is the image of P in the x- 
axis and R is the image of Q in the line y = —x. Finally, 
S is the image of R through the origin and PQRS is a 
convex quadrilateral. Then, the area of PQRS is 

(A) 15 (B) 16 (C) 18 (D) 5 

Solution: See Fig. 2.72. By hypothesis, P = (3,2), <2 = (3, 
-2), R = (2,-3) and S =(-2,3). 

Area of PQRS = Area of DPQR + Area of DPRS 
= ~ |3(—2 + 3) + 3(-3 - 2) + 2(2 + 2)| + 


| ]3(-3 - 3) + 2(3 - 2) - 2(2 + 3)| 


1 

3-15 + 8 

1 

H— 

-18 + 2-10 

2 


2 



= 2 + 13 = 15 


=>2x-y + 3 = 0 

Answer: (B) 

Note: The main tool used here is that if L = 0 is the angle 
bisector of [ABC, then the image of A on the line L = 0 
lies on the line BC (see Fig. 2.73). 



FIGURE 2.73 


50. The equations of the sides AB and AC of AABC , 
respectively, are 2x - y = 0 and x + y = 3 and the 
centroid G is (2,3). Then, the slope of the side BC is 



FIGURE 2.72 


(A) 4 (B) 3 (C) 2 (D) 5 

Solution: See Fig. 2.74. Solving the equations 2x-y=0 
and x + y = 3, we have A = (1,2). Equation of the median 
through A(l, 2) is 


2 — 3. . 

y-2 =- (x —1) = x — 1 

1-2 V ' 

=>*-y = -1 (2.95) 

Let B = (h,2h) and C= (A:, 3-A:). Therefore, the midpoint 
of BC is 


h + k 2h-k + 3\ 

2 ’ 2 J 


(2.96) 


Also, let D be the midpoint of BC. Since AG:GD= 2:1, we 
have 


D = 



(2.97) 


Answer: (A) 


From Eqs. (2.95) and (2.97), we have 
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h + k 5 , 2h-k + 3 7 

-= — and -= — 

2 2 2 2 

which implies that 

h + k = 5 and 2h-k = 4 

Solving these equations, we get h = 3 and k = 2. Hence, 
B = (3,6) and C = (2,1). Thus, the slope of BC is 



FIGURE 2.74 

Answer: (D) 

51. If a, b and c are real and a + b + c = 0, then the line 
3 ax + 4 by + c = 0 passes through the point whose 
coordinates are 

(A) (1,1) (B) 

(C) (3,4) (D) Q,|) 

Solution: We have 

fl + h + c = 0=>3fl^j + 4&^j + c = 0 

which implies that the line 3ax + 4by+c=0 passes through 
the point 

1 1 

3’ 4 


Solution: Solving x + y - 2 = 0 and 2x-y +1 = 0, we get 
that the point of intersection of these two lines as 



The line ax + by + c = 0 also passes through the point 
(1/3,5/3) implies that 


a 




+ c = 0 


=> 2a 




+ c = 0 


Hence, the line 2 ax + 3 by + c = 0 passes through the point 



Answer: (D) 


53. If a, b and c are real and satisfy the equation 4 a 1 + 9b 2 
+ 12 ab - 9c 2 = 0, then ax + by + c = 0 represents two 
families of concurrent lines. The distance between 
their points of concurrence is 

(A) 1 (B) 3V3 (C) — Vl3 (D) 2Vl3 

Solution: From the given relation we have 

(2a+3b) 2 - (3c) 2 =0 

=> (2a + 3 b + 3c)(2a + 3 b — 3c) = 0 

=> 2n + 3b + 3c = 0 or 2a + 3b - 3c = 0 

=> j j+ b(l) + c = 0 or j + b(-l) + c = 0 

which implies that ax + by + c = 0 passes through 



whose distance between them is 

2Vl3 

3 

Answer: (C) 


Answer: (B) 

52. If the lines ax + by + c = 0 (a, b, c are non-zero and 
real),* + y - 2 = 0 and 2x -y + 1 = 0 are concurrent, 
then the lines 2 ax + 3 by + c = 0 are passing through 
a fixed point given by 


(A) (B) (2,3) 



54. Let A be (1,1). A line through A meets the *-axis in 
B. A line through A and perpendicular to AB meets 
the y-axis in C. Then the locus of the midpoint of the 
segment BC is 

(A) x + y = 2 (B) x + y = 2xy 

(C) x + y = | (D) x + y= 1 

Solution: See Fig. 2.75. Let the line passing through the 
point A(l, 1) be y - 1 = m(x - 1). Therefore 
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B = 


m — 1 


,0 


The equation of the line through the point A( 1,1) and 
perpendicular to AB is 


Therefore, 


y -! = —(*-!) 

m 


1+ m 


C= 0, 


m 


Let m(h , /c) be the midpoint of 5C. Therefore, 


, m — 1 , , m +1 

h =- and Ac = 


2m 


2m 


This gives 


h _ 1 = Jjn + \) = _k ^ h + k=l 
2m 


Hence, the locus of M(h , k) is the line x + y = l. 



> h = 


,2 2 

l -m 


and k- 


7 2 2 

/ —m 


h z + k z = 


2 / 2 +m 2 


(/ z - m 2 ) 1 (l z -m z ) 


2x2 


Also 


h 2 -k 2 = 


l 2 - m 2 


1 


(l — m ) (l z -m z ) 
From Eqs. (2.98) and (2.99), we have 
h 2 +k 2 = (h 2 -k 2 ) 2 
Flence (h, k) lies on the curve we get 
x 2 + y 2 = (x 2 -y 2 ) 2 


(2.98) 


(2.99) 


Answer: (B) 


56. The vertices B and C forming the base of an isosceles 
triangle ABC are (2, 0) and (0,1), respectively. The 
vertex A lies on the line x = 2. The orthocentre of 
A ABC is 



Solution: See Fig. 2.76. A = (2, k), B = (2,0), C = (0,1). 
Now 

AB = AC 
=$2 2 +(k- 1) 2 = k 2 
=> 5 - 2/c = 0 


55. Two lines x + y = 0 and x - y = 0 are fixed sides of a 
triangle and the third side is a variable line whose 
equation is lx + my = 1 where Z 2 + m 2 = 1. Then the 
circumcentre of the triangle lies on the curve 

(A) x 2 -y 2 = (x 2 + y 2 ) 2 (B) x 2 + y 2 = (x 2 - y 2 ) 2 

(C) x 2 +y 2 = x 2 y 2 (D) ^ 2 + y 2 = 4 

Solution: The vertices of the triangle are 


0(0,0), A 



and B 




Since the lines y = x and y = -x are at right angles, | AOB = 
90°. Therefore, the circumcentre of A OAB is the midpoint 
of the hypotenuse AB. Let S(h, k) be the circumcentre of 
A OAB. Therefore, 


Thus, 



Now, the equation of the altitude through A(2, 5/2) is 
y-^ = 2(x-2) slope of BC = 

=> 2y-5 = 4(;e-2) 

=> 4x-2y = 3 (2.100) 

Altitude through C(0,1) is 

y = 1 (2.101) 

Therefore, from Eqs. (2.100) and (2.101), the orthocentre 
of AABC is 




+ 



and k = — 
2 
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Answer: (A) 

57. Let A= (3, -4), B = (1,2) and P = (2A- 1, 2A +1). If 
the sum PA + PB is minimum, then the value of A is 


a + cos a b + sin a 0 
sina -cosa 0=0 
a bp 

=s> p |-cos a(a + cosa) - sin a(b + sina)| = 0 

=> acosa +hsina+1 = 0 (2.102) 

Since the angle between xcos a+ ysi n a = p and xsin a- 
ycosais 7 t/ 4, by Theorem 2.12, we have 


1 n 

—j= = cos — = 
V2 4 

1 


acosa + fosina 


v/cos 2 a + sin 2 av/a 2 + b 2 


yja 2 +b 2 


■a 2 +b 2 = 2 


[by Eq. (2.102)] 


Answer: (A) 


(A) | (B) 1 (C) 7 - (D) | 

Solution: It is known that PA + PB > AB and equality 
occurs if and only if A, P and B are collinear. Hence PA + 
PB is minimum which implies that 


3 -4 1 

1 2 1 
2A-1 2A + 1 1 


= 0 


=> 3(2 - 22, -1) + 4(1 - 2A +1) + 1(2A +1 - 4/1 + 2) = 0 

=>-16A + 3 + 8 + 3 = 0 

2 7 

=>A = - 

Answer: (A) 


58. The angle between the lines xcosa+ ysina= p and 
ax + by +p = 0 is nl 4 where p > 0. If these two lines 
together with the line x sin a+y cos a= 0 are concur¬ 
rent, then 

(A) a 2 +b 2 =2 (B) a 2 +b 2 =^ 

(C) a 2 +b 2 = 1 (D) a 2 -b 2 = 1 

Solution: Since the lines are concurrent, by Theorem 
2.22, we have 


cosa 

sina 

sina 

-cosa 

a 

b 


~P 

0 

P 


= 0 


59. P is a point on the line 2x + y - 1 = 0. Points Q and R 
are on the line 2x + y - 2 - 0 such that A PQR is equi¬ 
lateral. Then, the length of the side of the triangle is 

(A) 4V5 (B) 3V5 (C) -== (D) V5 

Solution: See Fig. 2.77. We have p as the altitude 
through P. So 


P = 


-1 + 2 

V 2 2 +1 2 


vf 


Suppose a is the length of the side. Therefore 


— = sin 60° = ^ 
2 a 


1 

£?V5 


Hence 


a = 


2 

TTf 


2x + y - 1 =0 P 



Answer: (C) 
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Worked-Out Problems 


60. If a, b and c are real and are in AP, then the family of 
lines ax + by + c = 0 are concurrent at the point 

(A) (1,-1) (B) (1,2) 

(C) (2,-1) (D) (1,-2) 

Solution: Suppose 

, a + c 

b = - 

2 

Then 

ax + by + c = 0 => 2 ax + (a + c)y+2c = 0 
=> (2x + y)a + (y + 2)c = 0 

which represents family of concurrent lines concurrent at 
the point C( 1, -2) which is the intersection of the lines 
2x + y = 0 and y + 2 = 0. 

Answer: (D) 

61. If A{l,p 2 ), 5(1, 0) and C(p, 0) where p ^ 0 are the 
vertices of a triangle, then the value of p for which 
the area of AABC is minimum is 

(A) Ti (B) 73 

(C) i (D) None 


63. A = (-4, 0) and B = (4, 0). The points M and N are 
variable points on the y-axis such that N lies above 
M and MN = 4. The lines AM and BN intersect at P. 
Then, the locus of P is 

(A) x 2 +2xy —16 = 0 (B) x 2 =2xy + 16 

(C) x 2 +16 = 2xy (D) x 2 +2xy + 16 = 0 

Solution: See Fig. 2.78. We have A = (-4,0) and B = (4, 
0) so that y-axis is the perpendicular bisector of A B. Since 
MN= 4, we can take N= (0, a + 4) and M=(0, a). Equation 
of the line AM is 


^=1 
-4 a 

(2.103) 

and the equation of BN is 


X + y =1 

4 a + 4 

(2.104) 

From Eq. (2.103), we have 


4 y 

a = - 

4 + x 

(2.105) 

From Eq. (2.104), we get 


a 4 y 
ci + 4 — 

4-x 

(2.106) 


Therefore, from Eqs. (2.105) and (2.106), we have 


Solution: Let 5 be the area of AABC so that 


5 = 1 
2 


1 P 2 1 
Oil 

p 0 1 


= -|[l(l-0)-p 2 (0-p) + l(0-p)]| 


= -\p -p +1 

r 1 


1 2 

Real value of p = —j= exists such that 3 p -1 = 0. Hence 

V3 1 

minimum value of 5 exists at p= -=. 

Answer: (B) 


62. The locus of the point which moves such that its dis¬ 
tance from the point (4, 5) is equal to its distance 
from the line x-y + l = 0is 

(A) a straight line 

(B) a circle with centre at (4,5) 

(C) (y-5) 2 = 4(.r-4) 

(D) (*-4) 2 = y-5 

Solution: The point (4,5) lies on the line x - y + 1 = 0. 
Hence, the required locus is the line y - 5 = -l{x - 4) or 
x + y-9 = 0. 


4-x 4+x 
=> 2 xy = 16 —x 2 
=> x 2 + 2 xy —16 = 0 



Answer: (A) 


64. The vertices of a parallelogram are described in the 
order A( 3, 1), 5(13, 6), C(13, 21) and 5(3, 16). If a 
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line through origin divides the parallelogram into 
two congruent parts, then the slope of the line is 


(A) * 
v ' 8 


(B) — 
12 


(C) — 
v ) 11 


(D) — 
v ' 8 


Solution: See Fig. 2.79. It can be observed that AD and 
BC are vertical lines. Suppose the line through the origin 
meets AD at P and BC at Q in such a way that CQ = 
PA, DP = BQ. Also PQCD and PQBA are the congruent 
parts. Suppose AP = k. 

Therefore, P = (3, k + 1) and Q = (13,21 - k). Flence, 
the slope of the line is 

k + l 21 -k 
3 ~~ 13 

=> 13k+ 13 = 63-3k 
=> 16 k = 50 

/ 25 
=>k = — 


Thus, the slope of the line is 

(25/8) +1_ 33 _11 
3 ~~ 3x8 ~~8 



Answer: (D) 



B C 


FIGURE 2.80 


Answer: (C) 


66. The equations of two adjacent sides of a rhombus are y 
= x and y = lx. The diagonals of the rhombus intersect 
at the point (1,2). Thus, the area of the rhombus is 


(A) 


50 

3 




(D) 


40 

y 


Solution: See Fig. 2.81. Let M be the point (1,2). Since 
the diagonal AC is perpendicular to the diagonal OB, the 
equation of the diagonal AC is 

y~ 2 = y(*- 1 ) 


=»jr + 2y-5 = 0 (2.107) 

Solving Eq. (2.107) and the equation y = x, we get 


A = 



Solving Eq. (2.107) and the equation y = lx, we get 


C = 



Therefore, area of the rhombus is 2 AO AC which is given 
by 


2 



5 7 5 1 

-x-x- 

3 3 3 3 


30 _ 10 

yy 


65. The number of straight lines that are equidistant 
from the vertices of a triangle is 

(A) 1 (B) 2 

(C) 3 (D) infinite 

Solution: See Fig. 2.80. Let ABC be a triangle. Let 
E and F be the midpoints of A B and AC, respectively. 
Draw AL, BM and CN perpendicular to the line EF. It 
is known that the line EF is parallel to BC and EF = 
(1/2 )BC. It is clear that 

A BEM = A AEL and A CFN = A AFL 

Therefore, BM = AL = CN. Thus the line EF is equi¬ 
distant from A, B and C. Similarly, we have two more 
lines. Thus, the numbers of lines equidistant from A, B 
and C is 3. 



0 ( 0 , 0 ) 

FIGURE 2.81 


Answer: (C) 
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Worked-Out Problems 


67. A point P on the line 3x + 5y - 15 = 0 is equidistant 
from the coordinates axes. P can lie in 


(A) first quadrant 

(B) first or second quadrant 

(C) first or third quadrant 

(D) any quadrant 

Solution: The point (x,y) is equidistant from both axes 
<=> |x| = |y| => y - ±x. 


15 

1. y = x and (x,y) lies on the line 3x + 5y = 15 => x— —, 

8 

15 

y— — => P lies in the first quadrant. 

-15 15 

2. y=-xand(x,y)lieson3x+5y=15=> x = —, y=— => B 
lies in the second quadrant. 

Answer: (B) 


68. Two equal sides of an isosceles triangle are given by 
the equations y = —x and y = lx and its third side 
passes through the point (1, -10). Then, the equa¬ 
tions of the third side is 

(A) x - 3y — 31 = 0 or 3x - y —13 = 0 

(B) x + 3y + 29 = 0or 3x-y-13 = 0 

(C) 3x + y + 7 = 0orx-3y-31 = 0 

(D) 3x + y + 7 = 0orx + 3y + 29 = 0 
Solution: See Fig. 2.82. Let 


y+10 = nr(x-l) (2.108) 

be the equation of the third side. Substituting y = -x in 
Eq. (2.108), we have 


Let 


10 + nr , -(10 +nr) 

x =- and y =- 

1 + nr 1 + nr 


(10+ m 
V 1 + m 


-(10 + nr) 
1 + nr 


Substituting y = lx in Eq. (2.108), we have 


B = 


10 +nr 7(10 +nr) 1 
nr — 7 nr - 7 ) 


Now, 

OA = OB 

(10 + nr) 2 + (10 + nr) 2 _ (10 + nr) 2 + 49(10 + nr) 2 
(nr + 1) 2 (rrr-7) 2 

V2(10 + m) _ 5^2(10 + nr) 

nr + 1 nr — 7 

10 +nr 5(10 +nr) 

=»-= +—-^ 

nr + 1 


10 + m 5(10 +nr) 

Case 1: -— =--— 

nr + 1 nr — 7 

=> (10 + nr) [nr - 7 - 5(nr + 1)] = 0 
=> m = -10 or nr = -3 


Case 2: 


10 +nr 5(10 +nr) 

nr + 1 nr — 7 


=> (10 + nr)[nr —7 + 5(nr + l)] = 0 


=> nr = -10 or m = — = — 
6 3 


If nr = -10, then the third side passes through the origin 
(0,0), which is false in this case. Thus 

, 1 
nr = -3 or — 

3 


Hence, the third side is 

3x + y + 7 = 0 
=> x - 3y — 31 = 0 



69. The equation of the line which passes through the 
intersection of the lines x + 2y + 3 = 0 and 3x + 4y + 
7 = 0 and is perpendicular the line x-y + 8 = 0is 

(A) x + 2y + 3 = 0 (B) x + y-2 = 0 

(C) x + y + 2 = 0 (D) 3x + 3y - 4 = 0 

Solution: 

Direct Method: Intersection of the lines x + 2y + 3 = 0 and 
3x + 4y + 7 = 0 is (-1, -1). Slope of the line x - y + 8 = 0 
is 1. Hence, the equation of the required line is 

y + l = -l(x + l) or x + y + 2 = 0 

Answer: (C) 


nr-7 
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70. Let A be the point (t , 2) and B be the point on the 
y-axis such that the slope of AB is —t. Then, the locus 
of the midpoint of AB, as t varies over all real num¬ 
bers, is 

(A) y — 2 —7.x 2 (B) x 2 + y-l = 0 

(C) y = l + x 2 (D) 2x 2 —y+2=0 

Solution: See Fig. 2.83. Equation of the line AB is 
y — 2= - t(x -1 ) 

Now, 

x = 0=>y = 2 + f 2 

=> 5 = (0,2 + t 2 ) 

Let M(x, y) be the midpoint of AB. Therefore 

f + 0 2 + (2 + / 2 ) 

x = -, y- - 

2 2 

=> t - 2x, 2y - 4 +1 2 - 4 + 4x 2 
Thus, the locus of M is y= 2 + 2x 2 . 



Answer: (D) 


71. If the three families of lines 

(y - 2x +1) + T 1 (2y - x -1) = 0 

(3y - x - 6) + Aj(y - 3x + 6) = 0 

and (ax + y - 2) + A 3 ( 6x + ay -a) = 0 (a > 0) 

have a common line, then the value of a is 

(A) 3 (B) 2 (C) 6 (D) 4 

Solution: The first and second families of lines are con¬ 
current at (1,1) and (3, 3), respectively, while the third 
family of lines are concurrent at 

f 2 

a a —12 


The three families have a common line if 


2 i \ 

a a -12 
a 2 - 6’ a 2 -6 , 


(1,1) and (3,3) 


are collinear. Since the equation of the line joining (1,1) 
and (3,3) is y = x, we have 

a a 2 - 12 
a 2 —6 a 2 —6 
=> a~ — a — 12 = 0 
=> (a-4)(a+ 3) = 0 
=> a = 4, — 3 
=> a = 4 (v a > 0) 

Answer: (D) 


72. If the length of the intercept made on the line y = ax 
by the lines y = 2 and y = 6 is less than 5, then 


4 4 

(A) — <a<- 
3 3 

(C) — <u<- 
v ’ 4 3 


-4 4 

(B) a< — or a>—j= 
3 v 3 

(D) ae (— 00 , 00 ) 


Solution: The line y = ax intersects the lines y = 2 and y 
= 6 at points A(2la, 2) and B(6la, 6). Now 


AB< +(2-6) 2 < 5 2 

\a a) 

<=>^<25-16 = 9 
a 

2 16 

<=> a > — 

9 

-4 4 

— ora> — 

3 3 


Answer: (B) 


73. The equation of the obtuse angle bisector of the an¬ 
gle between the lines x - 2y + 4 = 0 and 4.v - 3y + 2 = 
0 is 

(A) (4-V5).r + (2V5-3)y-(4V5-2) = 0 

(B) (4-V5)x-(2V5-3)y-4V5=0 

(C) (4 + -J5)x + (2 V5 - 3)y - 4 %/5 + 2 = 0 

(D) (4 + V5)jc-(2V5-3)y + 4V5=0 


v u 2 - 6 ’ a 2 -6 , 


Solution: = 4, c 2 = 2 are positive. Since a l a 1 +b l b 1 = 

4 + 6 > 0, by Theorem 2.26, 
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Worked-Out Problems 


x-2y+4 4x-3y+2' 

7l 2 + 2 2 { V4 2 + 3 2 , 

is the obtuse angle bisector. So we have 
75 (x - 2y + 4) = 4x -3y + 2 

=> (4-V5)x + (2V5-3)y-(4V5-2) = 0 

Answer: (A) 

74. Two vertices of a triangle are (5,-1) and (-2,3). If or¬ 
igin is the orthocentre of the triangle, then the third 
vertex is 

(A) (4,7) (B) (-4,7) 

(C) (4,-7) (D) (-4,-7) 

Solution: See Fig. 2.84. Let B = (5, -1) and C = (-2,3), 
and the third vertex A = (h,k). The orthocentre is 0(0,0). 
Since AO is perpendicular to BC, we have 



=>4k = lh (2.109) 

Now BO is perpendicular to AC 



=>3-k = -5(2 + h) 

=> 5h-k = -13 (2.110) 

Solving Eqs. (2.109) and (2.110), we have h = -4 and 
k = -7. Lienee, A = (-4, -7). 


A{h, k) 



FIGURE 2.84 

Answer: (D) 

75. Area of the triangle formed by the line x + y = 3 and 
the angle bisectors of the pair of lines x 2 - y 2 + 2y -1 
= 0 is 

(A) 2 (B) 4 (C) 6 (D) 8 

(IIT-JEE 2004) 

Solution: 

x 2 -y 2 +2y-l = 0=> x 2 -(y-l) 2 =0 


=> (x + y - l)(x - y + 1) = 0 

Therefore, the pair of lines is x + y -1 = 0 and x-y + 1 = 0 
and their angle bisectors are 

x + y-1 f x-y+n 

V2 -{ 72 J 

That is y = 1 and x = 0. Therefore, the sides of the triangle 
are x = 0,y = l and x + y = 3.The vertices are (0,1), (0,3) 
and (2,1). Lienee the area of the triangle is 

||0(3-1) + 0(1-1) + 2(1-3)|=| = 2 

Answer: (A) 


76. The slope of one of the lines ax 2 + 2 hxy + by 2 = 0 is 
twice that of the other. Then 

(A) 8h 2 = 9ab (B) 4h 2 = 3ab 

(C) h 2 =4ab (D) 9h 2 =8ab 

Solution: Let y = mx and y = 2mx be the two lines. 
Therefore 


ax 2 + 2 hxy + 6_y 2 = b(y - mx)(y — 2 mx) 


Equating the corresponding coefficients, we have 


„ 2 h n 2 

-3m = —, 2nr 
b 


a 

b 



=> 9 ab = 8 h 2 


8 h 2 
9b 2 


Answer: (A) 


77. A is a point on the x-axis. Through the point A, a 
line is drawn parallel to y-axis so as to meet the lines 
ax 2 + 2hxy + by 2 = 0 in B and C. If AB = BC, then 

(A) 9h 2 = 8ab (B) 8h 2 =9ab 

(C) 4/z 2 = 3ab (D) 3h 2 =8ab 

Solution: See Fig. 2.85. Let y = m t x and y = m 2 x be 
the lines represented by ax 2 + 2hxy + by 2 = 0. Therefore 

-2 h 

m , + nu = - 

1 2 b 

a 

m,m 9 = - 
1 2 b 

Suppose A = (a, 0) and the line x = a meets y = m x x at 
B and y = m 2 x at C. Thus, B = (a, m, a) and C = (a, m 2 a). 
Now, 


AB = BC =» 


m 2 a + 0 
2 


=> m 2 = 2m 


= m x a 
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Hence, from Worked-Out Problem 76, we get 8k 2 = 9 ab. 



Answer: (B) 

78. If one of the lines represented by ax 2 + 2 hxy + by 2 = 
0 bisects the angle between the axes, then 

(A) 4 h 2 =ab (B) 8h 2 = 9ab 

(C) (a + b) 2 = 4h 2 (D) (a+b) 2 =2h 2 

Solution: Suppose y = x is one of the lines. That is, 

ax 2 + 2 hx 2 + bx 2 = 0 
=> a + b = —2 h 
=> (a + b) 2 = Ah 2 

Suppose y = —x is one of the lines. Then 
a — 2h + b = 0 
=>(a + b) 2 =4h 2 

Answer: (C) 


79. If the equation 12x 2 + 7xy + ky 2 + 13x - y + 3 = 0 rep¬ 
resents a pair of lines, then the value of k is 

(A) -5 (B) 5 (C) 10 (D) -10 

Solution: Comparing the given equation with the second- 
degree general equation, we have 

a = 12, h = —, b = k, g = —, f — — and c = 3 
2 ° 2 J 2 


Since the equation represents pair of lines, by Theorem 
2.31, we get 

A = abc + 2 fgh - af 2 - bg 2 -ch 2 = 0 

That is, 

C^K3) + #)(f)(7)- 12 (i)-^) 

=> 144k - 91 -12 - 169k -147 = 0 
=> -25 k = 250 
=> k = -10 


80. Let PQR be right-angled isosceles triangle right an¬ 
gled at P{2, 1). If the equation of the line QR is 2x + 
y - 3 = 0 then the combined equation of the pair of 
lines PQ and PR is 

(A) 3x 2 —3y 2 + 8xy+20x + 10y+25 = 0 

(B) 3x 2 - 3y 2 + 8xy - 20x — lOy + 25 = 0 

(C) 3x 2 - 3y 2 + 8xy + lOx + 15y + 20 = 0 

(D) 3x 2 - 3y 2 — 8xy - 15y - 20 = 0 

(IIT-JEE 1999) 

Solution: See Fig. 2.86. Let m be the slope of the line 
PQ. Since | PQR = 45°, from the ‘Note’ of Theorem 2.12, 
we have 


1 = tan 45° = 


777 + 2 

1 + m(-2) 


=>m + 2 = +(1 - 2m) 


, -1 
' 777 = 3,- 

3 


Therefore, the combined equation of the lines PQ and 
PR is 


[y -1 —3(x-2)] 




=> (3x-y-5)(x + 3y-5) = 0 

=> 3x 2 - 3 y 2 + 8xy - 20x - lOy + 25 = 0 


R 



FIGURE 2.86 


Answer: (B) 


81. Area of the parallelogram formed by the lines y = 
mx, y = mx + 1, y = nx and y = nx + 1, where m * n, 
is equal to 


(A) 

(C) 


\m + n\ 
(i m — n ) 2 
1 

|m + 77| 


(B) 


2 

1777 + 711 


(D) 


1 


1777 — 7l| 


(IIT-JEE 2001) 


Solution: From Problem 2 of the section ‘Subjective 
Problems’, the area of the parallelogram is 


(l-0)(l-0) 

777 - 77 


1 


1777 - 771 


Answer: (D) 


Answer: (B) 
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Worked-Out Problems 


82. All chords of the curve 3x 2 - y 1 - 2x + 4y = 0 which 
subtend a right angle at the origin pass through a 
fixed point whose coordinates are 


(A) (0,0) 


(C) 



(B) (1,-2) 

(D) (2,-1) 

(IIT-JEE 1982) 


Solution: See Fig. 2.87 Let lx + my = 1 be the chord 
of the given curve subtending right angle at the origin: 
Suppose the line meets the curve at A and B. Flence, by 
Theorem 2.33, the combined equation of the pair of lines 
OA and OB is 


3x 2 - y 2 - (2x - 4y)(/x + my) = 0 

Since |AOB = 90°, from the above equation and from 
Theorem 2.28, we have 

Coefficient of x 2 + Coefficient of y 2 = 0 
=> (3 - 2/) + (-1 + 4m) = 0 
=> l —2m -1 = 0 
=> / + m(—2) = 1 

Flence the line lx + my = 1 passes through the point (1,-2). 



Answer: (B) 


n, + 3n 2 -14 (2.112) 

2«j + 4n 2 = 22 (2.113) 

Solving Eqs. (2.112) and (2.113), we have n l = 5 and 
n 2 = 3. Therefore, the sides of the parallelogram are 

3x + 4 v = 0 
3x + 4y + 5 = 0 
x + 2y = 0 

and x + 2 y +3 = 0 

Flence, from Problem 2 of the section ‘Subjective Prob¬ 
lems’, the area of the parallelogram is 


(5-0)(3-0) 
3(2)-(4) 


15 

— sq. unit 

Answer: (C) 


84. If the second-degree general equation S = ax 2 + 2hmy 
+ by 2 + 2 gx + 2/y + c = 0 represents pair of intersect¬ 
ing lines, then the area of the parallelogram formed 
by the lines 5 = 0 and ax 2 + 2hxy + by 2 = 0 is 


(A) 

lei 

(B) 

lei 

yl(a-b) 2 + 4h 2 

2 yj{a-b) 2 + 4 ab 

(C) 

\c\ 

(D) 

lei 


Solution: Suppose the lines represented by 5 = 0 are 
l x x + m x y + rq = 0 and l 2 x + m 2 y + n 2 = 0 so that from 
Theorem 2.32, the equation ax 2 + 2 hxy + by 2 = 0 repre¬ 
sents l x x + m x y = 0 and l 2 x + m 2 y = 0. Also we have 


l±l 2 — a 

l ] m 2 + l 2 m\ = 2 h 
m, m 2 = b 

h n 2 + h n \ = 2 g 


83. The area of the parallelogram formed by the lines 
3x 2 + lOxy + 8y 2 + I4x +22y + 15 = 0 and 3x 2 + 10 xy + 
8 y 2 = 0 is 

(A) 5 (B) 10 (C) y (D) 15 

Solution: We have 

3x 2 +10xy + 8y 2 = (3x + 4y)(x+ 2y) 

Therefore, for some values of n 1 and n 2 

3x 2 +10 xy + 8y 2 + 14x + 22y +15 = 

(3x + 4y + n 1 )(x + 2y + n 2 ) (2.111) 

Equating the coefficients of x and y on both sides of Eq. 
(2.111), we have 


m x n 2 + 1712 / 7 ! = 2/ 

and n i n 2 = c 

Flence the sides of the parallelogram are 

/jX + m 2 y = 0 

l±x + m l y+ «! = 0 
l 2 x + m 2 y = 0 
lyx + n 2 y + n 2 = 0 

Therefore, from Problem 2 of the section ‘Subjective 
Problems’, the area of the parallelogram is 


(«i-0)(/z 2 -0) 


nyn 2 

km 2 -l 2 m 1 


^(km-, +l 2 m l ) 2 —4 / 1 / 2 m 1 /n 2 


























98 


Chapter 2 I Straight Line and Pair of Lines 


Id __ |c| 

V4/r - 4 ab 2\]h 2 -ab 

Answer: (D) 

Note: By using this formula, for the parallelogram in 
Worked-Out Problem 83, the area is equal to 

|15| 15 

2^25-24 ~ 2 Now 


_ 1 m 2 2 

(1 + m) 2 (1 + m) 2 3 

=> 3 m 1 + 3 = 2(1 + 2m + nL) 

=> m 2 — 4 m + 1 = 0 

4 +Vl6-d R 

=> m =-= 2 + V3 

2 


85. If x 2 - 2pxy - y 2 = 0 and x 2 - 2qxy - y 2 = 0 represent 
a pair of lines (p ^ q) such that each pair bisects the 
angle between the other, then 


(A) 

(C) 


pq = i 

-+- = i 

p q 


(B) 

(D) 


pq = -1 

l i_i 

p + q 2 


Solution: By Theorem 2.30, the equation of the pair of 
angle bisector of the lines x 2 - 2pxy - y 2 = 0 is 

-p(x 2 -y 2 ) = (l+l)xy 

=> px 2 + 2xy — py 2 = 0 

However, by hypothesis, x 2 - 2 qxy - y 2 =0 is the pair of 
angle bisectors. Therefore, 


P 

1 


2 ~P 1 


Answer: (B) 


86 . A straight line is drawn through the point (1,2) mak¬ 
ing an angle 0(0 < 9 < n!3) with the positive direc¬ 
tion of the x-axis to intersect the line x + y- 4 = 0at 
a point P so that the distance between P and (1,2) is 
J 2 / 3 . Then, the value of 0is 


(A, f 


(B) — 
v 10 


(C) — 
V ’ 12 


(D) — 
v 2 18 


Solution: Let A be (1, 2) and the line through A( 1, 2) 
be y — 2 = m(x - 1). This line meets the line x + y = 4 at 
point P. So 


4 - x - 2 = m(x - 1) 

=> x(l + m) = 2 + m 

2 + m , , 

=> x = -and y = 4 - x = 

1 + m 


2 + m 
1 + m 


3m + 2 
1 + m 


Therefore, 


P = 


2 + m 3m + 2 


1 + m ’ 1 + m 


Now, 




2 + m 
1 + m 



3m + 2 
1 + m 


2 

3 


0 < 9 < — => tan 9=m = 2-j3 
3 


so that 6 = 15°. 


Answer: (C) 


87. The equation 16x 4 - y 4 = 0 represents 

(A) a single straight line (B) a pair of lines 

(C) a single point (D) xy = 2 

Solution: The given equation is 

(4x 2 + y 2 )(2x + y) (2x - y) = 0 

The equation 4x 2 + y 2 = 0 represents the single point (0, 
0). Hence, the equation represents the pair of lines 
2x + y = 0 and 2x - y = 0 which pass through the origin. 

Answer: (B) 

88. If the lines x + 2y = 9, 3x - 5y = 5 and ax + by - 1 
are concurrent, then the line 5x + 2y - 1 = 0 passes 
through the point 

(A) (b,a) (B) (a,b) 

(C) {-a,b) (D) {-a,-b) 

Solution: The point of intersection of the lines x + 2y 
-9 = 0 and 3x - 5y - 5 = 0 is (5,2) which also lies on the 
line ax + by = 1. Hence, 

a(5) + b{ 2) = 1 

=> 5a + 2b = 1 

Therefore, the line 5x + 2y = 1 passes through the point 
(a, b). 

Answer: (B) 

89. Straight lines are drawn from the point A( 3, 2) to 
meet the line 6x + 7y - 30 = 0 at point P. Then, the 
locus of the midpoints of the segment AP is 

(A) x 2 -y 2 = 30 (B) 6x + 7y = 31 

(C) (6x-3) 2 +(7y-2) 2 = 30 2 (D) 6x + 7y = 32 

Solution: Let the line that passes through A( 3,2) be 

x-3 _ y-2 
cos 9 sin 9 


AP = 


2 


r (say) 
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Worked-Out Problems 


Every point on this line is of the form P(3 + r cos 0,2 + r 
sin#) and this lies on the line 6x + ly = 30. It implies that 

r(6cos0 + 7sin0) =-2 (2.114) 

Suppose M(h , k) be the midpoint of AP. Therefore, 

2h = 6 + rcosd and 2* = 4 + rsin0 

=> 6(2/? -6) + 7(2*-4) = r(6cos0 + 7sin0) = -2 

[from Eq. (2.114)] 

=>12/i + 14A:-62 = 0 
=> 6/?+ 7*-31 = 0 

Hence, the locus of M(h, k) is the line 6x + ly - 31 = 0. 

Answer: (B) 

90. If no two lines of the three lines 

(m - 2)x + (2m - 5)y = 0 
(m - l)x + (m 2 - 7)y -5 = 0 
and x + y -1 = 10 

are parallel, then the three lines are concurrent 


Solution: The given relation is 

(5a-46) 2 -c 2 =0 
=> (5a - 4b + c)(5a - 4b - c) = 0 


2a \ 2 | + ^( _4 ) + c 


=> 2ax + by+ c = 0 
It passes through 


2a| -- \ + b(4) + c 


= 0 


—, -4 and —, 4 


Answer: (B) 


92. The area of the triangle formed by the lines x + y 
= 3 and angle bisectors of the pair of straight lines 
x 2 - y 2 + 2y = 1 is 

(A) 2 sq. unit (B) 4sq. unit 

(C) 6 sq. unit (D) 8 sq. unit 

(IIT-JEE 2004) 

Solution: The given lines are 


(A) for three values of m (B) for two values of in 
(C) for one value of m (D) no real value of m 

Solution: By Theorem 2.22, the three lines are concur¬ 
rent if 


1 

m — 2 
m — 1 


1 

-1 

2m - 5 

0 

m 2 - 7 

-5 


=> — l[(m — 2)(m 2 - 7) - (m — l)(2m - 5)] 
- 5 [2 m - 5 - m + 2] = 0 


=> m 3 -2m 2 - lm+14-2m 2 + 5m + 2m-5 
+10 m - 25 - 5m + 10 = 0 

=> m 3 - 4m 2 + 5m -6 = 0 
=> (m — 3)(m 2 — m + 2) = 0 

Since (m 2 -m + 2) = 0 has no real solutions, it follows 
that m = 3. However, m = 3 implies that the three lines 
are parallel which is in contradiction of the hypothesis. 
Hence, if m ^ 3, then the lines cannot be concurrent. 

Answer: (D) 


* 2 -(y-l) 2 =0 
=> (x + y-\)(x-y +1) = 0 

Therefore, the given lines are x — y + 1 = 0 and x + y— 1 = 0 
whose angular bisectors are 

x+y- 1 +x—y+ 1 

V2 V2 

That is, y -1 = 0 and x = 0. Thus, the vertices of the tri¬ 
angle are (0,1), (0,3) and (2,1). Hence, the area is 

[0(3 -1) + 0(1 -1) + 2(1 - 3)] = 2 sq. unit 

Answer: (A) 


93. A straight line is drawn through (1, 0) to the curve 
x 2 + y 2 + 6x- 10 y +1=0 such that the intercept made 
on it by the curve subtends a right angle at the origin. 
Then, the slope of the line is 


(A) 



(B) -lor 


1 

9 


(C) 



(D) lor 


1 

9 


91 . If 25a 2 + 16b 2 - 4 ab - c 2 = 0, then the line 2 ax + by + c = 
0 passes through a fixed point whose coordinates are 



Solution: Let y = m(x - 1) be the line meeting the 
curve in the point A and B. Hence, by Theorem 2.33, the 
combined equation of the pair of lines OA and OB (‘O’ 
is the origin) is 


x 2 +y 2 + (6x-10y) 


(mx-y) + 1 (mx-y) 2 


= 0 


(C) 


m 


m 
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Chapter 2 I Straight Line and Pair of Lines 


Since | AOB = 90°, from the above equation, we have 
Coefficient of x 2 + Coefficent of y 2 = 0 

=> (l + 6 + l) + [ 1+ —+ ^-1 = 0 
V m m ) 

=> 9 m 2 +1 0/77- + 1 = 0 

=> (9 m +1) (m +1) = 0 

=> m = — or m = -1 
9 


Answer: (B) 


94. The area bounded by the curves y = |v| -1 and 
y = -|.r| + l is 

(A) 1 (B) 2 (C) 2V2 (D) 4 

Solution: The given lines are 

y = x — 1, y=—x — 1 and y = — x +1 ,y = -x — 1 
That is, the lines are 

x-y-l = 0,x + y + l = 0, x + y-l = 0 and x-y+ 1 = 0 

Therefore, from Problem 2 of the section ‘Subjective 
Problems’, the area of the parallelogram is 

(!+!)(!+1) 
l-(-l) 

Answer: (B) 


95. The area of the parallelogram formed by the pairs of 
lines x 2 + 4xy + 4y 2 - 5x - 1Oy + 4 = 0 and y 2 - 4y + 3 = 
0 sq. units is 

(A) 4 (B) 6 (C) 8 (D) 12 

Solution: y 2 -4y + 3 = 0 represent the linesy-l = 0 
and y-3 = 0. 


The lines represented by x 2 + 4 xy + 4v 2 — 5 jc — lOy + 
4 = 0 are parallel lines and they are ;r + 2y-4 = 0 and 
;c + 2y —1 = 0. 

Therefore, from Problem 2 of the section ‘Subjective 
Problems’, the area is 


H+3X-1 + 4) 

1-0 


= 6 


Answer: (B) 


96. A straight line L passing through the point (3, -2) is 
inclined at an angle 60° to the line y + \/3 x = 1. If L 
intersects the x-axis, then the equation of L is 

(A) y+V3* + 2-3V3=0 

(B) y-V3.r + 2 + 3V3=0 

(C) Sy-x + 3 + 2S = 0 

(D) V3y + JC-3 + 2V3 =0 

(IIT-JEE 2011) 

Solution: Let the equation of the line L be y + 2 = 
m(x - 3). Therefore, by hypothesis 


V3 = 

777 + V3 


1 - 777 V3 


=> m+ V3 = ±V3(1- 

=» 777 = 0 

or 77Z = V3 


V3) 


If m = 0, then L should be horizontal, which is not true in 
this case. Hence, m = V3 and the equation of L is 

y + 2 = V3(x-3) 

=> y - V3;r + 2 + 3 V3 = 0 

Answer: (B) 


Multiple Correct Choice Type Questions 

1. Let L 1 be a straight line passing through the origin 
and L n be the straight line x + y = 1. If the intercepts 
made by the circle x 2 + y 2 - x + 3y = 0 on L x and L 1 are 
equal, then L x may be represented by the equations 

(A) x + y = 0 (B) x-y = 0 

(C) x + 7y = 0 (D) x-ly=0 

Solution: The equation of the circle can be written as 



so that its centre is at (1/2,-3/2) and radius is V5/2. Let 
y = mx be the equation of L x . Since the intercepts are 


made by the circle on L x and L 2 , it follows that the two 
chords are equidistant from the centre. Therefore 


in 3 

UJ 2_ 

-- 3 -l 
2 2 

si 1+ m 2 

Vl 2 +1 2 


(m + 3) 2 _ 2 
4(1 + m 2 ) 

=> m 2 + 6 m + 9 = 8 + 8 m 2 
=> 7 m 2 - 6 m — 1 = 0 
=> (7/77+ l)(m -1) = 0 
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Worked-Out Problems 


Hence, the equations of L x are y = x and y = -xll. That 
is,x-y = 0 and x + ly = 0. 

Answer: (B), (C) 


2. The lines ax + by + c = 0, bx + cy + a = 0 and cx + ay + 
b = 0 are concurrent if 

(A) a+b+c= 0 

(B) a 2 +b 2 +c 2 = ab + bc + ca 

(C) a 3 + b 3 + c 3 = 3abc 

(D) a 2 +b 2 +c 2 =2(ab +be+ ca) 

Solution: The three lines are concurrent if 


a b c 
b c a 
cab 


0 (By Theorem 2.22) 


=» 3 abc-a 3 -b 3 -c 3 = 0 
=> a 3 + b 3 + c 3 — 3 abc = 0 


Also 

a 3 + b 3 + c 3 - 3abc = 0 
=> (a + b + c) (a 2 + b 3 + c 2 — ab - be - ca ) = 0 
=> a + b + c = 0 or a 2 + b"+ c 2 = ab + bc + ca 

Answer: (A), (B), (C) 


3. The area of a triangle ABC is 20 sq. unit. The coordi¬ 
nates of A are (-5,0) and those of B are (3,0) and the 
vertex C lies on the line x-y - 2 = 0.The coordinates 
of C are 

(A) (-3,-5) (B) (-5,-7) 

(C) (5,3) (D) (7,5) 

Solution: Let C be (x,x- 2). Therefore 

20 = ^ |—5(0 -x + 2)+ 3(x - 2 - 0) + x(0 - 0) | 

=> 40 = |8 jc- 161 
=> x — 2 = +5 

Hence, x = 7,-3.Therefore, C = (7,5), (-3,-5). 

Answer: (A), (D) 

4. If A( 2, - 3) and C(- 1,1) are the ends of a diagonal of 
a squares ABCD , then the other vertices are 



Solution: See Fig. 2.88. The point 



is the intersection of the diagonals so that 

DM = MB = — AC = - 
2 2 


Since the slope of AC is -4/3, the equation of the diago¬ 
nal BD is 


y +1 =A 


3.. . 6x —11 

^ = 8 2* -1 -1= 8 


Let 


Now, 


B = 


6x -llN 

8 J 



6jc —11 ) 

-+ 1 

8 J 


25 

T 


=> 16(2x -1) 2 + (6x - 3) 2 = 25 x 16 
=>100v 2 -100x-375 = 0 
=> 4x 2 - 4x -15 = 0 
=> (2x-5)(2x + 3) = 0 
5 -3 


Therefore 


x = ■ 


and 


2 

-3 


■y= 


■y= 


2 8 
Therefore, other vertices are 


6x-U 6(5/2)-11 
8 ~ 8 
6(—3 / 2) —11 -5 

“T 


1 

2 



FIGURE 2.88 


Aliter (Using Complex Numbers): For complex numbers, 
see Vol. 1. The points are 
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M = and C = (-l,l) 

Replace the point Z) by Z. Therefore we have 


7. A line l is drawn through the point (1,2) so that it in¬ 
tersects the line x + y - 4 = 0 a t a point whose distance 
from the point (1,2) is \l 2/3. Then the angle made by 
/ with the x-axis is 


Hence 


Z —[(1/2) —f] 
(-1 + 0 -[( 1 / 2 )-/] 


=>Z- 


1 . 

-b l 

2 



3 

’ Z ~~2 



=> Z) = 



(A) 15° (B) 75° (C) 105° (D) 60° 

Solution: Let y — 2 = m(x- 1) be the equation of the 
line /. That is, 

y — mx + 2 — m (2.115) 

y = -x + 4 (2.116) 

Solving Eqs. (2.115) and (2.116), we have 

m + 2 , 3 m + 2 

x = - and y =- 

m + 1 m +1 


B = \ 2-l + -,3-l+- 1 = 1 


2 2 , 

Answer: (B), (C) 


Since the distance between 

m + 2 3m+ 2 


m +1 ’ m +1 


and (1,2) 


5. Equation of a line passing through (1,1) which is at a 
distance of 1 unit from the origin is 

(A) x = l (B) y = l 

(C) x + y= 1 (D) x + y = 2 

Solution: It is clear that the vertical line x = 1 passes 
through (1,1) and its distance from the origin is 1. Hence, 
y = 1 is the other line. 

Answer: (A), (B) 


6 . The equation of the lines passing through the point (1,1) 
whose distance from origin is 2 is 

... 1 —i+VIo . 

(A) y -1 =--- (x-1) 

(B) y-l = ±^H(x- 1) 

(C) y-l = ±-^-(x-l) 

(D) y-l= 1 ~y^ (x-l) 


Solution: Let y = m{x - 1) be the line so that by hy¬ 
pothesis 


m(-l)-0-l =2 
yjl + m 1 

=> (m — l) 2 = 4(1 + m 2 ) 

=i> 3 m 2 + 2m -3 = 0 

-2 + V4 + 36 -1 + VlO 


Answer: (A), (D) 


is V27~3, we have 

^ m + 2 
m +1 

1 


777 + 1 


— 1 


2 ( 

+ 


3m + 2 

777 +1 


777 


(777 + 1)“ 


-2 

_ 2 
“3 


•3+3T77 2 = 2 ( 777 + 1) 2 


• 777 - 4777+ 1 = 0 


2 

3 


=> 777 = 


4±Vl6-4 

2 


2±V3 


Now, tan0 = 2±V3 implies 0-15° or 15°. 

Answer: (A), (B) 


8. Let A{ 4,3), B{- 4, 3) and C(0, - 5) be the vertices of a 
triangle and P = (5,0). Let L, M and N be the feet of 
the perpendiculars drawn from P onto the sides BC, 
CA and AB, respectively. Then 

(A) the centroid of A LMN does not exist 

(B) the orthocentre of A LMN is the origin 

(C) the area of A LMN is 5 sq. unit 

(D) L, M and A are collinear 

Solution: See Fig. 2.89. The sides BC, CA and AB are 
represented by the equations 2x + y + 5 = 0,2x-_y-5 = 0 
and y — 3 = 0, respectively. We can see that L = (-1,-3), 
M = (3,1) and N = (5,3). Now 

Slope of LM = Slope of MN = 1 

so that L, M and N are collinear. 
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Worked-Out Problems 



Note: See Theorem 1.1. 

Answer: (A), (D) 

9. A line through (2,2) and the axes form a triangle of 
area a units. Then, the intercepts on the axes made 
by the line are roots of the equation 

(A) x 2 -ax + a = 0 (B) x 2 +ax-a = 0 

(C) x 2 -ax + 2a = 0 (D) x 2 +ax-2a 

Solution: Let 

* + ^ = l 
a b 


Now, from Eq. (2.118) 

2a + 2b = ab = 2a 

Therefore 

a + b = a (2.119) 

Hence, from Eqs. (2.118) and (2.119), a and b are the 
roots of the equation x 2 - ax + 2a = 0. Therefore 

2a + 2b = -2a=$ a+b = -a 
Hence a and b are roots of the equation 
x 2 + ax-2a = 0 

Answer: (C), (D) 

10. The points A( 2, l)and B( 3, - 2) are the two vertices 
of A ABC and C lies on the line x - y + 3 = 0. If the 
area of A ABC is 5 sq. units, then the coordinates of 
the third vertex C are 


(A, (f4) (B, (0,0) 



Solution: Let C be ( x , x + 3). By hypothesis, we have 

5 = ||2(-2-x-3) + 3(x + 3-l) + x(l+2)| 

=> 10 = | —10 - 2x + 3x + 6 + 3x | 

=> 4x - 4 = ±10 


be the equation of the line which forms a triangle with 
the coordinate axes of area a sq. unit. Since the line 
passes through (2,2), we have 

- + | = 1 ( 2 - 117 ) 

a b 


We have — \ab\ = a so that 


ab = ±2 a 


(2.118) 


=> 4x = 14 or -6 

7 -3 

=> x = — or — 

2 2 

Therefore, the coordinates of the third vertex C are 
7 131 (-3 3 

2’TJ ° r iT’2 

Answer: (A), (D) 


Matrix-Match Type Questions 


i. 


A(-2, 1), 5(5, 4) and C(2, - 3) are the vertices of 
A ABC. AD, BE and CF are the altitudes of the tri¬ 
angle and M is the midpoint of BC. Match the items 
of Column I with those of Column II. 


Column I 

(C) Equation of the 
median AM is 


(D) Equation of the alti- 


Column I 

Column II 

tude CF is 

(A) Equation of AD is 

(P) x-y- 1 = 0 


(B) Equation of BE is 

(q) jc+lly-9 = 0 



Column II 

(r) 7x + 3y-5 = 0 

(s) jr + lly-ll = 0 

(t) 3x + 7y —1 = 0 


( Continued ) 
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Solution: 

(A) Slope of BC is 


4 + 3 7 


5-2 3 

Therefore, the equation of the altitude AD is 

y~ l = y(* + 2 ) 


■ 3x + ly — l = 0 


Answer: (A) -+> (t) 


(B) Slope of CA is 


1+3 


= -l 


- 2-2 

Therefore, the equation of the altitude BE is 
y- 4 = 1(jc — 5) 

=>x-y -1 = 0 

Answer: (B) —> (P) 

(C) The midpoint of BC is 

z r 

, 2 ’ 2 , 

and the slope of the median AM is -1/11 so that 
the equation of the median AM is 

y —1= — (x + 2) 

=> x + lly-9 = 0 


Answer: (C) —> (q) 


(D) Lastly, the slope of AB is 

4-1 3 

5 + 2“ 7 

and hence the equation of the altitude CF is 
y + 3 = y(r-2) 

=> 7x + 3y-5 = 0 

Answer: (D) —> (r) 

2. Match the items of Column I with those of Column II. 


Column I 


Column II 


(B) If A( 1, 2), 5(4, 6), C(5, 7) and (q) 1 
S(a, b) are the vertices of a par¬ 
allelogram in the given order, 
then the value of a + b is 


(C) u\£, r - 
q s 


is the centroid of 


A ABC given in (B), then the 
p + r 


value of 


q + s — 1 


is 


(0 4 


(D) 


Let p = lim lim cos 2 " |m nx 
where x rational and q = lim 
lim cos 2 "' \ n x, where x is irra- 

m —>°o 

tional. Then the area of the tri¬ 
angle with vertices (p , q ), (2, 1) 
and (-2,1) is 


( s ) 3 


(t)5 


Solution: 

(A) Since | PRQ = 90°, in general, the locus represented 
by R is a circle with P and Q as ends of the diam¬ 
eter. Because area of A PQR is 2 sq. unit, there will 
be four positions for R (two each in the two semi¬ 
circles for which PQ is a diameter). 

Answer: (A) -+ (r) 

(B) It is known that a = 1+ 5-4 = 2 and b= 2 + 7-6 = 3. 
Therefore a + b= 5. 

Answer: (B) —» (t) 

(C) Centroid f 1° IfU P + r = ZZ = 5 

( 3 ’ 3 J q + s-1 5 

Answer: (C) -+ (t) 

(D) We have 

p = x (\m is even and cos[m n = 1) 

Similarly, q = x. Since p = x is rational and q = x is 
irrational, we have p = q = 0.Therefore, (p,q) = (0,0). 
Hence the area of the triangle is 

112(1)-(-2)(1) h 2 

Answer: (D) -+ (P) 


Column I 

Column II 

(A) If the line segment joining the 
points P(l, 3) and <2(5, 7) sub¬ 
tends a right angle at a point R, 
such that the area of A PQR is 

2 sq. unit, then the number of 
such points R is 

(P)2 

( Continued ) 


3. In Column I, a family of concurrent lines is given and 
their points of concurrence are given in Column II. 
Match the items of Column I with those of Column II. 


Column I Column II 

(A) If a, b,c are real as 2a + 3b + c= r 2 3 A 
0, then the lines ax + by + c = 0 (p) I 7> 7 I 

are concurrent at 


( Continued ) 
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Worked-Out Problems 


Column I 


Column II 


(B) If a is a parameter, then the 
family of lines (1 + a)x + (2 - a) 
y + 5 = 0 is concurrent at 

(C) The lines (a - d)x + ay + (a + d) 
= 0 for different values of d are 
concurrent at 

(D) For different values m and n, 
the lines (m + 2n)x + (m - 3 n)y 
— m + n = 0 are concurrent at 


(q) (2,3) 

( r ) (1,2) 

(s) (t-i 

(t) (1,-2) 


Solution: 

(A) 2a + 3b + c = 0=>ax + by + c=0 passes through 
(2,3). 

Answer: (A) -» (q) 

(B) The equation (l + a)x + (2-a)y + 5 = 0 is written as 
(x + 2y + 5) + a(x — y) = 0, Flence, by Theorem 2.12, 
the line passes through the intersection of the lines 
x + 2y +5 = 0 and x - y = 0 and the point of inter¬ 
section is 

-5 ^ 

~3’ T 

Answer: (B) —>(s) 

(C) The equation (a - d)x + ay + (a + d) = 0 is written 
as a(x + y + 1 ) + d(l - x) = 0 so that this line passes 
through the intersection of the lines 1 - x = 0 and 
x + y +1 = 0 which is given by ( 1 ,- 2 ). 

Answer: (C) -> (t) 

(D) The equation (m + 2n)x + (m-3n)y-m + n = 0 is 
written as m(x + y- 1) + n(2x-3y + l) = 0 . Hence, 
the line passes through the intersection of the lines 
x + y -1 = 0 and 2x - 3y +1 = 0 which is given by 

2 3 
5’5 

Answer: (C) —> (P) 

3. Match the items of Column I with those of Column II. 


Column I 


Column II 

(A) The equation of 

the 

(p) 22x + 25y-69 = 0 

line perpendicular to 

4x + y - 1 = 0 

and 


passing through 

the 


intersection of 

the 


lines 2x - 5y + 3 

= 0 


and x - 3y - 7 = 0 

is 



Column I Column II 

(B) The equation of the (q) x-4v-24 = 0 
line passing through 

the intersection of the 
lines 3x - 2y + 10 = 0 
and 4x + 3y - 7 = 0 and 
also passing through 
the point ( 2 , 1 ) is (r) x - 2y - 6 = 0 

(C) Equation of the line 
which passes through 
the point (-2,-4) and 
has sum of its inter¬ 
cepts equal to 3 is 

(s) *-3y + 5 = 0 

(D) A = (1, 2 ),B = (3, 4) 
andC = (2,7). Equa¬ 
tion of the line pass¬ 
ing through A = (1, 2) 
and perpendicular to 

the line BC is (t) 4x - y + 4 = 0 


Solution: 

(A) Any line passing through the intersection of the 
lines 2x-5y + 3 = 0 and x-3y-7 = 0 is of the 
form 


(2 x - 5y + 3) + X(x - 3y — 7) = 0 (see Theorem 2.20) 
=> (2 + A)x - (5 + 3A)y + 3 - 7A = 0 
This line is perpendicular to the line 
4jc + y -1 = 0 

—l(-4) = -l 
,5 + 3Aj 

=> 8 + 4A = 5 + 3A 
=> A = — 3 

Hence, the required line is 


-x - (-4 y) + 3 + 21 = 0 
=> (x - 4y) - 24 = 0 

Answer: (A) — » (q) 

(B) The required line equation is of the form 
(3x-2y + 10) + A(4x + 3y - 7) = 0. This passes 

through the point ( 2 , 1 ) which implies that 

[3(2) - 2(1) +10] + A(8 + 3 - 7) = 0 

=>14 + 4A 


Hence the required line is 


( Continued ) 
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(3x-2y + 10)-|(4.r + 3y-7) = 0 

=> -22x - 25y + 69 = 0 
=> 22 x + 25 y — 69 = 0 

Answer: (B) —> (q) 


(C) Let the line be 



^ = 1 
a b 


Therefore 

= 2-1 = 1 



a b 


or 

4a+2b = —ab 

( 2 . 120 ) 

and 

a + b = 3 

( 2 . 121 ) 


Solving Eqs. (2.120) and (2.121), we have a = —1, 
b = 4 or a = 6,b = -3. 

Case 1: a = -1, b = 4. The line is 


Column I Column II 

(B) If A(-5,6),B(-l,-4) (q) 9x + y-3 = 0 
and C(3,2) are the 

vertices of a triangle, 
then the equation of 
the line passing 
through the centroid 

and the circumcentre (r) 28x-21y+12 = 0 
of A ABC is 

(C) The equation of the 

line passing through 

the point ( 1 ,- 6 ), 

whose product of the , , _ „ „ 

r , (s) jc+2v-8 = 0 

intercepts on the axes 

is 1 , is 

(D) The equation of the 
line whose x-intercept 
is -3/7, and is per¬ 
pendicular to the line (t) 4x + y + 2 = 0 
3x + 4y - 10 = 0, is 


Solution: 


=> 4.v - y + 4 = 0 

Case 2: a = 6,b = —3. The line is 


* + ^ = 1 


6 -3 
x — 2y — 6 = 0 

Answer: (C) -+ (r), (t) 


(D) The slope of BC is 


7-4 

2-3 


= -3 


Hence, the equation of the line passing through 
.4(1,2) and perpendicular to the line BC is 

1 


y~ 2 = -(x-i) 
• x — 3y + 5 = 0 


Answer: (D) —> (s) 


(A) Let the line be 


± + l = l 


2 a a 

Since it passes through the point (2,3), we have 

A + l =1 

2 a a 

=>2 + 6 = 2 a 
=> a = 4 

Hence the required line equation is 

^ = 1 
8 4 

=>x + 2y-8 = 0 

Answer: (A) —» (s) 

(B) We have G as the cenrtroid of A ABC which is 
given by (-1,4/3). Equation of the perpendicular 
bisector of the side BC is 


4. Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) Equation of the line 

(p) 2x + 33y-46 = 0 

through the point ( 2 , 

3), such that its 


^-intercept is twice its 


y intercept, is 



2;c + 3y+l = 0 (2.122) 

Equation of the perpendicular bisector of the side 
AB is 

2x-5y + ll = 0 (2.123) 

Solving Eqs. (2.122) and (2.123), the circumcentre 
oiAABC is given by 



(i Continued ) 
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° r s= (^'j) andG= ( _1 4 

Then the slope of the line SG is 

(5/4)-(4/3) _-l„ 8 _ 2 
(—19 / 8 ) +1 12 -11 33 

Hence, the equation of the line SG is 

y— = —(x + 1 ) 

7 3 33 v ' 


6 . Match the items of Column I with those of Column II. 


• 2x - 33 y + 46 = 0 


Answer: (B) -> (P) 

(C) Let the equation of the line be 

* , 

— +ay = 1 
a 

This passes through (1, - 6 ).This implies that 

— - 6a = 1 
a 

=> 6 a * 2 * 4 +a —1 = 0 

=> (3a - l)(2a +1) = 0 

-1 1 
=> a = —, — 

2 3 

Therefore, the required lines are 

-2x — y = 1 and 3x + — y = 1 
2 3 

=> 4.v + y + 2 = 0 or 9x + y - 3 = 0 

Answer: (C) —> (q), (t) 

(D) Let the required line be 


* -+> = 1 


(-3/7) b 


^ + y=i 

3 b 


Since this line is perpendicular to the line 
3x + 4y-10 = 0, we have 


f ItH —t 


Column I 


Column II 


(A) Equation of the line with (p) x + 4y - 8 = 0 
x-intercept 4 and passing 

through the point (2, - 3) is 

(B) Equation of the line pass- (q) 3x-2y = 12 
ing through (4,1) and form¬ 
ing a triangle with positive 

coordinate axes whose area 
is 8 sq. unit is 

(C) Equation of the line with ( r ) x + y~7 = ® 
equal intercepts on the 

axes and is passing through 
the point ( 2 ,5) is 

(D) Equation of the line which ( s ) 2x + v +1 = 0 
makes an angle of 135° 

with the positive direction 
of the axis and makes an 
intercept of 8 on y-axis is 

(t) x + y -8 = 0 

Solution: 

(A) Equation of the line is 

^ = 1 
4 b 

It passes through (2,-3). This implies that 

2 -3 -3 1 , , 

- + — = 1 => — = -=>£ = - 6 

4 b b 2 

Hence, the equation of the line is 

±~y=i 

4 6 

=> 3x —2y = 12 = 0 


Answer: (A) (q) 


(B) Let 


^ = 1 


Therefore, the required line is 

^ + Zz =1 

3 4 

=> 28x - 21 y + 12 = 0 


Answer: (D) —> (r) 


It passes through (4, 1) and forms a triangle with 
positive axes having area 8 . Therefore 


and 


- + - = 1 
a b 

|( ab) = 8 


(2.124) 

(2.125) 


From Eqs. (2.124) and (2.125), a = 8 and b = 2. 
Hence, the equation of the line is 
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— + — = 1 or x + 4y - 8 = 0 
8 2 

Answer: (B) —> (P) 

(C) Equation of the line with equal intercepts on the 
axes is 

* y i 

— + — =1 or x+y = a 
a a 

This passes through the point (2,5) implies that a = l 
Hence, the line is 

x + y-7=0 

Answer: (C) —> (r) 

(D) Let the line be y = (tan 135°)x + c where c = 8 . That 
is,y = -x + 8 or x + y -8 = 0 . 

Answer: (D) —» (t) 

7. Match the items of Column I with those of Column II. 


Column I 


Column II 


0 represents a pair of lines, then 
the value of c is equal to 
If 6x * 2 + 2hxy - 6 y 2 + x + 5y-l=0 
represent a pair of lines, then 2 h 
value (h ^ 0 ) is 

If 12x 2 + Ixy - ky 2 + 13x - y + 3 = 
0 represents a pair of lines, then 
the value of k is 

If d is the distance between the 
parallel lines represented by the 
equation 9x 2 - 24. xy + 16y 2 - 12x + 


Solution: 

(A) The given equation represents pair of lines. By 
Theorem 2.31, we have 

6 1 9 

2 2 

- -6 10 = 0 
2 

- 10 

2 

=> 6 (- 6 c -100) -y - 45 j + 1 (25 + 27) = 0 

=> 24(-6c -100) - 5(5c - 90) +18 x 52 = 0 

=> -169c - 2400 + 450 + 936 = 0 
=>-169c =1014 
=> c = -6 

Answer: (A) -» (r) 


(B) By Theorem 2.31, we have 
6 h 
h —6 
5 - -1 


= 0 


25 


' 6 l 6 -Tj-V-iH(f +3l=0 

-6 .2 5 h 5 h 3 
=>— + h + — + — h — = 0 
4 4 4 2 

=>4/z 2 + 10/i = 0 

=>2/z(2/z + 5) = 0 

=> h = 0 or h = — 

2 

Since h ^ 0, we have 2h = -5. 


Answer: (B) —> (s) 


(P )8 

(C) We have 

(q )6 


12 

7 13 

2 ~2 



7 

k _1 

(r )-6 


2 

13 

2 

-1 3 



2 

2 

(s)-5 

=> 12 ^ 

3t 4)- 

(t )-10 


12 ( 12 /c - 1 ) 

4 


= 0 


7(21 13 ^ 131-7 13 k 


= 0 


21 2 


= 0 


8 8 4 

=> 288 k - 24 - 385 - 91 - 338A: = 0 
=>-50 k = 500 
=> A: = -10 

Answer: (C) —> (t) 

(D) If ax 2 + 2hxy + by 2 + 2gx + 2xy + c = 0 represents 
a pair of parallel lines, then the distance between 
them (see Problem 44 of the section ‘Subjective 
Problems’) is 


lg 2 ~ac 


V a(a + b) 

We have a = 9, b = 16, g = -6 and c = -12. Therefore 
I g 2 -ac /36 + 108 2x12 8 


I a(a + b ) 


9x25 3x5 


■5d = 8 


Answer: (D) (P) 
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Worked-Out Problems 


8 . Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) The angle between the lines n 
joining the origin to the (P) ^ 
points of intersection of the 

line 3x - y = 2 and lx 2 - 4xy 
+ 8 y 2 + 2x - 4y - 8 = 0 is 

(B) The angle between the lines (q) \ 
represented by the equation 

12x 2 + Ixy - 10y 2 + 13x - y + 

3 = 0 is 


(C) The angle between the lines n 
joining the origin to the points ( r ) T 
of intersection of the curve 

2x 2 + 6 xy + 3 y 2 + 4x + 2y-36 = 

0 and the line x - 2 y - 6 = 0 is 

(D) If the lines joining the origin Tanq — 

to the points of intersection V 2 

of the curve 2x 2 - 2 xy - 3y 2 + 

2x - y — 1 = 0 and the line 
x + 2y=k are at right angles, 
then the value of k is (t) -1 


Solution: 

(A) Suppose the line 3x - y = 2 meets the curve at the 
points A and B. Then, by Theorem 2.33, the com¬ 
bined equation of the pair of lines OA and OB is 

7x 2 -4xy + 8 y 2 + (2x-4y)(^^Zj-8^^^j =0 

In this equation, 

Coefficient of x 2 + Coefficient of y 2 

= (1 + 3- 18) + (8 + 2 - 2) 

= -8 + 8 = 0 

Hence 

\AOB = — 

- 2 

Answer: (A) -» (P) 


(B) If the angle between the lines is 0, then 

2 jh 2 -ab 7(49/4) + 120 [529 23 

\a + b\ |12 —10| V 4 2 


Hence 


Q = Tan ^ 1 



Answer: (B) —> (s) 


(C) Suppose the line x-2y-6 = 0 meets the given 
curve at points A and B. Hence, the combined 
equation of the pair of lines OA and OB is 

2x 2 + 6 xy+ 3y 2 + (4x+ 2 y)^^— _?Zj_36^^—-ZZ j =o 

In this equation, the coefficient of x 2 + the coeffi¬ 
cient of y 2 is 



Hence 


| AOB = - 
- 2 

Answer: (C) —> (P) 

(D) The combined equation of the pair of lines is 

. x 2 

2x 2 — 2xy + 3y 2 + (2x - y) I 


x + 2y^\ ^x + 2y 


= 0 


Since the given two lines are at right angles, in the 
above equation, the coefficient of x 2 + the coeffi¬ 
cient of y 2 = 0. This implies 

2+ l_J_ ) + ( 3 *4i.„ 

k k 2 ) { k k 2 
■ 5k 2 - 5 = 0 
• k = +1 


Answer: (D) —> (q), (t) 


Comprehension-Type Questions 

1. Passage: Consider the straight line 3x + y + 4 = 0. An¬ 
swer the following questions. 

(i) The point on the line 3x + y + 4 = 0 which is 
equidistant from the points (-5, 6 ) and (3,2) is 

(A) (-1,-1) (B) (-2,2) 

(C) (-3,5) (D) (“,-3) 

(ii) Equation of the line passing through the point 
( 1 , 1 ) and perpendicular to the given line is 


(A) x — 3 _y + 4 = 0 (B) x-3y+5 = 0 

(C) x - 3y - 4 = 0 (D) x-3y + 2 = 0 

(iii) If the line y + 5 = k(x - 3) is parallel to the given 
line then the area of the triangle formed by this 
line and the coordinate axes (in sq. units) is 

(A) | (B) ^ (C) 4 (D) 5 
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Solution: 

(i) Let A = (-5, 6) and B = (3,2). The slope of AB is 

6-2 _ -1 
-5-3 ~y 

and the midpoint of AB = (-1, 4). Hence, the per¬ 
pendicular bisector of the segment AB is 
y — 4 = 2(x + l) or 2x — y + 6 = 0. Solving this equa¬ 
tion and the given line equations, we have x = —2 
and y= 2. Thus, (-2, 2) is the point on the given 
line which is equidistant from both A(-5,6) and 
5(3,2). 

Answer: (B) 

(ii) Line perpendicular to the given line is of the form 

1 

y=-x+c 

3 


(A) x-y +1 = 0 (B) x + y- 3 = 0 

(C) 2jc+v-4 = 0 (D) 3x-y-l = 0 

(iii) The locus of the feet of the perpendiculars from 
the origin on each of the lines of the members of 
the family is 

(A) (2x — l) 2 + 4(y +1) 2 =5 

(B) (2x - 1) 2 + (y +1) 2 = 5 

(C) (2x + 1) 2 + 4(y -1) 2 = 5 

(D) (2x - 1) 2 + 4{y -1) 2 = 5 

Solution: 

(i) The slope of a line belonging to the given family is 

3 + 4A 
1+A 


This line passes through (1,1). It implies that 


, 1 2 
1 = — + c => c = — 
3 3 


Thus, the required line is 


x 2 

y = —+ — or jt-3y + 2 = 0 
3 3 


Answer: (D) 


(iii) The line y + 5 = k(n - 3) is parallel to the given line 
=> k = -3.That is, 

3x + y = 4 


or 


* -+* = 1 


(4/3) 4 
Hence, the area of the triangle is 
1(4 


fl 5 1(4)4 


Answer: (A) 


2. Passage: Consider the family of concurrent lines 
which are concurrent at (1, 2) represented by the 
equation (3x - y - 1) + A(4x - y - 2) = 0, where A is a 
parameter. Answer the following questions. 

(i) A member of the family with positive slope which 
makes an angle 45° with the line (3 jc — 4y — 2) = 0 
is 


and the slope of the line 3.r-4_y-2 = 0 is 3/4. 
Therefore, by hypothesis, we have 


1 = tan 45° = 


3 + 4A 3 
1+A 4 


l + [3(3 + 4A)/ 4(1 +A)] 


13A + 9 
16A + 13 


Therefore, 16A + 13 = ±(13A + 9). Hence 

a = _4 _22 
3’ 29 

Case 1: When we have 

A = -- 
3 

the slope is 

3 + 4A_3-(16/3)_^ 

1+A ” 1—(4/3) ~ 

Hence, the required equation is 

(3x-y-l)-j(4x-y-2) = 0 

=> -lx + y + 5 = 0 
=> lx-y-5 = 0 
Case 2: When we have 



(A) lx-y-5 = 0 (B) 4.r - 3y + 2 = 0 

(C) x + 7y-15 = 0 (D) 5x-3y-4 = 0 

(ii) Equation of the line belonging to the given fami¬ 
ly which is perpendicular to the line x + y -1 = 0 
is 


the slope is 

3-(88/29) _ -1 
1 — (22 / 29) ~ ~1 

Thus, the required line is lx-y-5-Q. 

Answer: (A) 
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(ii) By hypothesis, we have 


3 + 4A 

1 +A 


(-!) = -! 


=> A = — 


2 

3 


Hence, the required line is 


(3x-y-l) 


|(4x-y-2) = 0 


=> x-y+l=0 


Answer: (A) 


jL -l = z -3 = -2(l + 3-2) 

1 1 1 2 + 1 2 ^ 7 


Since the line BC is same as the line A'C, its equa¬ 
tion is 


y -1 


=>y-i 


1 + (2 / 5) 
-1 + (2 / 5) 

— (x+1) 
3 v ' 


(x + 1) 


=> 7x + 3y + 4 = 0 


Answer: (B) 


(iii) Let A = (1,2) at which the given family of lines are 
concurrent and O be the origin. If P is the foot of 
the perpendicular from origin O onto any line of 
the family then P lies on the circle drawn on OA as 
diameter because | APO is equal to 90°. The circle 
with (0,0) and (1,2) as ends of a diameter is 


(ii) Solving the equations of the line BC and the angle 
bisector of | ABC , we have 



Answer: (D) 


x(x-l) + y(y-2) = 0 (see Chapter 3) 

=> x 2 + y 2 — x - 2y = 0 
=> (2x — l) 2 + 4(y — l) 2 = 5 

Answer: (D) 


3. Passage: In A ABC, A = (1, 3) and C = (-2/5, -2/5) 
are two vertices and x + y- 2 = 0is the equation of 
the internal bisector of | ABC . Answer the following 
questions. 


(i) 

(ii) 


Equation of the side BC is 
(A) 7x-3y-4 = 0 
(C) 7x + 3y-4 = 0 
The coordinates of B are 


(A) i£4 


10 10 


(C) I All 
v ' 1 10 10 


(B) 

7x + 3y + 4 = 0 

(D) 

7x - 3y + 4 = 0 

(B) 

(1,1) 

(D) 

(-5 9 



(iii) Equation of AB is 

(A) 3x + 7y + 24 = 0 

(B) 13x + 7y + 8 = 0 

(C) 3x + 7y-24 = 0 

(D) 13x-7y + 8 = 0 


Solution: 

(i) The image of A(l, 3) on the bisector of | ABC lies 
on the line BC. Therefore, if A' is the image of 
A(l,3) in the line x + y-2 = 0,then 


(iii) Since A = (1,3) and B= (-5/2,9/2), the equation of 
AB is 3x + 7y-24 = 0. 

Answer: (C) 

4. Passage: Suppose a line lx + my = 1 meets a second- 
degree curve ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 at 
two points A and B. Then, the combined equation of 
the pair of lines OA and OB is ax 2 + 2 hxy + by 2 + (2gx 
+ 2 fy){lx + my) + c(/x + my) 2 = 0 which is a second- 
degree homogeneous equation. Answer the following 
questions. 

(i) All chords of the curve 3x 2 - y 2 - 2x + 4y = 0 
which subtend right angle at the origin will pass 
through a fixed point whose coordinates are 

(A) (-1,2) (B) (1,-2) 

(C) (1,2) (D) (-1,-2) 

(IIT-JEE 1991) 

(ii) If the intercept of the line lx + my = 1 made by 
the curve x 2 + y 2 - a 2 = 0 subtends right angle at 
the origin, then / 2 + m 2 is equal to 

(A) 4 (B) 4 (C) 2u 2 (D) 3u 2 

a a 

(iii) The line y = mx + c makes an intercept on the 
curve y-4«x = 0 which subtends angle at the 
origin. Then, the line y = mx + c passes through 
a fixed point whose coordinates are 

(A) (2a, 0) (B) (a, 0) 

(C) (3a,0) (D) (4a, 0) 


(IIT-JEE 1994) 
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Solution: => a 2 {l 2 +m 2 )= 2 

(i) Suppose lx + my = 1 is a line meeting the curve 

3x 2 - y 2 - 2x + 4y = 0 at points A and B. Therefore, => l 2 + m 2 = 

the combined equation of the pair of lines OA and a 

OB is Answer: (A) 


3x 2 - y 2 - ( 2x - 4 y){lx + my) = 0 
Since | AOB = 90°, in the above equation, the coef¬ 
ficient of x 1 + the coefficient of y 2 = 0. Therefore, 
(3-2/) + (-l+4m) = 0 

=> l-2m -1 = 0 

Hence, the line lx + my -1 = 0 passes through the 
point (1,— 2). 

Answer: (B) 

(ii) Suppose the line lx + my = 1 intersects x 2 + y 2 = a 2 
at points A and B. Therefore, the combined equa¬ 
tion of the pair of lines OA and OB is 

x 2 + y 2 = a 2 {lx + my) 2 = 0 


(iii) Suppose the line y = mx + c, where c ^ 0. meets the 
curve y 2 - 4 ax = 0 at two points A and B. The com¬ 
bined equation of the pair of lines OA and OB is 


y 


2 


- 4ax 


y~ mx j _ 0 


Now, \AOB = 90° => the coefficient of :r 2 + the 
coefficient of y“ = 0. This means 


4am 


+ 1 = 0 


c 


=> c = -4 am 


Therefore, the equation of the line is 
y = mx + c = mx - 4 am 


Since \AOB = 90°, in the above equation, the coef¬ 
ficient of x 2 + the coefficient of y 2 = 0. That is, 

{1- a 2 l 2 ) + {l- a 2 m 2 ) = 0 


=> y = m(x-4a) 

which passes through the fixed point {4a, 0). 

Answer: (D) 


Integer Answer Type Questions 

1. The area of the quadrilateral formed by the lines 
|x| + |y| = 1 is_sq. unit. 

Solution: The given quadrilateral is a square with ver¬ 
tices (1, 0), (0,1), (-1, -1) and (0, -1), and hence its area 
is (V2) 2 =2. 

Answer: 2 


2. Two rays in the first quadrant, x + y = \a\ and ax - y = 
1, intersect each other in the interval fle(fl 0 ,°°).The 
value of a 0 is_. (IIT-JEE 2006) 

Solution: Solving the given two equations, we have 


1+ a 

x =-— 

1 + a 


and 


y = ax — 1 = 


fl(l+|u|) 

1 + a 


a\a\ — 1 
1 + a 


Since the two rays intersect each other in the first quad¬ 
rant, we have x > 0 and y > 0 which implies that 

l + n>0 and fl|fl|-l>0 

Therefore, if -1 < a < 0, then the a{-a) -1 > 0 which is not 
sensible. Hence, a e (—1,0). If a = 0, then the lines x + y = 0 
and y = -1 intersect in fourth quadrant. Thus, a ^ 0. 
Hence, a > 0 and u 2 -1 > 0 =+> « >1. Therefore, a 0 = 1. 

Answer: 1 


3. The orthocentre of the triangle formed by the lines 
x + y = l,2x + 3y = 6 and 4x - y + 4 = 0 lies in the quad¬ 
rant whose number is_. 


Solution: Solving the above equations taken two by 
two, the vertices of the triangle are 



5(-3,4),andc(y,yJ 


The equation of the altitude drawn from A to the side 
BC is 


=>3x-2y = -5 (2.126) 

Again the equation of the altitude from B onto CA is 

y-4 = y(* + 3) 

=> x + 4y = 13 (2.127) 

Solving Eqs. (2.126) and (2.127), the coordinates of the 
orthocentre are 
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Worked-Out Problems 



,33 , , 45 

h = — and k = — 
7 14 


which lies in quadrant number 1. 

Answer: 1 

4. If the lines 3x - 5y + 9 = 0, 4x + ky - 28 = 0 and 13x - 
8y - 1 = 0 are concurrent, then the value of k is 


Solution: Since the lines are concurrent, by Theorem 
2.22, we have 


Hence 


(*i>yt) 


33 451 

T’wJ 


Solving Eqs. (2.128) and (2.129), we have 

h = — and k = — 

7 28 


Thus 


3 -5 

4 k 
13 -8 


9 


-28 


= 0 


-1 


=> 3 {-k - 224) + 5(-4 + 364) + 9(-32 - 13A:) = 0 
=> -120 A: - 672 +1800 - 288 = 0 
=> -120 k = -840 


Therefore 


, ,_IZ12 15 

( X 2' y 2) I 7 ’28 


* l +*2 


33 _ 12 _ 21 

yyy 


Answer: 3 


=> k = 7 


Answer: 7 


5. If the slope of the line ax + (3 - a)y + 7 = 0 is 7, then 
the value of integral part of a is_. 

Solution: By hypothesis, we have 


3 -a 

=> —a = 21- la 
7 

=> a = — 

2 

=>[u]= 3 

Answer: 3 


6 . If {x v yq) and (x 9 , y 2 ) are two points on the line 5x 
- 12 y + 5 = 0 that lie at a distance of 3 units from the 
line 3x + 4y - 12 = 0, then the value of is x 1 + x 2 is 


Solution: Let (h, k) be a point on the line 5x - 12y + 
15 = 0 whose distance from the line 3x + 4_y -12 = 0 is 3 
units. Then 


5h — 12k = —15 


and 


3h + 4k -12 
v/3 2 + 4 2 


which gives that 


(2.128) 


7. The points A(0, 4), 5(5,1) and C(l, - 3) are the ver¬ 
tices of a triangle. If h is the altitude from A to BC 
and A is the area of the triangle, then /z 2 /A is equal to 


Solution: See Fig. 2.90. We have 

A = i 1 0(1 + 3) + 5(-3 - 4) +1(4 +1)| = 16 
Length BC= ^/(5-l) 2 +(l + 3) 2 = 4V2. Therefore 
\h{BC) = a =>|(/i)( 4V2)=16 
Hence, h = (4^2) and h 2 = 32. So 


32 

T" 16 

A(0, 4) 



(1,-3) 


FIGURE 2.90 


Answer: 2 


3h + 4k = 27 

or 3 h + 4k = -3 

Solving Eqs. (2.128) and (2.129), we have 


(2.129) 

(2.130) 


8 . If one of the lines represented by the equation mx 2 - 
(1 - m 2 )xy - my 2 = 0 bisects angles between the coor¬ 
dinate axes, then \m\ is equal to_. 
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Solution: The given equation is x 2 + m 2 xy - xy - my 2 
= 0. That is, mx(x + my) - y(x + my) = 0. Therefore, the 
lines are x + my = 0 and mx — y = 0. The angle bisectors 
of the coordinates are y = x and y = —x . Hence, m = +1 
or \m\ = 1. 

Answer: 1 

9. Consider the lines ax + y + 1 = 0, x + by + 1 = 0 and 
x + y + c = 0, where a , b and c are distinct and differ¬ 
ent from 1. Then 


Since equation of B C is the equation of BA', we have 
the equation of BC as 


1 1 — (2 / 5) 

y —1 = -(x-2) 

2 - (9 / 5 y ’ 

=>y-l = 3(x-2) 

=>3x-y-5 = 0 

so that a = 3, b = -l. Hence, a-b = 4. 


Answer: 4 


111 

- 1 - 1 - 

1 —a 1 —b 1 — c 

is equal to_. 

Solution: Since the lines are concurrent, we have 


all 
1 b 1 
11c 


= 0 


Using C 2 -C 1 and C 3 -CJ (where C l5 C 2 and C 3 are 
used to denote the three columns), we have 


a 1-a 1-a 


1 

1 


b-1 


0 


= 0 


0 c-1 


11. If the equation of the bisector of the acute angle be¬ 
tween the lines 2x - y + 4 = 0 and x - 2y - 1 = 0 is 
ax + by + 1 = 0, then the value of a - b is equal to 


Solution: The lines are 2x-y + 4 = 0 and x-2y + l = 0 
in which c± and c 2 are positive and 

a x a 2 + b x b 2 = 2 + 2 = 4>0 

Hence, by Theorem 2.26, the acute angle bisector is 
2x-y+4 (x — 2y — l) 

75 ~ V5 

=> 3x - 3y + 3 = 0 
=> x-y+l = 0 


=> —l)(c —1) —(1 —a)[c — 1 — 0] + (1 —a)[0 —(fe — 1)] = 0 

=> a(l- b )(1 - c) + (1 - a)(l- c) + (1 - a)(l- b) = 0 

Dividing by {1-a)(l-b)(l-c), we get 

all 

-+-+-= 0 

1-a 1 —b 1—c 

Adding both sides by 1, we get 

111- 

-+-+-= 1 

1-a 1 — b 1 — c 

Answer: 1 

10. In A ABC, the vertex A = (1,2), y = x is the perpen¬ 
dicular bisector of the side AB and x - 2v +1=0 is 
the equation of the internal angle bisector of [C. If 
the equation of the side BC is ax + by - 5 = 0, then the 
value of a - b is_. 

Solution: Since y = x is the perpendicular bisector of 
the side AB and A = (1,2), we have B = (2,1). Since the 
image A\x, y) of A in the angular bisector x - 2y +1=0 
lies on the line BC, we have 


Hence, 


a - b = 1 - (-1) = 2 

Answer: 2 


12. The number of possible straight lines passing through 
(2, 3) and forming a triangle with coordinate axes 
whose area is 12 sq. unit is_. 

Solution: Let 


^ = 1 
a b 


be the line. Therefore 


and 

or 


~j\ab\ = 12 
ab = ±24 


(2.131) 


(2.132) 


Case 1: When ah = 24, from Eq. (2.131), we have 
3a+2b = ab = 24. Hence 


x-l_ y-2 _ -2(l-2(2) + l)_ 4 
~~^2~ l 2 + 2 2 "5 

Therefore, 



3a + 2^—j = 24 

=> 3 a~ — 24a + 48 = 0 
=> a 1 - 8a +16 = 0 
=s> a = 4, h = 6. 
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Summary 


Case 2: When ab = -24, from Eq. (2.131), we have 


=> a 2 + 8a —16 = 0 


3a + 2b = -24 


> 3fl + 2| 1 = -24 


■ 3 a + 24 a - 48 = 0 


-8 + >/64 + 64 /— 

=>n =---= -4±4V2 

2 

Therefore, b will have two values corresponding to a. 
Hence, the number of lines is 3. 

Answer: 3 


SUMMARY 


2 . 1 . Slope of line: Let / be a non-vertical line (i.e., / is not 
parallel to y-axis) making an angle 0 with the posi¬ 
tive direction of v-axis. Then, tan <9is called the slope 
of the line /. Generally, the slope of a line is denoted 
by m. 

Caution: The concept of slope is followed only for 
non-vertical lines. 

Note: Slope of a horizontal line (which is parallel to 
v-axis) is always zero. 

2.2. If A(x v y x ) and B(x 2 , y 9 ) are two points on a non- 

*—* . y? — Vi 

vertical line, then the slope of the line AB is ———. 

v 2 -x, 

2.3. Intercepts on the axes: If a line / meets v-axis at 
(a, 0) and y-axis at (0, b ), then a is called v-intercept 
and b is called y-intercept of the line l. 

2.4. Equations of the axis: The equation of v-axis is y = 0 
and the equation of y-axis is v = 0. 

2.5. Various forms of straight line equations: 

1. Two-point form: Equation of the line passing 
through two points (x v yf) and (v 2 ,y 2 ) is 

(v - v,) (y t - y 2 ) = (y - y t ) (v, - v 2 ) 

2. Point-slope form: Equation of the line which is 
having slope m and passing through the point 
(*i>yi) is 

y-yi = m(v-Vr) 

3. Symmetric form: If a non-vertical makes an angle 
9 with the positive direction of v-axis and passes 
through a point (vj,yj), then its equation is 

*-*i _ y-y l 

cos0 sin0 

Note: In the above relation, if we consider that 
each ratio is equal to r (real number), then every 
point on the line is of the form ( x 1 + rcos9. y x + 
rsin#). Also \r\ gives the distance of the point (v,y) 
on the given line from the fixed point ( x 1 ,y 1 ). 


4. Interceptform: If a and b are x and y intercepts of a 

X V 

line (ab ^ 0), then the line equation is — + — = 1. 

a b 

Note: Area of the triangle formed by the coordi- 
v y l|i 

nate axis and the line — + T = 1 is — \ab\ sq.unit. 

a b 2 

5. Slope-intercept form: The equation of a non¬ 
vertical line which is having slope m and 

y-intercept c is 

y = mx + c 

Note: Equation of any line (except the y-axis) 
passing through origin is the form y = mx. 

6. Normal form: Let / be a line whose distance from 
the origin is ON (= p) and ON make an angle a 
with the positive direction of the v-axis. Then, the 
equation of the line / is v cos a+ y sin a = p. 

2.6. Definition (first-degree equation): If a, b and c are 
real and either a or b is not zero, then ax + by + c is 
called first-degree expression in v and y and ax + by + 
c = 0 is called first-degree equation in v and y. 

2.7. Theorem: Every first-degree equation in v and y rep¬ 
resents a straight line and the equation of any line in 
the coordinate plane is a first-degree equation in v 
and y. 

2 . 8 . General equation of a straight line: First-degree 
equation in v and y is called the general equation of 
a straight line. 

2.9. Various forms of ax + by + c = 0 , where abc / 0 : 

1. Slope-intercept form: 



2. Intercept form: 

(-c!a) (- c!b) 
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3. Normal form: 
(a) When c > 0: 


( \ 
-a 


r -b ) 

c 

^\]a 2 +b 2 , 

^sla 2 +b 2 , 

sja 2 + b 2 


(b) When c < 0: 


( \ 
a 

+ y 

r b i 

—c 

y sla 2 +b 2 j 

^sja 2 + b 2 y 

s!a 2 +b 2 


2.10. The line ax + by c — 0 in normal form* Write 

ax + by = -c. Divide by \la 2 + b 2 both sides of the 
equation and then make the right-hand side (RHS) 
positive. 

2.11. Distance of a line from a point: Suppose (x 1 ,y 1 ) 
is not a point on the line ax + by + c = 0. Then, the 
perpendicular distance drawn from (x p y,) onto 
the given line is 

\axi + by 1 + c| 

■si a 2 +b 2 

In particular, if c ^ 0, then the distance of the origin 
from the line is 


sia 2 + b 2 

2.12. Distance between two parallel lines: The distance 
between the parallel lines ax + by + c = 0 and 
ax + by + c' = 0 = 0 is 


sja 2 +b 2 


tan# = 


»q - m 2 
1 + m l m 2 


and the acute angle is given by 


tan# = 


nq - m 2 
1 +m 1 m 2 


2.15. Condition for parallel and perpendicular: Let 

ape + bp + c 1 = 0 and a 2 x + b 2 y + c 2 = 0 be two 
lines. TTren the following two conditions are 
applicable: 

1. The lines are parallel <=> af> 2 = a 2 b v 

2. The lines are perpendicular to each other if 
and only if a 1 a 2 + b l b 1 = 0. 

2.16. Condition for parallel and perpendicular in 
terms of slopes: Let m ] and m 2 be the slopes of 
two lines. Then, the following two conditions are 
applicable: 

1. The lines are parallel <=> m, = m 2 . 

2. The lines are at right angles, o m 1 m 2 = -1. 

2.17. Equation of the line parallel to the line ax + by + 
c = 0 and passing through the point (x p yq) is 

a(x - x x ) + b(y - yq) = 0 

2.18. Equation of the line passing through the point 
(x p yq) and perpendicular to the line ax + by + c 
= 0 is 


b(x-x 1 )-a(y-y 1 ) = 0 

(2.18)*. The area of the parallelogram formed by the 
lines ape + bp + cq = 0, ape + bp + d 1 = 0, ape + 
b 2 y + c 2 = 0 and ape + b~>y + = 0 is 


2.13. Angle between two lines: If 0 is an angle between 
the lines ap + bp + rq = 0 and ape + b 2 y + c 2 = 0, 
then 


cos 0 = 


api 2 + bfj -2 

y/ fl t + b\ y/ fl 2 + b 2 


where #is acute or obtuse according to the condi¬ 
tions a x a 2 + b 7 b 2 > 0 or < 0. To determine the acute 
angle, we take 


cos# = 


\a l a 2 +b l b 2 \ 
yjaf + b 2 yjal + b 2 


2 14. Angle between the lines in terms of their slopes: If 

9 is an angle between the lines whose slopes are m x 
and m 2 , then 


( c i ~d\)(c 2 -d 2 ) 

a l b 2 ~ a 2 b \ 

2.19. Notation: L = ax + by + c, L n = ax x + by x + c and 
L 12 = ax 2 + by 2 + c. 

2.20. Theorem: Let L = ax + by + c = 0 be a straight 
line and A(x v yq) and B(x 2 , y 2 ) be two points in 
the plane of L = 0. Suppose points A and B are 
not on the line and the line AB is not parallel 
to the line L = 0. Then, the line L = 0 divides the 
segment AB in the ratio -L n :L 22 . 

1. Points A and B are on the opposite sides of 
L = 0 the division is internal division <=> 
-L n :L 22 is positive <=> L n and L ?2 are of 
opposite sign. 

2. Points A and B are on the same side of 
the line L = 0 <=> the division is external 
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Summary 


- L U :L 11 is negatives L n and L 12 are 
of same sign. 

2.21. Origin and non-origin sides of a line: Suppose / is a 
straight line which is not passing through the origin. 
Then, / divides the entire plane into two regions. 
Origin region means, the region in which the origin 
lies. The other is called non-origin region. 

2.22. To determine the position of a point: Let L = ax + 

by + c be a straight line where c ^ 0 and A(x v yf) 
^ (0, 0) be a point which does not lie on the line 
L = 0. Then 

1. A(x 1 ,y l ) lies on the origin side of L = 0 <=> c and 
L n has the same sign. 

2. A(x 1 ,y 1 ) lies on the non-origin side of L = 0 <=> 
c and L n has the opposite sign. 

2.23. Let L = ax + by + c = 0 be a line where c ^ 0. Then 

1. if c > 0, then L n > 0 for all points on the origin 
side and L u < 0 for all points on non-origin side. 

2. if c < 0, then L n < 0 for all points on the origin 
side and L n > 0 for all points in the non-origin 
side. 

2.24. Theorem: Suppose zq = 0 and u 2 = 0 are two parallel 
lines. Then, A 1 u 1 + Z,u 2 = 0 represents lines parallel 
to the lines zq = 0 and u 2 = 0 for all real values of A^ 
and A^ such that |\ | +1 X 2 | =£ 0. 

2.25. Theorem: If zq = 0 and u 2 = 0 are two intersecting 
lines, then for all A x and A 2 (||-+- |A 2 | ^ 0), the 
equation A ] u ] + A 2 u 2 = 0 represents the lines 
passing through the intersection of u l = 0 and ii 2 
= 0. Conversely, the equation of any line passing 
through the intersection of u ] = 0 and u 2 = 0 is A ] u ] 
+ Apu 2 = 0 for some A x and A^. 

Note: Instead of A 1 u 1 + X 2 u 2 = 0, we consider the 
equation zq + Au 2 = 0 which is practically more 
useful. 


2 . 26 . Corollary: Suppose u 1 = 0 and u 2 = 0 are the two 
intersecting lines. Then, the equation of any line in 
the plane of zq = 0 and u 2 = 0 is of the form A 1 u 1 + 
A^llr) + A^ = 0 . 


2 . 27 . Theorem: When the lines ape + bpy + c l = 0, a 2 x + 
b 2 y + c 2 = 0 and ape + bpy + c 3 = 0 are concurrent 
(assuming that no two lines are parallel), then 


zq t>i 
a 2 b 2 
«3 b 3 



2 . 28 . Theorem: Suppose ly = 0, u 2 = 0 and u 2 = 0 are 
three lines such that no two are parallel. If there 


exist non-zero real numbers such that A l u l + fu 2 + 
A 2 u 2 = 0, then the lines u x = 0, u 2 = 0 and zz 3 = 0 are 
concurrent. 

2.29. Theorem (Foot of the perpendicular): Let (x,y)be 
the foot of the perpendicular drawn from the point 
(jq, y 3 ) on to the line ax + by + c = 0, then 

x - x 1 y — y 3 ~(ax 1 + by l + c) 

a b a 2 +b 2 

2.30. Theorem (Image): If (.r,_y) is the image of (x v yf) in 
the mirror line ax + by + c = 0, then 

x — x 1 y-y\ —2(ax 1 + by 1 +c) 

a b a 2 + b 2 

Note: From 2.29 and 2.30, we can write the foot of 
the perpendicular and the image of a point with 
respect to a line. 

2.31. Angle bisectors: If <q.r + lyy + cq =0 and a 2 x + b 2 y + 
c 2 = 0 are two intersecting lines, then the equations 
of their angle bisectors are 

a l x + b l y + c l _ + (a 2 x + b 2 y + c 2 ) 

sl a i + b\ yjc% +bl 

2.32. Acute angle bisector: Suppose ape + b 2 y + cq = 0 
and a 2 x + btf + c 2 = 0 where c x c 2 ^ 0 and c v c 2 are 
of the same sign. If a x a 2 + bf> 2 < 0, then the acute 
angle bisector is 

a 1 x + b 1 y + c 1 a 2 x + b 2 y + c 2 

sl a 1 + b l K s] a 2 +b 2 y 

2.33. Theorem: The second-degree homogeneous 
equation ax 2 + 2hxy + by 2 = 0 represents a pair 
of lines passing through the origin, where h 2 > ab. 
If h 2 = ab, both lines coincide, otherwise they are 
distinct lines. 

2.34. Identities: 

1. Suppose the lines represented by ax 2 + 2 hxy + 
by 2 = 0 are lpc + mpy = 0 and Ipc + m 2 y = 0. Then 

l 2 l 2 = a, lpn 2 + l 2 m l = 2 h, mpn 2 = b 

2. If we consider the lines as y = mpe and y = mpe, 
then 


-2 h a 

m x + m 2 = —— and m= - 
b b 

2 . 35 . Angle between the lines ax 2 + 2 hxy + by 2 = 0: If a 
is the angle between the lines represented by the 
equation ax 2 + 2hxy + by 2 = 0, then 
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a + b 

cosa = . 

^(a-bf+Ah 2 

2slh 2 - ab 

or tan a = - 

a + b 

To determine the acute angle, take the absolute 
value. 

2 . 36 . Condition for orthogonal lines: Suppose ax 2 + 
2hxy + by 2 = 0 represents pair of straight lines. 
Then, they are at right angles if and only if a + b = 
0 (that is, coefficient of x 2 + coefficient of y 2 = 0). 

2 . 37 . Equation of the angle bisectors of the lines 
ax 2 + 2hxy + by 2 = 0 : If ax 2 + 2hxy + by 2 = 0 
represents a pair of distinct lines, then the 
combined equation of the pair of angle bisectors 
of the lines is h(x 2 - y 2 ) = (a - b)xy. 

2 . 38 . Theorem: The area of the triangle formed by 
the pair of lines ax 2 + 2hxy + by 2 = 0 and the line 
lx + my = 1 is 

\lh 2 - ab 

bl 2 - 2him + am 2 

2 . 39 . Theorem: The second-degree general equation ax 2 
+ 2hxy + by 2 + 2gx + 2 fy + c = 0 represents a pair of 


lines parallel to the lines represented by ax 2 + 2hxy + 
by 2 = 0 if and only if 

(i) A = abc + 2fgh - af 2 - bg 2 - ch 2 = 0 

(ii) h 2 > ab, g 2 > ca and f 2 >bc 

2.40. Formula: The area of the parallelogram formed by 
the pairs of lines ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 
0 and ax 2 + 2 hxy + by 2 = 0 is 

H 

— . sq. unit 

2 slh 2 — ab 

2.41. Equally inclined pairs: The pair of lines (PA, PB) 
and (PC, PD) are said to be equally inclined to 
each other if both pairs have the same pair of angle 
bisectors. 

2.42. Theorem: Suppose the line lx + my = 1 intersects 
the second-degree curve ax 2 + 2hxy + by 2 + 2gx + 
2fy + c = 0 at points A and B. Then, the combined 
equation of the pair of lines OA and OB, where 
O is the origin, is given by the equation 

ax 2 + 2hxy + by 2 + (2gx + 2fy) (lx + my) + 
c(lx + my) 2 = 0 

In particular, OA and OB are at right angles if 
Coefficient of x 2 + Coefficient of y 2 = 0 
in the above equation. 


EXERCISES 


Single Correct Choice Type Questions 

1. Equation of the line through (0, -3) and having slope 
-2 is 

(A) y-2x + 3=0 (B) y + 2x-3 = 0 

(C) y + 2x + 3= 0 (D) y- 2x-3 = 0 


(A) 

(C) 


-19 5 
~8~’ 4 

-5 19 

T'~8~ 


(B) 

(D) 


19 5 
~8~’4 

5 -19 
4 ’ ~8~ 


2. Equation of the line passing through (-5,2) and (3,2) 
is 

(A) x-2 = 0 (B) y- 2 = 0 

(C) x + 2 = 0 (D) y + 2 = 0 

3. The points A(-5, 6), B(- 1, -4) and C(3, 2) are three 
non-collinear points. Then, the equation the median 
through point C of A ABC is 

(A) 7x + 6y-l = 0 (B) x + 6y + 9 = 0 

(C) x-6y + 9=0 (D) x + 6y-9 = 0 

4. The circumcentre of the triangle with vertices A (-5, 
6),-B(-1,-4) and C(3,2) is 


5. If the area of the triangle formed by the line 2x + 
3y + c = 0 with coordinate axes is 27 sq. units, then 
c is equal to 

(A) ±16 (B) ±15 (C) +8 (D) +18 

6. If the line 2x + 3by - 13 = 0 passes through the point 

(-2,4), then the value of b is 

5 4 17 19 

(A) - (B) - (C) — (D) — 

v 4 3 12 v ' 12 

7. In the straight line equation xcos a + ysin a = p, if 
p = 6 or a = 30°, then the equation is 

(A) V3x + y —12 = 0 (B) V3 jc + y +12 = 0 

(C) 2x+^j3y -12 = 0 (D) 2;c + V3y + 12 = 0 
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8 . If the line 3x - by - 8 = 0 makes angle 45° with the 
positive directions of the x-axis, then b is equal to 

9 9 

(A) 7,- (B) -7,- 

-9 -9 

(C) -7, — (D) 7, — 

9. The incentre of the triangle whose sides are y = 0,3x - 
4y = 0 and 4x + 3y - 50 = 0 is 



10. The incentre of the triangle formed by the lines 15x - 
8y + 25 = 0,3x - 4y -10 = 0 and 5x + 12y - 30 = 0 is 



<b) \±.\ 


(D > 't'T 


11. The equation of the lines which are parallel to the 
line 8x - 15y + 34 = 0 and whose distance from the 
point (-2,3) is equal to 3 are 8x - 15y + c 1 and 8x - 
15y + c 2 = 0. Then c 1 + c 2 is equal to 

(A) 112 (B) 10 (C) 122 (D) 102 

12. The equation of the line which passes through the 
point of intersection of the lines 3x - 5y + 9 = 0 and 
4x + ly - 28 = 0 and the point (4,2) is 

(A) 3x + 2y-16 = 0 (B) 38x + 87y-326 = 0 

(C) 4x + 3y - 22 = 0 (D) 38x-87y+22 = 0 

13. A(-l,4), 5(1,-4) and C(5,4) are the vertices of a tri¬ 
angle. Then, the length of the altitude from A onto 
BC is 

. A . 12 12 12 — „ 

(A) T (E) Ts (c) WJ (D| 3 

14. A point moves such that its distance from the point 
(-1, 2) is always equal to its distance from the line 
3x - 4 y -2 = 0. Then the locus of the point is 

(4x + 3) 2 + ax + by + 121 = 0 

where a - bis equal to 

(A) 178 (B) 116 (C) 54 (D) 121 

15. The equation of the line through the point of inter¬ 
section of the lines x - 3y + 1 = 0 and 2x + 5y - 9 = 0, 
and whose distance from the origin is V5 is 


(A) 2x + y + 5 = 0 (B) 2x-y + 5 = 0 

(C) 2x + y-5 = 0 (D) 2x-y-5 = 0 

16. 5(2, 0) and C(0, 1) are the ends of the base of an 
isosceles triangle for which the line x = 2 is one side. 
Then, the orthocentre of the triangle is 



17. In AABC, A = (1,10), circumcentre = (-1/3, 2/3) and 
orthocentre = (11/3,4/3). Then, the coordinates of the 
midpoint of BC are 

(A) (1,5) (B) (l,^) 

(C) (1,6) (D) (1,-3) 

Hint: The centroid G divides the line joining the cir¬ 
cumcentre and orthocentre in the ratio 1:2. 


18. A rhombus is situated in the first quadrant with x-y 
= 0 and lx - y = 0 as two of its adjust sides. Then the 
slope of the longer diagonal of the rhombus is 

(A) 2 (B) | (C) (D) -2 

19 . The distance of the line 2x - 3y - 4 = 0 from the 
point (1,1) measured in the direction of the line x + 
y - 1 = 0 is 

(A) (B) J2 (C) 5V2 (D) 2V2 

20. The line parallel to x-axis and passing through the 
intersection of the lines ax + 2by + 3b = 0 and bx - 
2by - 3a = 0 where (a, b) * (0,0) is 

(A) above the x-axis at a distance of 3/2 units 
from it 

(B) above the x-axis at a distance of 2/3 units 
from it 

(C) below the x-axis at a distance of 3/2 units 
from it 

(D) below the x-axis at a distance of 2/3 units 
from it 


21 . The L x = 4x + 3y - 12 = 0 intersect x-axis at A and 
y-axis at B. A variable line L 2 perpendicular to /., 
intersects x-axis at P as y-axis at Q. Then, the perpen¬ 
dicular circumcentre of AABC lies on 

(A) 4x + 3y + 7 = 0 (B) 6x-8y + 7 = 0 

(C) 3x-4y + 2 = 0 (D) 3x + 4y-2 = 0 
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22 . If the lines ax-y + 4 = 0,3x-y + 5= 0 and x + y + 8 = 0 
are concurrent, then the value of a is 

( A , § (B) =f (C) 35 ,D, f 

23 . The lines x 2 + 4 xy + y 2 = 0 and x - y - 4 = 0 form a 
triangle which is 

(A) equilateral 

(B) right angled 

(C) an isosceles 

(D) isosceles right angled 

24 . Equation of the line which is parallel to the common 
line of the pair of lines 6x 2 -xy - 12y 2 and 15x 2 + 14xy 
- 8 y 2 = 0 and whose distance from this common line 
is 7 units is 

(A) 3x - 4y = +35 (B) 5x-2y = ±l 

(C) 3x + 4y = ±35 (D) 2x-3y = ±l 

25 . The point (4,1) undergoes the following three trans¬ 
formations successively: 

I. Reflection about the line y = x. 

II. translation through a distance 2 units along the 
positive direction of the x-axis. 

III. Rotation through an angle ^/4 about the origin 
in the counterclockwise direction. 

Then, the final position of the point is given by 
(A) (£•£) ,B > ( - r2jr2) 

<c) H-i) (D) {r2jri) 

26 . A straight line is passing through a fixed point 
(a, p). Then, the foot of the perpendicular drawn 


the origin onto the line lies on the curve whose equa¬ 
tion is given by 

(A) x 2 + y 2 - ax -py = 0 

(B) x 2 +y 2 +ax + py = 0 

(C) x 2 + y 2 - ax + py = 0 

(D) x 2 + y 2 + ax-py = 0 

27. 3x 2 - 8xy - 3y 2 + lOx + 20y - 25 = 0 are the bisectors 
of the angles between two lines of which one line is 
passing through the origin. Then, the equation of the 
other line is 

(A) x-2y = 0 (B) 2x-y = 0 

(C) x+2y-5=0 (D) x-2y-5 = 0 

28. The straight line 2x + 3y + 1 = 0 bisects the angle be¬ 
tween two straight lines of which one line is 3x + 2y + 
4 = 0. Then, the equation of the other line is 

(A) 3x + 23y = 28 (B) 9x + 4y = 28 

(C) 9x —46y = 28 (D) 9x + 46y = 28 

29. A( 1, 3) and B( 5, 2) are two points. If P is a variable 
points on the line y = x, then the minimum value of 
\PA-PB\ is 

(A) 2V5 (B) 3V5 (C) 4V5 (D) V5 

Hint: If A' is the image of A on the line y = x, then 
A'B is the value. 

30. The equation of the line passing through the point of 
intersection of the lines x-y + 1 = 0 and 3x + y - 5 = 
0 and is perpendicular to the line x + 3y + 1 = 0 is 

(A) x - 3y + 1 = 0 (B) 3x-y-l = 0 

(C) x + 3y — 1 = 0 (D) 3x - y + 1 = 0 


Multiple Correct Choice Type Questions 

1. If the distance of the line 8x + 15y + A = 0 from the 
point (2,3) is equal to 5 units, then the value of X is 

(A) 24 (B) -24 (C) 146 (D) -146 

2 . If the line V3 x + y - 9 = 0 is reduced to the form xcos a 
+ ysin a=p, then 

(A) a = 60° (B) a = 30° 

(C) p= 9 - (D) p = 9 

3. If / is the line passing through the point (-2, 3) and 
perpendicular to the line 2x - 3y + 6 = 0, then 


3 

(A) the slope of /= - — 

(B) the line / passes through (0,0) 

(C) the intercept on the axes are 2,3 

(D) the line / forms a triangle of area 5 sq. units with 
the coordinate axes 

4. If I is the line passing through the point (2, -3) and is 
parallel to the line joining the points (4,1) and (-2,3), 
then 

(A) (-10, -1) is a point on / 

(B) the slope of / is 6 
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(C) the area of the triangle formed by the line / and 
the coordinate axes is 64/3 

(D) the orthocentre of the triangle formed by / and 
the axes is (1,1) 

5. If a is the family of lines passing through the point 
(5,0), then 

(A) the line belonging to a and having slope 2 is 
2x - y - 5 = 0 

(B) the line belonging to a and having y-intercept 5 
isx + y- 5 = 0 

(C) the line belonging to a and perpendicular to the 
line x + y + l= 0isx + y- 5 = 0 

(D) the line belonging to a and perpendicular to the 
line x-y + l = 0isx-y-5 = 0 

6 . A line / is passing through the point (1, -6). If the 
product of the intercepts of / on the axes is 1, then the 
equation of / is 

(A) 2x + y + 5=0 (B) 2x + y + 4 = 0 

(C) 4x + y + 2 = 0 (D) 9x + y-3 = 0 


7. The graph of the function 

y = cosx cos(x + 2) - cos 2 (x + 1) is 

(A) a straight line passing through (0, - sin 2 1) 

(B) a straight line passing through ^- sin 2 1 

(C) a straight line parallel to x-axis 


(D) a straight line parallel to y-axis 

8 . Two points A{- 1, -1) and B( 4,5) and the third vertex 
C lie on the line 5x - y - 15 = 0. If the area of the tri¬ 
angle is 19/2, then the coordinates of the vertex C are 

(A) (2,-5) (B) (5,4) (C) (3,0) (D) (5,10) 


9. The line 


^ = 1 
c d 

passes through the intersection of the lines 
x y , x y 

a b b a 

and the lengths of the perpendicular drawn from 
the origin onto these lines are equal. Then 

(A) 1 1 1 1 

(B) 

(C) 

(D) 


2 l 2 „2 .2 

abed 

1111 
-+ — = —+ — 
abed 

J_ J__J_ J_ 

— + 72 " “ ~2 + ~J2 
ci b c cl 

j_ j_ j_ j_ 

~ + 7J + ~ + ~^2~^ 
abed 


10. The straight lines3x + y- 4 = 0,x + 3y-4 = 0 andx + 
y = 0 form a triangle which is 

(A) obtuse angled (B) equilateral 

(C) isosceles (D) right-angled 


Matrix-Match Type Questions 

In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
column I are labeled as (A), (B), (C) and (D), while those 
in column II are labeled as (p), (q), (r), (s) and (t). Any 
given statement in column I can have correct matching with 
one or more statements in column II. The appropriate bub¬ 
bles corresponding to the answers to these questions have 
to be darkened as illustrated in the following example. 

Example: If the correct matches are (A) —> (p), (s), (B) —> 
(q), (s), (t), (C) —» (r), (D) —»(r), (t), that is if the matches 
are (A) -» (p) and (s); (B) (q), (s) and (t); (C) (r); 

and (D) —> (r), then the correct darkening of bubbles will 
look as follows: 


p q r s t 


1 

o 

o 

□ 

o 

o 

I 

o 

□ 


o 

o 

□ 

o 

o 

o 

o 

□ 

o 

I 


1. Let a be the system of lines passing through the 
intersection of the lines x + y - 1 = 0 and x - y - 1 = 
0. Match the items of Column I with those of Col¬ 
umn II. 


Column I Column II 

(A) Equation of the line (p) 2x - y - 2 = 0 
belonging to a and 

passing through the 
point (2,3) is 

(B) Equation of the line (q)^ + >'-l = 0 
belonging to cr and 

parallel to the line y = 

(C) Equation of the line ( r )* + y + l=0 
belonging to a and 

having equal inter¬ 
cept (absolutely) is 


D 


{Continued) 
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Column I 


Column II 

(D) Equation of 

the line 

(s) 3x — y — 3 = 0 

belonging to 

a and 


perpendicular to the 

(t) x - y -1 = 0 

line x + y -1 - 

= 0 is 


Match the items of 

Column I 

with those of Column II. 

Column I 


Column II 


(A) If the lines x + 2ay + a = 0, (p) GP 
x + 3 by + b = 0 and x + 4cy 

+ c = 0 are concurrent, then 
a, b and c are in 

(B) If the lines ax + by + {ak + b) (q) HP 
= 0, bx + cy + {bk + c) = 0 and 
{ak + b)x + {bk + c)y = 0 are 
concurrent and b 1 ^ ac, 
then 

(C) If the lines ax + 2y + 1 = 0, 
bx + 3y +1 = 0 and cx + 4y + 

1 = 0 pass through a fixed 
point, then a, b and c form 

(D) If a, b and c are distinct 
positive and the lines a{x 
+ y) + c = 0, x + 1 = 0 and 
c{x + y) + b = 0, then a, c 
and b are in 


(r) k is a root of 
ax 2 + 2 bx + c = 
0 

(s) AP 

(t) k is a root of 
ax 2 + 2 bx + c = 
0 


3. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) Equation of the line whose (p) x + y - 8 = 
x-intercept is 4 and passes 0 
though the point (2, -3) 


(B) Equation of the line having 
equal intercept on the axes 
and passing through the 
point (2,5) is 

(C) Equation of the line which 
makes an angle of 135° with 
the positive direction of the 
x-axis and which cuts the 
y-axis at a distance of 8 units 
from the origin is 

(D) Equation of the line through 
the point (4, 1) which forms 
a triangle of 8 sq. unit with 
positive axes is 


(q) x + y = 1 


(r) 3x - 2y = 12 


(s) x + 4y = 8 


(t) x+y+8=0 


Comprehension Type Questions 


1. Passage: Let u = x + y = 0, A = (1,2) and B = (3, -1). 
Answer the following questions. 


(i) If M is a point on the line u = 0 such that AM + 
BM is minimum, then the reflection of M on the 
line y = x is 

(A) (2,-2) (B) (-2,2) 

(C) (1,-1) (D) (-1,1) 

(ii) If M is a point on u = 0 such that | AM - BM\ is 
maximum, then the distance between M and the 
point N{ 1,1) is 

(A) 3V5 (B) 5>/2 (C) 7 (D) 10 

(«i) If M is a point on u = 0 such that | AM - BM \ is 
minimum, then the area of AABM is equal to 


(A) 


13 

T 





2. Passage: ABC is an equilateral triangle with vertex 
A = (1,1) and the equation of the side BC is x + y = 1. 
Answer the following questions. 


(i) Area of the triangle in square units is 


(A) 


V3 




(D) 


1 

2V2 


(ii) The gradients of the two sides AB and AC are 

< A) ^J 3 (B) ^-Ti 

(C) J2 + 1,V2-1 (D) 2 + V3,2-V3 

(iii) The circumradius of the triangle is 

(A) | (B) f (C ± (D, j. 


3. Passage: If u x = 0 and u 2 = 0 are two intersecting lines, 
then for all values of A and //, the equation Au x + /uu 2 
represents straight lines passing through the intersec¬ 
tion of the lines u { = 0 and u 2 = 0. In particular, the 
equation iq + Au 2 = 0 represents all lines (except u 2 = 
0) passing through the intersection of u l = 0 and u 2 = 
0. The converse of these are also true. Answer the fol¬ 
lowing questions. 
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(i) The line (A+ l) 2 x + Ay- 2T 2 -2 = 0 passes through 
a fixed point. The equation of the line passing 
through this fixed point and having slope 2 is 

(A) 2x-y + 8 = 0 (B) 2*-y-5 = 0 

(C) 2x-y -8 = 0 (D) 2jc-y-4 = 0 

(ii) Consider the family of lines p(2x + y + 4) + q(x 
- 2y - 3) = 0 (p and q are parameters). The num¬ 
ber of lines belonging to this family and whose 


distance from the point Q(2, -3) is VlO is 

(A) oo (B) 1 (C) 2 (D) 0 

(iii) In (ii), if L is the required line, then the image of 
the point Q( 2, -3) in the line is 

(A) (4,1) (B) (-4,1) 

(C) (4,-1) (D) (-4,-1) 


Integer Answer Type Questions 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 


X Y Z W 
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© 
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© 
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• 

0 

0 
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© 

© 
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© 

© 
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© 

© 

© 

© 

© 
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1. If (a, b ) is the image of the point (2, -3) on the line 

3x-y-l = 0,then b - a is equal to_. 

2. If L is the line belonging to the family of lines repre¬ 

sented by the equation ( 2x + y + 4) + A(x - 2y - 3) = 
0 (where A is a parameter) whose distance from the 
point (2, -3) is VlO units, then the slope of the line L 
is_. 

3. If the lines ax + by- 5 = 0 and px + qy + 1=0 are the di¬ 
agonals of the parallogram whose sides are 2x-y + 1 = 

0, 3x + 2y - 5 = 0 and 3x + 2y + 4 = 0, then the value of — 

8 

(a + b + p + q) is_. 


4. In A ABC, the equations ofthemadiansAZ) and BE, 
respectively, are 2x + 3y - 6 = 0 and 3x - 2y- 10 = 0. 

If AD = 6, BE = 11, then — (Area of A ABC ) is 


5. P{ 1, 2), <9(4, 6), R( 5, 7) and S(a, b ) are the vertices 
of the parallogram PQRS. Then, a + b is equal to 


6. The area of the triangle formed by the line x + 

y = 3 and the angle bisectors of the pair of lines 
x 2 - y 2 + 2y -1 = 0 is_sq. unit. 

7. A straight line through the origin O meets the par¬ 

allel lines 4x + 2y = 9 and 2x + y = 6 at points P and 
Q, respectively. If O divides the segment PQ in the 
ratio p:q, then the value of p + q is_. 

8. If a, b and c are real such that 3a + 2b + 4c = 0, then 

the line ax + by + c = 0 passes through a fixed point (h, 
k) where [h + k ] ([■] is the usual symbol) is_. 

9. The number of integral values of m, for which the 
.(.'-coordinate of the point of intersection of the lines 
3x + 4y - 9 = 0 and v = mx + 1 is also an integer is 


10. P(m , n) is an interior point (where m and n are posi¬ 
tive integers) of a quadrilateral formed by the lines 
y = 0,x = 0,2x + y- 2 = 0 and 4x + 5y - 20 = 0. The 
possible number of positions of P is_. 


ANSWERS 


Single Correct Choice Type Questions 

1. (C) 

2. (B) 


3. (C) 

4. (A) 
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5. (D) 

6. (C) 

7. (A) 

8. (D) 

9. (B) 

10. (A) 

11. (C) 

12. (B) 

13. (B) 

14. (A) 

15. (C) 

16. (D) 

17. (B) 

Multiple Correct Choice Type Questions 

1. (A), (D) 

2. (B), (C) 

3. (A), (B) 

4. (A), (C) 

5. (B), (D) 

Matrix-Match Type Questions 

1- (A) -> (s); (B) (p); (C) -> (q), (t); (D) -> (t) 

2. (A) (q); (B) -> (r); (C) -► (s), (t); (D) -> (p) 

Comprehension Type Questions 

1. (i) (D); (ii) (D); (iii) (D) 

2. (i) (C); (ii) (D); (iii) (B) 

Integer Answer Type Questions 

1. 3 

2. 3 

3. 5 

4. 4 

5. 5 


18. (A) 

19. (B) 

20. (C) 

21. (B) 

22. (A) 

23. (A) 

24. (C) 

25. (C) 

26. (A) 

27. (C) 

28. (D) 

29. (D) 

30. (B) 


6. (C), (D) 

7. (A), (B), (C) 

8. (C), (D) 

9. (A), (B) 

10 . (A), (C) 


3. (A) (r); (B) -> (q); (C) -> (p), (t); (D) -> (s) 


3. (i) (C); (ii) (B); (iii) (D) 


6 . 2 

7. 7 

8 . 2 
9. 2 

10 . 5 



Circle 
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3.2 Relation Between a Circle and a 
Line in its Plane 

3.3 Classification of Points in a 
Plane w.r.t. a Circle in the Same 
Plane 

3.4 Relation Between Two Circles 

3.5 Common Tangents to Two 
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Worked-Out Problems 

Summary 

Exercises 

Answers 


A circle is a simple shape of Euclid¬ 
ean geometry consisting of those 
points in a plane that are equidistant 
from a given point, the centre. A 
circle can be defined as the curve 
traced out by a point that moves so 
that its distance from a given point is 
constant. 
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Chapter 3 I Circle 


In the previous chapter, we discussed about the straight line and pair of lines. It is known that a straight line is repre¬ 
sented by first-degree equation in x and y and hence it is called first-degree curve. Curves represented by second- 
degree equation in x and y are called second-degree curves. Some of the second-degree curves are pair of lines (studied 
in the previous chapter), circle and conics. Among these second-degree curves, the circle has been known since ancient 
times and has some special properties. In this chapter, we study the general equation of a circle, equation of the tangent 
at a point, chord equation interval of its midpoint, chord of contact, orthogonal circles, etc. Subjective Problems have 
been provided for the preceding sections. Students are advised to solve each and every problem to grasp the topics. 


3.1 Introduction 

We begin with the following definition. 

DEFINITION 3.1 Circle Let A be a fixed point in a plane and r > 0 a given real number. Then the locus of the point 
P such that the distance AP is equal to r is called a circle with centre A and radius r (Fig. 3.1). 



We translate the definition of the circle, and obtain the equations of a circle. 


Theorem 3.1 


Proof 


The equation of the circle with centre at the point A(h, k ) and radius r is 

(x - h) 2 + {y- k) 2 = r 2 

P{x, y) is a point on the given circle » {AP) 2 = r 2 <t=> (x - h ) 2 + (y- k) 2 = r 2 , because the distance 

AP - yj(x-h) 2 +{y-k) 2 a 


Note: If h = 0, k = 0 (i.e., origin is the centre), then the equation of the circle is x 2 + y 2 = r 2 . 


a 


QUICK LOOK 1 


1. Equation of the circle with centre at origin and ra- is in the form x 2 + y 2 + 2gx + 2 fy + c = 0, where g, f 

dius r is x 2 + y 2 = r 2 . and c are real numbers. 

2. Equation of the circle with centre at (h. k) and ra¬ 
dius r is x 2 + y 2 - 2hx - 2 ky + h 2 + k 2 - r 2 = 0, which 


Theorem 3.2 


Proof 


If g, /, c are real numbers andg 2 + / 2 -c>0, then the equation x 2 + y 2 + 2 gx + 2fy + c = 0 represents 
circle with centre at (-g, -/) and radius yjg 2 + f 2 -c. 

x 2 + y 2 + 2gx + 2 fy + c = 0 can be written as (x + g) 2 + {y + f ) 2 = | yjg 2 + f 2 —cj which represents 
circle with centre (-g, -/) and radius Jg + f 2 -c according to Theorem 3.1. a 
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Note: 

1. The locus represented by the equation (x - h) 2 + (y - k) 2 = 0 is the single point (h, k) which is called point circle. In 
fact, if the radius of a circle is zero, then it is called point circle. 

2. If g 2 +f 2 - c < 0, then the locus represented by x 2 + y 2 + 2gx + 2fy + c = 0 is the empty set and it represents point 
circle if g 2 + f 2 - c = 0. Further, the equation of the circle with centre (h , k) and radius r is of the form x 2 + y 2 + 
2gx + 2fy + c = 0 (see Quick Look 1). With this understanding we refer the equation x 2 + y 2 + 2gx + 2fy + c = 0 
as the general equation of a circle. Usually, when g 2 + f 2 - c < 0, then we call the circle as imaginary circle. 

3. If a 0, then the equation ax 2 + ay 2 + 2 gx + 2fy + c = 0 can be written as x 2 + y 2 + 2 g'x + 2fy + c’ = 0, where g = gla,f = 
f/a, c' = da which represents circle in the broad perspective as per point (2).The equation ax 2 + ay 2 + 2gx + 2fy + c = 0 
is called universal equation of the circle. 

4. The second degree general equation S = ax 2 + 2 hxy + by 2 + 2gx + 2fy + c = 0 represents a circle with positive radius 
if and only if a = b = 0 and g 2 + f 2 > ac. The proof is not necessary. 


Theorem 3.3 


Proof 


If A(x v yf) and B(x 2 , y 2 ) are extremities of a diameter of a circle, then the equation of the circle is 
(x - x a )(x - x 2 ) + 0 - yf)(y - y 2 ) = 0. 

Consider Fig. 3.2. Let P be any point on the circle whose coordinates are (x, y). It is clear that both 
the points A and B satisfy the equation 


(x - X x )(x - X 2 ) + (y - y : )(y - y 2 ) = 0 


(3.1) 



B(x z , y 2 ) 


Hence, we may assume P is not both A and B. From the elementary plane geometry, it is known that 
angle in a semicircle is a right angle. Therefore, | APB is a right angle. That is, the segments AP and 
BP are at right angle to each other so that the product of their slopes is equal to -1. Therefore 


= -l 


( \ 
y-yi 

<N 

1 

U-Xl J 

yx-x 2 J 


Hence 

(x - Xj) (x - X 2 ) + (y - y : )(y - y 2 ) = 0 

That is, every point on the given circle satisfies Eq. (3.1) and conversely, if any point Q(x, y) satisfies 
Eq. (3.1), then we know that AQ and BQ are at right angles and hence Q must lie on the circle. 
Hence, Eq. (3.1) represents the circle for which A(x v yf) and B(x 2 ,yg) are ends of a diameter. ■ 


Theorem 3.4 


Proof 


If P(x, y) is a point on the circle x 2 + y 2 = r 2 , then there exists 9 such that x = r cos 6 and y = 
r sin 6 and conversely the point (r cos 0 , r sin 9) lies on the circle x 2 + y 2 = r 2 for all 9. The 
equations x = r cos 9,y = r sin 9 are called parametric equations of the circle x 2 + y 2 = r 2 . 

Let P(x, y) be a point on the circle x 2 + y 2 = r 2 (see Fig. 3.3). Draw PM perpendicular to the x-axis 
and let | MOP = 9. From A MOP, we have that 


cos 9= — and 
r 


sin 9= - 
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Therefore, x = r cos 0. y = r sin 0. Also 

r 2 cos 2 6+r 2 sin 2 9= r 2 

shows that (r cos 0. r sin 0) lies on the circle x 2 + y 2 = r 2 . 



FIGURE 3.3 


Note: 

1. By shifting the origin to the centre (h, k) of the circle (x - h) 1 + (y - k) 2 = r 2 and using Theorem 3.4 we can see 
that 

x = h + r cos 0 

and y = k + r sin 9 

are the parametric equations of the circle (x - h) 2 + (y - k ) 2 = r 2 . 

2. Since (-g, -/) and r = V g 2 + f-c are, respectively, the centre and radius of the circle x 2 + y 2 + 2gx + 2 fy + c = 0, it 
follows that 

x = -g + r cos 9 and y = -/+ r sin 9 

are its parametric equations. 


3.2 Relation Between a Circle and a Line in its Plane 


Let C be a circle with centre A and radius r and / be a straight line in the plane of the circle. Draw AM perpendicular 
to the line l. Then 


1. AM > r <=> the line / and the circle G have no common points [see Fig. 3.4(a)]. 

2. AM = r <=> the line touches the circle [see Fig. 3.4(b)]. 

3. AM < r <=> the line / intersects the circle C in two distinct points [see Fig. 3.4(c)]. 



(a) 




FIGURE 3.4 
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3.2 I Relation Between a Circle and a Line in its Plane 


General Note: In the proofs of theorems, we consider the circle x 2 + y 2 = r 1 


only to avoid tediousness of the proofs. 


Theorem 3.5 
Proof 


The perpendicular bisector of a chord of a circle passes through the centre of the circle. 

Let A(x v y t ) and B(x 2 ,y 2 ) be ends of a chord of the circle xr + y 2 = r 2 whose centre is 0(0,0) (see 
Fig. 3.5). Let M be the midpoint of the chord AB so that 


M = 


x x +x 2 y^+y 2 


Now, A and B are points on the circle implies 

x 2 + y\ = r 2 

and x\ + y 2 = r 2 

Therefore 

(x*-xj) + (yl-yl) = 0 
=> Oi + *2 )(*i - * 2 ) + (bi + 3b )(Fi - Vi) = 0 
^yi~y 2 ~( x i + x 2 ) 
x 1 -x 2 yi + y 2 

Now, 

Slope of line OM . —2-- , di IZlA 

x i+x 2 0 X l + X 2 y x -y 2 

2 


Therefore 


(Slope of chord y!5)(Slope of OM ) 


r \ 

y\ — y 2 

,x 1 ~x 2/ 


( , \ 
y i + y 2 

Tl +I 2; 


= -l 


and hence OM is perpendicular to AB. 



Notation: Here onwards, we use the following notation. 

S = x 2 + y 2 + 2 gx + 2 fy + c 

5 1 = xx, +yy^ + g(x + x 1 ) + f(y + y 1 ) + c 

5 2 = xx 2 + yy 2 +g(x + x 2 ) + f(y + y 2 ) + c 

S 21 =S 12 = x 1 x 2 +y- l y 2 +g(x 1 +x 2 ) + f(y l + y 2 )+c 
Sii = x\ + y\ + 2 gx 1 + 2 fy 1 + c 
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In general 


= A + yf + 2 gx, + 2 fy, + c 


In particular if S = x 2 + y 2 - a 2 , then 5, = xx 1 + yy x -a 2 , S n = x 2 + y\ - a 2 , etc. 


Theorem 3.6 


If S = 0 is a circle and (x,, y 1 ) is a point in the plane of the circle (not the centre), then the equation 
S 1 - 0 represents a straight line which is perpendicular to the line joining the centre and the point 


(x v y 1 ). 


Proof 


Let 


Therefore 


S = x 2 + y 2 + 2 gx + 2fy + c = 0 


Si =xx, + yy, +g(x + x 1 ) + f(y+y 1 ) + c 
= {g + x 1 )x + {f + y^)y + gx l +fy l +c 


Since (x x ,y x ) * (-g, -/), it follows that 

Si = (g + x a )x + (f+ y x )y + gx 1 +fy 1 + c = 0 

is a first-degree equation in x and y and hence it represents a straight line. Also, since the slope of 
the line 5’ 1 = 0 is ~(g + x x )l(f+y x ), it follows that it is perpendicular to the line joining (-g, -/) and 
(x v y i)- ■ 


Theorem 3.7 

Proof 


The equation of the chord joining two points P(x v >q) and Q(x 2 , y 2 ) on a circle S = 0 is S x + 
S 2 = S X2 and hence the equation of the tangent at (xj, y x ) is 5 1 = 0. 

Let S = x 2 + y 2 + 2gx + 2fy + c = 0. Since P(x x , y x ) and Q(x 1 ,y 2 ) lie on the circle (see Fig. 3.6), we have 


S u = x 2 + y 2 + 2gx x + 2 fy x + c = 0 
S 22 =x\ + y\ +2gx 2 +2fy 2 +c = 0 

Let C = (-g, -/) (centre) and M = ^ x i * x 2 , Fi + jh j ^he midpoint of AB ). From Theorem 3.5, 
AB is perpendicular to CM so that the equation of the chord AB is 

(*-*, )(^ +S ) + U-.,)(^ + /) = o 

=> (x - x, )(x 2 + x 2 + 2g) + (y - v, )(y a + y 2 + 2/) = 0 

=> x(x t +x 2 ) + y(y^+y 2 ) + 2gx + 2fy = x 2 + y 2 + x 2 x 2 + y l y 2 + 2gx x + 2 fy x 

=> x(x x + x 2 ) + y{y l + y 2 ) + 2gx + 2fy = x 1 x 2 +y 1 y 2 -c (v S n = 0) 

=> [xxi + yy x + g(x + x 1 ) + /(y + yi) + c] + [xx 2 + yy 2 + g(x + x 2 )+ f(y+ y 2 ) + c\ 

= X\X 2 + y l y 2 + gXi + fy x + gx 2 + fy 2 +2 c-c 



FIGURE 3.6 
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3.2 I Relation Between a Circle and a Line in its Plane 


Therefore 

Si +S 2 = *i-r 2 + y iy 2 + g{* i + x 2 ) + f{yi + y 2 ) + c = S n 

That is, equation of the chord AB is S 1 + S 2 = S 12 . 

Since the tangent at P{x v jq) to the circle is the limiting position of the chord PQ as Q 
approaches P along the circle (see Chapter 3, Vol. 3), the equation of the tangent is 

S) + S) = S n = 0 [•.■ P(x : ,y t ) lies on the circle] 

Hence, S 1 = xx 1 + yy 1 + g(x + jc x ) + f(y + jq) + c = 0 is the tangent at (x v y j). a 


, QUICK LOOK 2 


If S = x 2 + y 2 - a 2 = 0 is the circle, then the tangent at (jq, >q) is = xjq + yy 1 - a 2 = 0. 


Example 


3.1 


Find the equation of the tangent to the circle x 2 + y 2 - 
2x - 4v + 3 = 0 at the point (2,3). 

Solution: We have 

2 2 + 3 2 - 2(2) - 4(3) + 3 = 16 - 16 = 0 


which implies that (2, 3) lies on the circle S = x 2 + y 2 - 
2x - 4 y + 3 = 0. Here, (jq, y : ) = (2,3) so that the equation 
of the tangent at (2,3) is 

S 1 =x(2) +y(3) - (x + 2) -2(y + 3) + 3 = 0 
that is, 5' 1 = x + y - 5 = 0. 


Example 


3.2 


Find the equation of the tangent to the circle 3x 2 + 3_y 2 - 
4x - 6y = 0 at (0,0). 

Solution: The equation of the circle is in the universal 
form so that its general form is 

S = x 2 + y 2 - f^)x-2y = 0 


Here, g= -2/3,/= -1, c = 0 and Oq,}q) = (0,0).The equa¬ 
tion of the tangent at (0,0) is 

S’j = x(0) + v(0) - — (x + 0) -1 (y + 0) = 0 
That is, S x = 2x + 3y = 0. 


Example 


3.3 


Find the equation of the tangent to the circle 
x 2 + y 2 + 2 ay cot a - a 2 = 0 

at (a, 0). 

Solution: Clearly, (a, 0) lies on the circle. Equation of 


the tangent at (a, 0) is 

x(a) + y(0) + a cot a {y + 0) - a 2 = 0 
=> ax + (ccot a)y - a 2 = 0 
=> x + y cot a - a = 0 


Example 


EL 


Find the equation of the tangent to the circle x 2 + y 2 = a 2 
at (a cos 0, a sin 6). 

Solution: We have 

S = x 2 + y 2 - a 2 = 0 


and (xp jq) = ( a cos 0, a sin 0 ) 

The equation of the tangent at ( a cos 0, a sin 0) is 
x{a cos 9) + y{a sin 9) - a 2 =0 
=> x cos 0+ y sin 0— a = 0 
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Example 


3.5 


Find the equation of the tangent to the circle S = x 2 + y 2 
+ 2x - 2y - 3 = 0 at the point (1,2) and also find the tan¬ 
gent to the circle parallel to this tangent. 


Solution: The equation of the tangent at A(l, 2) (see 
Fig. 3.7) is 

S 1 = x{\) + y(2) + \{x + 1) - l(y + 2) - 3 = 0 

=>S 1 = 2jt + y-4 = 0 (3.2) 

The tangent to the circle parallel to the tangent given by 
Eq. (3.2) must be at the other end B(- 3,0) of the diam¬ 
eter through the point A( 1,2). Therefore, the tangent at 
B(-3,0) is 

4-3) + y(0) + \{x - 3) - l(y + 0) - 3 = 0 


=> -2x-y-6 = 0 
=>2x + y + 6 = 0 


B(- 3,0) 2x + y + 6 = 0 



Theorem 3.8 


Proof 


The condition for the line y = mx + c, c * 0 to touch the circle x 2 + y 2 = a 2 is that c 2 = a 2 (l + m 2 ) and 
in such a case the point of contact is ( -a 2 m/c , a 2 /c). 

Suppose the line y = mx + c touches the circle at the point P(x v y : ). Hence, by Theorem 3.7, the 
equation of the tangent at P(x v y 1 ) is 

4 = xjq + yy 1 - a 2 =0 

That is, 4 = 0 and y = mx + c represent the same line. Therefore 

x i _y\ _ -« 2 
m -1 c 

Therefore 


2 2 

—am a 

x x = -and y x = — 

c c 


Since (jtj, lies on the circle, we have 


4 4 

a m a ? 
—+-=« 
c c 

c 2 = a 2 (l + n; 2 ) 


Conversely, suppose c 2 = a 2 (\ + m 2 ). Therefore 


m{ 0) - 0 + c 


Vl+ m 2 


= a 


That is, the length of the perpendicular drawn from (0,0) (i.e. the centre of the circle) onto the line 
y = mx + c is equal to the radius a. Hence, by point (2) in Section 3.2, the line y = mx + c touches 
the circle. ■ 


Note: 

1. For any m * 0, the two lines y - mx ± ciy/l + m 2 are parallel tangents to the circle x 2 + y 2 = a 2 . 
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3.3 I Classification of Points in a Plane w.r.t. a Circle in the Same Plane 

2. In general, to show that a line touches a circle, it is enough if we show that the length of the perpendicular drawn 
from the centre onto the line is equal to the radius of the circle. 

3.3 Classification of Points in a Plane w.r.t. a Circle in the Same Plane 

Let C be a circle with centre at the point A and radius r and P be any point in the plane (Fig. 3.8). Then 

1. P lies outside the circle <=> AP > r. 

2. P lies on the circle (on the circumference) <=> AP = r. 

3. P lies inside the circle AP < r. 



FIGURE 3.8 

Let S = 0 be a circle and P(x v >q) be a point in the plane of the circle. Then P(x v yq) lies outside 
or inside or on the circle according as S n > = < 0. 

Let S = x 2 + y 2 + 2gx + 2 fy + c = 0, A = (-g, -f) and r = yjg 2 + f 2 -c. Now 
P(x v y x ) lies outside S = 0 <=> AP > r 

<=> (AP) 2 > r 2 

<=>(*i +g) 2 +(y\ + f ) 2 >g 2 +f 2 -c 

<=> x\ + y 2 + 2gx 1 + 2 fy l + c > 0 
<=> 5 U > 0 

Similarly, P(x v lies inside S = 0 « S n < 0. B 

Through every external point, two distinct tangents can be drawn to a circle. 

Let S = x 2 + y 2 - a 2 = 0 be a circle and P(x v y t ) be an external point to the circle, so that 

S u =x 2 + y 2 -a 2 > 0 

By Note (1) under Theorem 3.8, we know that y = mx + a\jl + m 2 touches the circle S = x 2 + y 2 
- a 2 = 0. This line passes through P(x 1; y t ) 

<=> y } = mx Y + a\ll + m 2 
(y 1 -mx^ 2 = a 2 ( 1+ m 2 ) 

£=> (x 2 - a 2 )m 2 - 2x x y x m + y 2 -a 1 =0 


Theorem 3.10 
Proof 


Theorem 3.9 


Proof 


(3.4) 
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Equation (3.4) is a quadratic equation in m whose discriminant is 
4x 2 y 2 -4(jcj -a 2 )(y 2 -a 2 ) = 4a 2 {x\ + y 2 -a 2 ) 

= 4a 2 S n > 0 (-.• 5 U > 0) 

Therefore, the quadratic equation [Eq. (3.4)] in m has two distinct roots, say m 1 and m 2 , so that 
there are two tangents through (x v y 1 ) with slopes m x and m 2 and 

2 2 
yi -a 

m l m 2 = ~2 - 2 

x 1 -a 


, QUICK LOOK 3 


The two tangents through (jt 1; yf) to the circle 
5 = x 2 + y 2 - a 2 = 0 are at right angles implies and is 
implied by (<=>) 

2 2 

i y\~ a i 

m l m 2 =-!<=> -5 -= -1 

x 1 —a 

<=> x 2 +y\ = la 2 


Therefore, the locus of {x v yf) is the circle x 2 + y 2 = 2a 2 , 
which is a circle concentric with 5 = 0 and having radius 
V2 times the radius of 5 = 0. That is, the locus of the 
point through perpendicular tangents drawn to a circle 
5 = 0 is also a circle concentric with 5 = 0 and radius 
equal to V2 times the radius of 5 = 0. 


DEFINITION 3.2 Director Circle The locus of the point through which perpendicular tangents are drawn to a 
given circle 5 = 0 is a circle called the director circle of S = 0. 



QUICK LOOK 4 


If the centre and radius of a circle are A and r, respectively, then the centre and radius of its director circle are A 
and rV2, respectively. 


Example 


3.6 


Find the locus of the point of intersection of perpendicu- director circle of 5 = 0 is 
lar tangents to the circle 5 = x 2 + y 2 - 2x + 2y - 2 = 0. That 

is, find the director circle of 5 = 0. (x - 1) 2 + (y + 1) 2 = ( 2 V 2) 2 = 8 


Solution: The centre and radius of the circle 5 = 0 are That is, 

(1, -1) and 2, respectively. Hence, the equation of the x 2 + y 2 - 2x + 2y - 6 = 0 


Theorem 3.11 


The length of the tangent drawn from an external point P(x p _y x ) to the circle 5 = 0 is yJS n . 


Let 5 = x 2 + y 2 + 2gx + 2fy + c = 0, centre A = (-g, -f) and radius r = ^g 2 + f 2 -c. Let T be the 
point of contact of the tangent from P to the circle. See Fig. 3.9. From Pythogoras theorem, we 
have 


(AP) 2 = (PT) 2 + (AT) 2 

=> Oi + g ) 2 + (y, +/) 2 = ( pt ) 2 + ( g 2 +f 2 -c ) 
=> {PT) 2 = X 2 + y 2 + 2 gx 1 + 2fy 1 + c = 5 U > 0 


Proof 
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3.3 I Classification of Points in a Plane w.r.t. a Circle in the Same Plane 


because P(x v y ,) is an external point (see Theorem 3.9).Therefore 


PT = 4^~i 



FIGURE 3.9 


DEFINITION 3.3 Chord of Contact Let G be a circle and P be an external point to G. Let A and B be the points 
of contact of the tangents drawn from P to G. Then the chord AB is called the chord of con¬ 
tact of the point P with respect to the circle G. 


Theorem 3.12 
Proof 


The equation of the chord of contact of a point P(x p y 2 ) with respect to the circle S = 0 is S l = 0. 

Let AB be the chord of contact of P (see Fig. 3.10). Suppose A = (x 2 , y 2 ) and B = (x 3 , y 3 ). The 
equation of the tangent at A(x 2 , y 2 ) is S 2 = 0. 

This tangent passes through P(x 1 ,y ) ) => S 2 i - 0 => 5 12 - 0. Therefore, the point A(x 2 ,y 2 ) satisfies 
the first-degree equation .S’, = 0. Similarly, 5 13 = 0 implies that the point B(x y y 3 ) satisfies the first- 
degree equation 5, = 0. Hence, the equation of the chord AB is S 3 = 0. 



FIGURE 3.10 



QUICK LOOK 5 


The chord of contact AB of P is perpendicular to the line joining P with the centre of the circle (see Theorem 3.6). 


Theorem 3.13 


The equation of the chord of the circle 5 = 0 whose midpoint is M(x v y 1 ) is 5, = 5 n (see Fig. 3.11). 



FIGURE 3.11 
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Proof 


Let C(-g, -/) be the centre of the circle S = x 2 + y 2 + 2gx + 2fy + c = 0. Let M(x v yf) be the 
midpoint of the chord AB. Since AB is a chord perpendicular to CM, the equation of AB is 

(*-*i)C*i + §)+(y-y\)(y\ +/) = ° 

=> xx x + yy x + gx+fy = x 2 + y 2 + gx 1 + fy 1 

=> XX 1 + yy x + g(x + x t ) + f(y + y x ) + c = x 2 + y\ + 2 gx x + 2fy x + c 

=» 5i = S n ■ 


Subjective Problems (Sections 3.1 till 3.3) 

1. If the circle S = x 2 + y 2 + 2gx + 2fy + c = 0 intersects the 
A'-axis in two points, then show that the length of the 

intercept is 2 yjg 2 -c. 

Solution: Let the circle meet the x-axis in A(x p 0) and 
B(x 2 , 0) (see Fig. 3.12) so that x v x 2 are the roots of the 
equation x 2 + 2gx + c = 0 (since the x-axis equation is v = 0). 
Therefore 

x 2 + x 2 = -2 g and x 2 x 2 = c 

Hence 

(AB) 2 = (x x - x 2 ) 2 = (x x + x 2 ) 2 - 4x^ 2 = 4 g 2 -4c = 4(g 2 - c) 
^AB = 2^g 2 -c 

Similarly, the length of the intercept made by the circle 
S = 0 on y-axis is 2 ^f 2 -c. 



, QUICK LOOK 6 


1. x-axis touches the circle S = 0 o g 2 = c. 
y-axis touches the circle S = 0 <=> f 2 = c. 

2. The circle 5 = 0 touches both the axes <=> g 2 = c = 

f\g\ = Jc = \f\- 

3. The equation of the circle, with radius a, which 
touches both axes, is given by x 2 + y 2 ± 2 ax ± 2 ay 
+ a 2 = 0 (one in each of the quadrants). 


2. Find the length of the intercept on a straight line by a 
circle with radius r and the length of the perpendicu¬ 
lar from the centre of the circle onto the line being p. 


Solution: Let the circle intersect the line in A and B 
and M be the midpoint of AB. If C is the centre of the 
circle (see Fig. 3.13) then p = CM. Using Pythagoras the¬ 
orem, we have 

AB = 2AM = 2 yjr 2 - p 2 



3. Two rods of lengths 2 a and 2b slide along the coor¬ 
dinate axes such that their ends are always concyclic. 
Find the locus of the centre of the circle. 



Solution: P(h, k) is the centre of the circle passing 
through points A, B, C and D (Fig. 3.14) where AB = 2a and 
DC = 2b. This implies and is implied by (<=>) 

PA = PC = radius of the circle 
« (PA) 2 = (PC) 2 

(AM) 2 + (PM) 2 = (PA) 2 = (PC) 2 = (PN) 2 + (CN) 2 

where M and N are the midpoints of AB and CD, respec¬ 
tively. From the above, we have 
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a 2 +k 2 = h 2 + b 2 
<=> k 2 - h 2 = b 2 - a 2 


6 . Find the equation of the circle passing through the 
points P(- 1, 2), <2(3, -2) and whose centre lies on 
the line x = 2y. 


<=> Locus of (h,k) isy 2 -x 2 = b 1 - a 2 

4. Find the equation of the circle passing through the 
points +1(0,1), 5(2,3) and C(-2,5). 

Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0 be the circle 
passing through points A, B and C. Therefore 

2/ + c = -1 


Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0 be the 
required circle. Since its centre (-g, -/) lies on the line 
x = 2y, we have 

g-2f=0 (3.6) 

The circle passes through the points P(-l, 2) and 
<2(3, -2). Hence 

~2g + 4/ + c = -5 (3.7) 


4g + 6/ + c = -13 

-4g + 10/ + c = -29 (3.5) 

Solving the system of equations provided in Eq. (3.5), we 
get g = 1/3,/= -10/3 and c = 17/3 so that the equation of 
the circle is 

2 2 2 20 17 _ 

x~ +y + — x -y + — = 0 

3 3 3 

3x 2 + 3y 2 +2x- 20y + 17 = 0 

Note: Under the given hypothesis, to find the equation 
of the circle, it is sufficient if we find its centre and radius 
or assume the circle as x 2 + y 2 + 2gx + 2fy + c = 0 and find 
the values of g,/and c. 


6g - 4/+ c = -13 (3.8) 

Solving Eqs. (3.6), (3.7) and (3.8), we obtain g = —2,/= 
-1 and c = -5. Therefore, the equation of the circle is 
given by S = x 2 + y 2 - Ax - 2y - 5 = 0. 

7. The line x = y is tangent at (0,0) to a circle of radius 1. 
Find the centre of the circle. 

Solution: Let C(x v y,) be the centre of the circle (see 
Fig. 3.16). The line joining C(x 1 ,y 1 ) and 0(0,0) is perpen¬ 
dicular to the line y = x. Therefore 


Hence 


5. Find the equation of a circle with the centre at point 
(6,1) and touching the line 5x + 12y -3 = 0. 

Solution: Let A be (6,1). Since the line 5x + 12y -3 = 0 
touches the circle (say, at M as shown in Fig. 3.15), the 
distance of the line from the centre is equal to the radius. 
Therefore, the radius is given by 

_ 5(6)+ 12(1)-3 39 

V5 2 +12 2 12 

Therefore, the equation of the circle is (x - 6) 2 + (y - l) 2 = 9. 
That is, x 2 + y 2 - 1 2x - 2y + 28 = 0. 



1 


x 2 + y 2 = 2x 2 => x 1 = 



and »-±vJ 

Therefore 


(■U’U) 


f J_O 

U/2’ V2 J ° r l V2’V2j 



8 . Determine the position of the point (-1, -2) relative 
to the circle S = x 2 + y 2 + Ax + 6y + 9 = 0. 
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Solution: We have 

S n = (-1) 2 + (-2) 2 + 4(-l) + 6(-2) + 9 
= 14 -16 = -2 < 0 


Solution: The line lx + my = 1 touches the circle x 2 + 
y 2 = a 2 . This implies that the length of the perpendicular 
drawn from the centre (0,0) onto the line is equal to the 
radius a. Therefore, 


Therefore, by Theorem 3.9, the point (-1, -2) lies inside 
the circle. 


9. From each point on the line 2x + y - 4 = 0, a pair of 
tangents are drawn to the circle x 2 +y 2 = 1. Prove that 
the chords of contact pass through a fixed point. 


Solution: Let P(x v jq) be a point on the line 2x + y - 
4 = 0. Therefore 


2x 1 +y 1 -4 = 0 (3.9) 

By Theorem 3.12, the equation of the chord of contact of 
(X|,yj) with respect to the circle 

S = x 2 + y 2 - 1 = 0 


is given by 

S 1 =xx 1 +yy 1 - 1 = 0 (3.10) 

From Eq. (3.9), we get y x = 4 - 2x r Substituting the value 
of y x in Eq. (3.10), we have 

(x - 2y)x 1 + (Ay - 1) = 0 

so that the line passes through the point of intersection 
of the lines x - 2y = 0 and 4y - 1 = 0 which is given by 

1 1 
2’4 


10. Find the equations of the tangent to the circle x 2 + 
y 2 — 9 which is perpendicular to the line 2x + 3y + 
7 = 0. 

Solution: Any line perpendicular to the line 2x + 3y + 
7 = 0 is of the form 3x - 2y + c = 0. This line touches the 
circle x 2 + y 2 = 9 if and only if the perpendicular drawn 
onto the line 3x - 2y + c = 0 from the centre (0,0) is equal 
to the radius 3. That is, 


-1 

\ll 2 + m 2 

=>l 2 +m 2 =\ 

a 


Therefore, the point (/, m) lies on the circle x 2 + y 2 = Vcr. 


12. Show that the line 3x - Ay - 1 = 0 touches the circle 
x 2 + y 2 — 2x + Ay + 1 = 0 and find the coordinates of 
the point of contact. 


Solutio n: The ce ntre of the circle is (1, -2) and its ra¬ 
dius is Vl 2 +2 2 -1 = 2. The distance of the line from the 
centre (1, -2) is given by 


3(1) — 4 (—2) — 1 

S 2 + a 2 


10 

T 


= 2 


which is equal to the radius of the circle. Therefore, the 
line touches the circle. Let (x 1 ,y 1 ) be the point of contact. 
That is, at (x p y x ), the line 

3x - Ay - 1 = 0 (3.11) 

is the tangent. But, by Theorem 3.7, the equation of the 
tangent at (x v y 1 ) is 

.S', = xx 1 + yy x - (x + x 1 ) + 2 (y + y±) +1 = 0 

That is, 

S'j = (x x -l)x + (y 1 +2)y-x 1 + 2 y 1 +1 = 0 (3.12) 

Equations (3.11) and (3.12) represent the same straight 
line. Therefore, 


x, -1 y i+2 
3 “ -4 


—x^ + 2y 1 +1 
-1 


t (say) 


c 


V 3 2 +2 2 


= 3 


Flence 

x x = 3t +1, yj = -Ar - 2 


Therefore 

c = ±3 Vl3 

Flence, the equations of the required tangent are 
3x - y + 3>/l3 = 0 
and 3 x — y — 3 Vl3 = 0 

11. If the line lx + my = 1 touches the circle x 2 + y 2 = a 2 , 
then show that the point (/, m) lies on the circle 

x 2 + y 2 = 1 la 2 . 


and — t—— Xj + 2y x +1—(— 3r —1) — (8t+4)+l— — lit—4 

-2 

=> t = — 

5 

Therefore, 

-6 1 
Xi = 3 1 + 1 =-h 1 = — 

1 5 5 

8 2 

and y\ = _ 4 1 - 2 = —- 2 = - — 
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Hence 


Oi>yi) 



passing through the point (2,3) is the circle x 2 + y 2 - 
2x -3y = 0. 

(IIT-JEE 1989) 


13. Find the length of the chord of the circle x 2 + y 2 - 
10* - 20y - 44 = 0 on the line 3x - 4y = 0. 


Solution: C = (5,10) is the centre and r = 13 is the ra¬ 
dius of the given circle. Suppose the line 3x - A v = 0 cuts 
the circle at points A and B and M is the midpoint of AB 
(see Fig. 3.17). Therefore, CM is the perpendicular drawn 
to AB (see Theorem 3.5) which is given by 


CM = 


3(5)-4(10) 
^3 2 +4 z 


= 5 


Therefore, 

AB = 2 AM 

= 2\lcA 2 - CM 2 
- 2\ll3 2 -5 2 = 2x12 = 24 



Aliter: Put y = 3x1 A in the equation of the circle so that 
we have 

* 2 + ——10*-2of—1-44 = 0 
16 l 4 ) 

That is, 

25* 2 -400*- 704 = 0 
=> (5* + 8)(5* -88) = 0 

Therefore, 

88-8 

Hence, the points are A = (88/5,66/5) and B = (-8/5,-6/5) 
and the length is given by 


Solution: Let M(h, k) be the foot of the perpendicular 
drawn from the origin 0(0, 0) to a line passing through 
the point (2,3) as shown in Fig. 3.18. Therefore, OM is the 
perpendicular drawn to the line so that 


(Slope of OM) x (Slope of the line) = -1 




= -l 


=> h(h - 2) + k(k - 3) = 0 


Therefore, the locus of the point ( h , k) is x 2 + y 2 - 2x - 
3y = 0 which is equivalent to the circle described on the 
line joining the points (0,0) and (2,3) as diameter. 



15. Find the equation of the circle passing through the 
origin which is cutting the chord of equal length V2 
on the lines y = x and y = -x. 

Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0 be the re¬ 
quired circle. Since it passes through the origin (0,0), c = 0. 
Put y = x in S = 0. Then x 2 + ( g +f)x = 0. Therefore, * = 0, * 
= -0?+f) so that the points of intersection are A(0,0) and 
5 [-(f+g)>-(/+g)]- Now 

AB = V2 

=*f + g = ± 1 

Similarly, 

g~f=± 1 

Therefore, the centres of circles are given by (1, 0), (-1, 
0), (0,1) and (0, -1) and the equations of the circle are 
given by x 2 + y 2 ± 2x = 0 and x 2 + y 2 ±2y = 0. 


AB = 


00 

00 

8\ 2 

'66 

6\ 

— 

+ - + 


+ - 

1 5 

5) 

, 5 

5/ 


14. Show that the equation of the locus of the foot of the 
perpendicular drawn from the origin upon any line 


16. The angle between the pair of tangents from a point 
P to the circle S = x 2 + y 2 + 4x - 6y + 9 + 4cos 2 a= 0 
is 2a. Show that the point P lies on the circle x 2 + y 2 
+ Ax - 6y + 9 — 0 and hence find the equation of the 
director circle of S = 0. 
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Solution: The centre of the circle S = 0 is (-2,3) and its 
radius is 2sin a (note that 2 a being the angle between 
the tangents, we have 0 < a< 7d 2). Let P = ( h , k) as shown 
in Fig. 3.19. Then 


Solution: Let S = x 2 + y 2 - 2ax = 0 and P = ( h , k) be a 
point on S = 0. Therefore 

h 2 +k 2 -2ah = 0 (3.13) 


CT 2sin a 

sin a= - = , 

CP s l(h + kf + (k-3f 

Therefore 

(h + 2 f + (k - 3) 2 = 4 

Hence, ( h , k) lies on the circle 

(x + 2) 2 + (y - 3) 2 = 4 or x 2 + y 2 + 4x - 6y + 9 = 0 

If a = ;r/4, then 2 a= 7il2 and therefore the equation of 
the director circle of S = x 2 + y 2 + 4.v - 6y + 11 = 0 is given 
by x 2 + y 2 + 4x - 6y + 9 = 0. 



FIGURE 3.19 

17. Prove that the locus of the point whose chord of con¬ 
tact with respect to a circle subtends a right angle at 
the centre of the circle is its director circle. 

Solution: P is a point and AB its chord of contact with 
respect to a circle with centre C (see Fig. 3.20) such that 
| BCA = 90°. Since CA and CB are at right angles to the 
tangents PA and PB, respectively. It follows that | APB 
is a right-angled triangle. Hence, point P lies on the di¬ 
rector circle of the given circle. 



FIGURE 3.20 


18. Point P is on the circle x 2 + y 2 - 2ax = 0. A circle is 
drawn on OP as diameter where O is the origin. As 
P moves on the circle, find the locus of the centre of 
the circle. 


Now, Q (hi 2, /c/2) is the centre of the circle drawn on 
OP as the diameter. From Eq. (3.13), we have 


- + - -a - =0 


Therefore, the locus of Q is x 2 + y 2 - ax = 0. 

19. Find the point for which the line 9x + y - 28 = 0 is the 
chord of contact with respect to the circle 2x 2 + 2y 2 - 
3x + 5y - 7 = 0. 


Solution: The given circle is 

T T 3 5 7 

S = x~+y —x + — y — = 0 
2 2 2 

Let P(x v y x ) be the point whose chord of contact with 
respect to S = 0 is 


9x + y - 28 = 0 


(3.14) 


But, in fact, the chord of contact of P(x v y 1 ) with respect 
to S = 0 is given by 

3 5 7 

xx 1 +yy 1 --(x + x 1 ) + -(y + y 1 )-- = 0 

That is, 

(4xj -3)x + (4yj +5)y- 3x 1 +5jq -14 = 0 (3.15) 

Equations (3.14) and (3.15) represent the same line. 
Therefore, 


4x, - 3 4 Vj + 5 -3x 1 + 5yj —14 


-28 


= t (say) 


Hence 



*i = 

and 

Ft = 

so that 

28? = 3^ 3 + 9f 


=>-112? = - 


=> -90? = -9 


=> t = 1 


3 + 9? 
4 

t- 5 


+ 5 


t -5 


-14 
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3.3 ! Classification of Points in a Plane w.r.t. a Circle in the Same Plane 


Therefore 


3 + 9 t 12 „ 

X, =-= — = 3 


and 

Hence, P= (3,-1). 


t-5 -4 

yi ~ 4 4 


20. Show that the circle x 2 + y 2 + 4x - 4y + 4 = 0 touches 
both axes and find the points of contact. 


Since \AOB = 90°, from the above equation, 

Coefficient of x 2 + Coefficient of y 2 = 0 

, 2 gh 2 ch 2 „ 2 fk 2ck 2 

=> 1 -|- - -1-h 1 H---1-= 0 

yh + k ) yh + k ) yn + k ) yh + k ) 

=> 2(h 2 +k 2 f + 2 {gh + fk)(h 2 + k 2 ) + 2 c(h 2 + k 2 ) = H 

=> h 2 + k 2 + gh +kf + c = 0 

Hence, the locus of (h, k) is given by 


Solution: The centre is (-2, 2) and the radius is 2. The 
distance of the centre (-2,2) from the coordinate axes is 
equal to 2. Hence, the circle touches both coordinate axes, 
and the points of contact are given by (-2,0) and (0,2). 

21. Find the equations of the circle touching both axes 
and passing through the point (2,1). 

Solution: Since the circle touches both axes and passes 
through the point (2,1), the centre of the circle must be 
in the first quadrant. Hence, its equation should be of the 
form x 2 + y 2 - 2ax - 2ay + a 2 = 0. It passes through the 
point (2,1) which implies that 

5 —4« — 2a + a 2 =0 
=> (a —1 )(a-5) = 0 
=> a = 1 or 5 

The equations of the circle are x 2 + y 2 - 2x - 2y + 1 = 0 
and x 2 + y 2 - lOx - lOy + 25 = 0. 

22. The chords of the circle x 2 + y 2 + 2gx + 2fy + 2c = 0 
subtend right angle at the origin. Show that the locus 
of the foot of the perpendiculars from the origin to 
these chords is the circle x 2 + y 2 + gx +fy + c = 0. 


x 2 + y 2 + gx + fy + c = 0 



FIGURE 3.21 


23. Find the equation of the circle which touches the 
V-ax is at ( a , 0) and cuts of chord of length / on the 
positive v-axis. Determine the equation of the circle 
when a = 12 and / = 10. 

Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0. Since the 
circle touches x-axis (see Fig. 3.22), we have 

g 2 = c (Quick Look 6) 

Therefore 


Solution: Let AB be a chord of the circle S = x 2 + y 2 
+ 2gx + 2fy + 2c = 0 subtending right angle at the origin 
( \AOB = 90°) and N(h, k) be the foot of the perpendicu¬ 
lar drawn from the origin O to the chord AB (see Fig. 
3.21). Since the slope of ON is klh , the equation of the 
chord AB is 


y-k = -jl(x-h) 

=> hx + ky = h 2 + k 2 

Therefore, the combined equation of the pair of lines 
OA and OB is given by 


a 2 = c (Problem 1) 

Also / is the y-intercept. This implies that 

2 yjf 2 -c = / (Problem 1) 


/2 

■f 2 -c = — 

J 4 

,2 ,2 

,-2 ' i 2 

■ f =— + c = — + a 
J 4 4 


■ / = ± 


l z +4u z 


x 2 + y 2 + (2gx + 2fy) 


hx + ky 
h 2 + k 2 


+ 2 c 


hx + ky 
h 2 + k 2 


= 0 


(by Theorem 2.33) 


Since the intercept is on the positive y-axis, we have 

/=±« 


/ 2 +4u 2 


2 
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Hence, the required equation of the circle is 

x 2 + y 2 - lax + ( \ll 2 +4n 2 )_y + a 2 = 0 


■ ( x-a) n + 


y + - 


\ll 2 + 4a 1 


I 2 + 4 a z 



24. A point moves such that the length of the tangent 
from it to the circle x 2 + y 2 + 4x - 5v + 6 = 0 is double 
the length of the tangent to the circle x 2 + y 2 = 4. 
Show that the locus is a circle. Find its centre and 
radius. 

Solution: Let S = x 2 + y 2 + 4x - 5y + 6 = 0 and S' =x 2 + 
y 2 - 4 = 0. Let P(x, y) be a point from which the tangent 
to S = 0 is double the tangent to S' = 0. By hypothesis, 

y/S n = 2y[S\\ (see Theorem 3.11) 


Since n * 1, the locus is the circle ( n 2 - l)(x 2 + y 2 ) + 
2a(n 2 + l)x + ( n 2 - 1 )a 2 = 0. 


Note: In the above problem, if n = 1, then the locus of P 
is the perpendicular bisector of the segment AB. 


26. Prove that from a point ( a , b ) of the circle x(x - a) + 
y(y - b) = 0, two chords, each bisected by the x-axis, 
can be drawn if and only if a 2 > 8b 2 . 


Solution: If P = (a, b ), then the equation x(x - a) + y(y 
- b) = 0 represents the circle with O and P as extremities 
of a diameter (see Fig. 3.23). Let M(h , 0) be the midpoint 
of a chord of the circle. Equation of this chord is 

xh + y(0) — ^ (x + h) - ^ (y + 0) = h 2 — ah 

(see Theorem 3.13) 

That is, 



This chord is passing through (a, b ). This implies 



<=> 2 ah -a 2 -b 2 = 2h 2 - ah 

<=> 2h 2 - 3uh + a 2 + b 2 =0 (which has two distinct roots) 
<t=> 9 a 2 > 8 (a 2 +b 2 ) 

<=> a 2 > 8b 2 


Therefore 

‘V,=4.S'n 

=> x{ + y 2 + 4x, - 5)q + 6 = 4(x( + y\ - 4) 

=> 3xj 2 + 3 y\ - 4xj + 5 yi - 22 = 0 

Hence, the locus is a circle whose equation is given by 
3x 2 + 3y 2 - 4x + 5y - 22 = 0. 

25. If A and B are two fixed points and P is a variable 
point such that PA.PB = n:l, then show that the locus 
of P is a circle if n ^ 1. 

Solution: Without loss of generality, we take A = (a, 0) 
and B(-a, 0). Let P be (x x , y x ). So 



27. Find the points on the line x - y + 1 = 0, the tan¬ 
gents from which to the circle x 2 + y 2 - 3x = 0 are of 
length 2. 


PA = nPB 
<=> (PA) 2 = n 2 (PB) 2 
<=> (x, - a) 2 + y\ = « 2 [(x 1 + a) 2 + y 2 \ 

£=> (n 2 -l)(x 2 + yl)+2a{n 2 + l)x 1 + (n 2 -l)a 2 =0 


Solution: Let P(x v y x ) be a point on the line x - y + 
1 = 0 from which the length of the tangents to the 
circle S = x 2 + y 2 - 3x = 0 is of length 2. Therefore 

x i ~ ki +1 = 0 and Js^ = 2 

x 1 — _)q + 1 = 0 and x 2 + y\ - 3x 1 = 4 
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Therefore 

x \ + ( x 1 + 1) 2 - 3jcj = 4 
=t> 2x\ - x, -3 = 0 
=> 2x 2 + 2x, - 3x 1 -3 = 0 
=> (2x t - 3)(x t +1) = 0 

Hence 



*1 

V 

ii 

+ 

I — 1 

-1 

0 

3 

5 

2 

2 


Therefore, the points on the line are given by (-1,0) and 
(3/2,5/2). 

28. Show that the area of the triangle formed by the two 
tangents from (x v y 1 ) to the circle x 2 + y 2 = a 2 and 
their chord of contact is 

a{x 1 +y 1 -a ) 

2 2 

4+yi 

Solution: Let P = (x v yq), O = (0, 0) and AB be the 
chord of contact (see Fig. 3.24). Suppose OP meets the 
chord AB at point M so that AM = MD and OM is per¬ 
pendicular to AB. The equation of chord AB is given by 

5 1 = xx 1 + yy x - a 2 = 0 (see Theorem 3.12) 

Therefore 


OM = 

and 

AM = \loA 2 - OM 2 = 


Also 

PM = 


I 2 2 2l 

\ x i +yt ~ a \ 


V x i + y\ 

x 2 + y\ - a 2 

+ yi 


-a 




xl+yl 


n 2 - 


2 2 

xf+yi 


= a 


sl x l+yl~a 2 


i 


x\+y 2 i 


(y P lies outside the circle) 


Now, the area of APAB is given by 


a(x( +y 1 - a 1 ) 

2 2~ 

xf + y i 


2 \ 3/2 


aS™ 
{OP) 2 



29. Tangents are drawn to the circles x 2 + y 2 = a 2 and x 2 + 
y 2 = b 2 at right angles to one another. Find the locus 
of their point of intersection. 

Solution: Both circles are concentric at the origin (see 
Fig. 3.25). From the Note given under Theorem 3.8, the 
lines 


y = mx + axl 1+ m 


-1 


1 


y = —x + b a + —j 
m V m 

are tangents to the given circles and are at right angles. 
Therefore, 

{y-mx) 2 +{x + my) 2 = {a 2 +b^)(l + m 2 ) 

=> (x 2 + y 2 ){l + m 2 ) = ( a 2 +b 2 ){\ + m 2 ) 

That is, x 2 + y 2 = a 2 + b 2 is the required locus. 



Note: In the problem, if b = a, then the equation of the 
director circle of x 2 + y 2 = a 2 is x 2 + y 2 = 2a 2 . 


—AB ■ PM = AM ■ PM = 
2 


a V*i +- v i ~ fl2 (*i +y\-a 2 ) 
\l x i +yi yj x i +yl 


30. Find the equations of the tangents to the circle xr + 
y 2 - 6x - 4v + 5 = 0 which make an angle of 45° with 
positive direction of the x-axis. 
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Solution: In the circle 5 = x 2 + y 2 - 6x - 4y + 5 = 0, the 32. Find the equations of the tangents to the circle 5 = 

centre is (3,2) and radius is 2 \[2. The given line is x 2 + y 2 + 8x + 4y - 5 = 0 from the point (3, -3). 


y = x + c (v tan 45°= 1) 

The line touches the given circle if and only if the dis¬ 
tance of the line from the centre is equal to the radius. 
Therefore 


|3-2 + c| 

Vi 2 +1 2 


2 V 2 


=> (c +1) 2 = 16 


=> c +1 = +4 


=> c = 3 or - 5 


Flence, the required equations of the tangents are x - y + 
3=0 and x - y - 5 = 0. 


31. Prove that the tangent to the circle x 2 + y 2 = 5 at the 
point (1, -2) also touches the circle x 2 + y 2 - 8x - 6y - 
20 = 0 and find the coordinates of the point of contact. 


Solution: The centre and the radius of the circle 5 = 0 
are (-4, -2) and 5, respectively. We have 5 n = 3 2 + (-3) 2 
+ 8(3) + 4(-3) - 5 = 25 > 0. Flence, (3, -3) is external to 5 
= 0. Let y + 3 = m(x - 3) be a line passing through (3, -3). 
This line touches the circle 5 = 0. This implies that 

|m(-4-3) + 2-3| _ 

V m 1 +1 

=> (7m -1) 2 = 25(m 2 + 1) 

=> 24m 2 - 14m - 24 = 0 
=> 12m 2 - 7m -12 = 0 
=> 12m 2 — 16m + 9m -12 = 0 
=> 4m(3m - 4) + 3(3m - 4) = 0 
4 -3 


Solution: Tangent to the circle 5 = jc 2 + y 2 - 5 = 0 at Therefore, the tangents from (3, -3) to the circle 5 = 0 
(-1, -2) is given by are 


5\ = x(-l) + y(-2) -5 = 0 
S 1 =-x-2y-5 = 0 

5\ = x + 2y + 5 = 0 (3.16) 

Now, this line [Eq. (3.16)] also touches the circle x 2 + y 2 
- 8x - 6y - 20 = 0. This implies that the distance of its 
centre (4, 3) from the line [Eq. (3.16)] is equal to the 
radius 3 V5. So 


|4 + 6 + 5] 

~W7¥ 


= 3 V5 


Hence, the tangent at (-1, -2) to x 2 + y 2 = 5 also touches 
the circle x 2 + y 2 - 8x - 6y - 20 = 0 at say (x^yq). But, the 
tangent at (x,, y t ) is given by 


xx : +yy x -4(x + x 1 ) -3(y + y 1 )-20 = 0 
■ (x x - 4)x + (^ - 3)y - (4x 1 + 3_y 1 + 20) = 0 
x : -4 y x - 3 -(4x 1 +3y 1 + 20) 


1 


■=t (say) 


x 1 = t + 4, y 1 = 2t + 3 

and 5 1 = -(4x l + 3y x + 20) = -[4 (t + 4) + 3(2t + 3) + 20] 
=> 5t= -10t-45 


=> t = —3 


Therefore, 


(x 1 ,y 1 ) = (-3 + 4, 2(-3) + 3) = (1,-3) 


Note: When a line touches a circle, then the point of con¬ 
tact is the foot of the perpendicular drawn from the 
centre of the circle onto the line. 


and 


y+ 3 = ^(*-3) 

y + 3 = -^(x-3) 


That is, 


4x-3y-21 = 0 
3x + 4y + 3 = 0 


33. A circle passes through the points (-1,1), (0,6) and 
(5,5). On this circle, find the points at which the tan¬ 
gents are parallel to the line joining origin to the cen¬ 
tre of the circle. 


Solution: Let 5 = x 2 + y 2 + 2gx + 2 fy + c = 0 be the 
circle passing through the points (-1,1), (0,6) and (5,5). 
Therefore, 


-2g + 2/ + c = -2 
12/ + c = -36 • 
10g + 10/ + c = -50 


(3.17) 


Solving the set of equations given in Eq. (3.17), we obtain 
g = -2,/= -3 and c = 0. Therefore, S = x 2 + y 2 - 4x - 6y = 
0 is the required circle. Let P(x v y x ) be a point on the 
circle 5 = 0 at which the tangent to the circle is parallel to 
the line joining origin to the centre (2,3). Therefore, the 
slope of the tangent 5 X = xxj + yy x - 2(x + x t ) - 3(y + y x ) 
= 0 is equal to 3/2 and the slope of the line 5^ = (x : - 2)x 
+ (y x - 3)y - 2xj - 3y x = 0 is 3/2. Hence 













145 


3.3 I Classification of Points in a Plane w.r.t. a Circle in the Same Plane 



_ 2 - x, = - 3 

3 2 


(say) 


Therefore,x x = 2 - 3/ and y 1 = 3 + 2t. Sine (x^yq) lies on the 
circle S = 0, we have 

(2 - 3f) 2 + (3 + 2 t) 2 - 4(2 - 3r) - 6(3 + 20 = 0 
Therefore, 

130 -13 = 0 =>f = ±l 


Hence, the point (x v y 0 = (-1,5), (5,1). 


34. Find the locus of the midpoints of the portions of the 
tangents to the circle x 2 + y 2 = a 2 terminated by the 
coordinate axes. 


Also 


F = (-2a, 0) 

Now, the equation of EF is 

y = -( x + 2a ) 

=> 3x — 4 v + 6a = 0 

Therefore, the distance of the centre ( a, a) from the line 
EF is equal to 

|3fl-4n + 6fl| 

1 — , = a 

V 3 2 +4 2 


Hence, the line EF touches the circle. In Chapter 2, we 
discussed the following result: If ( h, k) is the foot of the 
perpendicular from (x p yq) onto a line lx + my + n = 0, 
then 


Solution: Tangent at P(x v yq) to the circle S = x 2 + y 2 - 
a 2 = 0 is S 1 = xx : + yyq - a 2 = 0. Therefore, the intercepts of 
the tangent S 1 = 0 on the axes are A(a 2 lx v 0) and 5(0, a 2 ! 
y 1 ). M(h, k) is the midpoint of AB. This means there 


2 2 

, a , a 

h — - ,k = - 

2x-| 2y 1 

2 2 

a a 

1 2 h n 2k 


7 7 7 M 

<=> a = xt + y\ = — 
1 4 


_1_ J_ 

h 2 + lc 2 


^2 ,2 

a n 


1 1 
H-pr 


h-x 1 k — y 1 ( lx 1 + my ] + n) 

l m l 2 + m 2 

[see Theorem 2.13(1)] 

Now, equation for the line EF is 3x - 4 y + 6a = 0 and 
(Xj, y x ) = ( a , a). Therefore, 

h-a k—a ( 3 - 4a + 6« A —a 
3 _ ~-4~ ~ 3 2 + 4 2 J“T 

This gives 

, 3a 2a , 4 a 9 a 

h~a -= — and k = a + — = — 

5 5 5 5 

Therefore, the point of contact is given by 


Therefore, the locus of M(h, k ) is given by 

_L J__A 
~2 " l 2 ~ ~2 
x y a 

35. ABCD is a square of side 2 a units. Taking AB and 
AD as coordinate axes, find the equation of the circle 
which touches all the four sides of the square. If E is 
a point on DC such that 3 DE = DC and F is a point 
on BA produced such that FA = AB , prove that EF 
touches the circle and also find the coordinates of 
the point of contact. 


2 a 9 a ^ 

T’l" J 



Solution: By hypothesis, A is (0,0), 5 = (2a, 0), C = (2a, 
2a) and D = (0, 2a). Therefore, O = (a, a) is the centre of 
the circle so that a is its radius (see Fig. 3.26). Hence, the 
equation of the circle is (x - a) 2 + (y - a) 2 = a 2 . Further, 
E divides the segment DC in the ratio 1:2, that is, DE.EC 
= 1:2. Therefore, 



FIGURE 3.26 

36. Find the point of intersection of the tangents to the 
circle passing through the points (4,7), (5,6) and (1,8) 
at the point where it is cut by the line 5x + y +17 = 0. 

Solution: Let A = (4, 7), 5 = (5, 6) and C = (1, 8). 
Let 5(xj, >',) be the circumcentre of A ABC. Therefore, 
SA = SB = SC = R (circumradius). Hence 
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SA = SB => (x, - 4 ) 2 + (y, - if = (x, - 5 ) 2 + (* - 6) 2 
=> 2x| - 2y-] = -4 

=> X] - = —2 (3.18) 

SB = SC^>(x 1 -5 ) 2 +(y 1 - 6) 2 = (x x -l) z + (y x - 8) 2 
=> 8x, - 4y, = -4 

=>2x 1 -y 1 =-l (3.19) 

Solving Eqs. (3.18) and (3.19), we have x 1 = 1 and y 1 = 3. 
Therefore, the centre of the circle is (1,3) and the radius 
of the circle is R = SA = 5. Therefore, the equation of the 
circle is (x - l ) 2 + (y - 3 ) 2 = 5 2 . That is, 

x 2 + y 2 - 2x - 6y - 15 = 0 
Let us consider that the line 

5x + y + 17 = 0 (3.20) 

meets the circle at points P and Q and the tangents at 
points P and Q meet at T{x v y } ) as shown in Fig. 3.27.Then, 
Eq. (3.20) is the equation of the chord of contact of T(x v 
>’!). However, the chord of contact of T{x v yf is given by 

5) = xxt + yy, -(x + )-3(y + y x ) -15 = 0 
=> 5) = (x, - l)x + (>>! - 3 )y - (x, + 3 y t +15) = 0 (3-21) 

That is, Eqs. (3.20) and (3.21) represent the same line. 
Therefore, by Theorem 2.10, we have 


Solution: We know that y-axis touches the circle x 2 + 
y 2 + 2 gx + 2fy + c = 0if / 2 = c. For the circle mentioned 
in this problem also, we have q 2 = / 2 = c = q 2 . Therefore, 
y-axis touches the circle. Since the tangents drawn from 
the origin are at right angles, the other tangent touches 
the x-axis. Therefore, 

p 2 = q 2 (see Quick Look 6 and Problem 1) 

Aliter: Since the tangents drawn from (0, 0) are at right 
angles, origin must lie on the director circle of the given 
circle (see Definition 3.2 and Quick Look 4). Therefore, 
( 0 , 0 ) lies on the circle (x - p) 2 + (y - q) 2 = 2p 2 . 


38. If the points 


f 1 ^ 
m t , — 


(i = 1,2, 3, 4) 


are concyclic, then show that = 1 . 

(IIT-JEE 1989) 


Solution: Let S = x 2 + y 2 + 2 gx + 2fy + c = 0 be a circle 
passing through the four points 

f 1 1 

m n — 
l m i) 

Therefore, 


*i ~ 1 = yi~3 = _( X! +3y, +15 ) = t 
5 1 { 17 ) 


(say) 


1 2 f 

+ —j + 2g(m j ) + — + c = 0 

mf 


This gives 


x 1 =1 + 5 1; y 1 =3 + t 

and 17t = (1+50+3(3 +0 + 15 

Solving, we get 


Hence, m-, where i = 1, 2, 3 and 4, are the roots of the 
equation 

m 4 + 2 gm~ + cm 2 + 2fm + 1 = 0 

Therefore, the product of the roots is 1. That is, 
= 1. 


-25t = 25 => t = -1 


Therefore, (x^yj = (-4,2). 



37. If the tangents drawn from the origin to the circle 
x 2 + y 2 - 2 px - 2qy + q 2 = 0 (17 + 0 ) are at right 
angles, then show that p 2 = q 2 . 


39. Find the values of A for which the point (A - 1, A +1) 
lies in the larger segment of the circle x 2 + y 2 -x- 
y - 6 = 0 made by the chord whose equation is 

x + y - 2 = 0. (IIT-JEE 1989) 


Solution: Let 5' = x 2 + y 2 -x-y -6 = 0. Let C be the 
centre of the circle which is given by ( 1 / 2 , 1 / 2 ) and its 
radius is given by 


1 1 + 
- + - + 6 

4 4 



Draw CM perpendicular to the line x + y - 2 = 0 (see Fig. 
3.28). Therefore, 


Vi 2 + i 2 




(radius) 


Therefore, x + y - 2 = 0 intersects the circle S = 0 in two 
distinct points, say, points A and B. Now, 
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3.3 ! Classification of Points in a Plane w.r.t. a Circle in the Same Plane 


P(A - 1, A + 1) lies inside the circle S = 0 

<=> (A - l ) 2 + (A +1 ) 2 - (A - 1) - (A +1) - 6 < 0 
<=> 2A 2 - 2/1-4 <0 
<=>(A + l)(A-2)<0 

« -1 < A < 2 ( 3 - 22 ) 

Let L=x + y - 2 = 0.Now,P(A- 1, A + 1) lies inside the 
circle, in the larger segment of the circle if -1 < A < 2 and 
P and C lie on the same side of the chord AB. P(A - 1 ,A 
+ 1) and C(l/2,1/2) lie on the same side of L = 0, if L n = 
(A - 1) + (A + 1) - 2 and L 22 = (1/2) + (1/2) - 2 have the 
same sign. But = -1 < 0. Therefore, 

L n = (A —1) + (A + 1) —2 < 0 

=> 2 A — 2 < 0 

=> A < 1 (3-23) 

From Eqs. (3.22) and (3.23), we have -1 < A< 1. 



40. Find the range of A for which the line 3x + 4y - A=0 lies 
in between the circles S = x 2 + y 2 - 2x - 2y + 1 = 0 and 
S' = x 2 + y 2 - 18x - 2v + 78 = 0 without intersecting 
and without touching the circles. 

Solution: Let L = 3x + Ay - A = 0. 

S = x 2 + y-2x — 2y+l = 0 

S' = x 1 + y 2 - 18x - 2y + 78 = 0 

C x = (1,1) and C 2 = (9,1) are the centres and r^ = 1 and r n 
= 2 are the radii of S = 0 and S' = 0, respectively. First, the 
line L = 0 lies in between the circles. The centres C 1 and 
C-, lie on the opposite sides of L = 0 (see Fig. 3.29). Now 

L n = 3 + 4-A 

and L 22 = 3(9)+ 4(1)-A 

have opposite signs 

<=> (7 - A)(31-A) < 0 
<=> (A-7)(A-31) < 0 
<=> 7 < A < 31 (3.24) 


Second, L = 0 does not have common point with S = 0 <=> 
C 1 M 1 > r 1 = 1, where C) M { is the perpendicular drawn 
from C x onto the line. This implies 

|3(1) + 4(1)-A1 ; i 
V3 2 +4 2 
<=> (A-7 ) 2 > 25 
« A 2 -14A + 24>0 
<=> (A - 2)(A -12) > 0 
<=> A < 2 or A > 12 (3.25) 

Similarly 

C 2 M 2 > 2 <=> A 2 - 62A + 861 > 0 
<=> (A-21)(A-4l) > 0 
« A < 21 or A > 41 (3.26) 

The given line L = 0 satisfies the specified condition if all 
the three conditions given in Eqs. (3.24)-(3.26) simulta¬ 
neously hold. Therefore, 12 < A < 21. 



41. ABCD is a rectangle. A circle passing through the 
vertex C touches the sides AB and AD at M and N, 
respectively. If the distance of the line MN from the 
vertex C is p units, then show that the area of the 
rectangle ABCD is p 2 . 

Solution: Take A as origin. Let AB = a and AD = b so 
that C = (a, b). Let r be the radius of the circle so that its 
centre O = ( r , r) (see Fig. 3.29). Equation of the chord 
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MN is xlr + y/r = 1 or x + y = r. Now, C{a, b) is a point on 
the circle (x - r ) 2 + (y - r ) 2 = r 2 , which implies 

a 2 +b 2 - 2r(a + b) + r 2 = 0 (3.27) 

The distance of C(a, b) from the chord MN is given by 

\a + b — r\ 

~J7~ = P 

=> (a + b-r) 2 = 2p 2 
=> (a + b) 2 - 2r(a + b) + r 2 =2p 2 
=> a 2 +b 2 - 2 r(a + b) + r 2 + 2ab = 2p 2 
=> 2 ab -2p 1 

=>ab = p 2 [by Eq. (3.27)] 

Therefore, the area of ABCD is given by p 2 . 



FIGURE 3.30 


43. A circle S = x 2 + y 2 + Ax - 2^2 + c = 0 is the direc¬ 
tor circle of 5], S, is the director circle of S 2 , S-, is the 
director circle of .S’, and so on. If the sum of all the 
radii of these circles is 2, then find C. 

Solution: According to Quick Look 4, the radius of the 
director circle of a given circle is V2 times the radius of 
the given circle. Therefore, the radius of S = 0 is given by 

^2 1 +(V2) 2 —c = \/6-c = a (say) 

Therefore, the radius of 5) is a/V2, the radius of S 2 is a/2 
and so on. Therefore, 

„ a a a 

2 = a+—j= + -+—— + ...00 

V2 2 2V2 

fi 1 1 1 1 

l, V 2 2 2 V 2 J 

a \[2a 

~ 1-1A/2 ~ V2-1 

This gives 

4(V2-1) 2 =2n 2 =2(6-c) 

=> 2(2 +1 - 2 V2) = 6 - c 


42. A is a point on the circle x 2 + y 2 = 2a 2 . From A, two 
tangents are drawn to the circle x 2 + y 2 = a 2 whose 
points of contact are B and C. As A moves on the 
circle x 2 + y 2 = 2a 2 , show that the locus of the circum- 
centre of AABC is the circle x 2 + y 2 = a 2 / 2. 

Solution: According to Quick Look 4, A lies on the di¬ 
rector circle of x 2 + y 2 = a 2 . Hence, | BAC = 90° (see Fig. 
3.31). Therefore, the circumcentre of AABC = midpoint 
of BC = midpoint of OA because ABOC is a square, 
where O is (0, 0). If A = (h, k), the circumcentre is (h/2, 
k/2) and hence h 2 + k 2 = 2a 1 . This implies (h/2) 1 + (k/2) 2 = 
a 2 / 2. Therefore, the locus is given by 



=> c = 4>/2 

44. Find the point of intersection of tangents to the circle 
x 2 + y 2 = ar which are inclined at angles a and fi with 
the positive direction of the x-axis such that cot a + 
cot (]=0. 

Solution: Suppose P(h, k) is the point of intersection 
of the tangents which are inclined at angles a and fi with 

x-axis. y = mx + a^J 1 + in 2 always touches x 2 + y 2 = a 2 (k 
- mh ) 2 = a 2 (l + m 2 ) which has two distinct roots, say, m 1 
and m 2 - Let m 1 = tan a, m 2 = tan jB. Therefore, 

cot a + cot (3 = 0 


tan a tan /J 
mi + m 2 Q 
m 1 m 2 
=> 2 hk = 0 

Therefore, locus of (h, k) is xy = 0. 

45. Find the midpoint of the chord of the circle x 2 + y 2 = 
25 intercepted on the line x -2y -2 = 0. 

Solution: Let M(x v jq) be the midpoint of the chord. 
Therefore, equation of the chord is .S', = .S’,, . That is, 
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3.3 I Classification of Points in a Plane w.r.t. a Circle in the Same Plane 


xx l + yy l -25 = x 2 + yl -25 
xx 1 + > 7 ! = x\ + y\ 


However, by hypothesis, 

x - 2y - 2 = 0 


(3.28) 

(3.29) 


From Eqs. (3.31) and (3.32), we get 

-pn 


a = 


Ip + mq 


and 


P 


—qn 
Ip + mq 


is the chord. From Eqs. (3.28) and (3.29), we have Therefore 


and 


x 1= y L= x[ + y{ 
1 -2 2 
x 1 = t,y 1 - -21 


(say) 


2t - x\ + y\ = 5t 2 => t = 0 or 


2 

5 


Here, t = 0 implies that ( x v jq) = (0,0) is not on the line 
x - 2y - 2 = 0. Therefore, 


Oi ,h) 


(2 -41 
U’ 5 J 


46. Tangent at any point on the circle x 2 + y 2 = a 2 meets 
the circle x 2 + y 2 = b 2 at points P and Q. If the tan¬ 
gents drawn at points P and Q of this circle intersect 
at right angles, then show that b 2 = 2a 2 . 


Solution: LetS = x 2 + y 2 -a 2 = 0 and S' = x 2 + y 2 - b 2 = 0. 
By hypothesis, b > a. Suppose that the tangents at points 
P and Q to S' = 0 meet in T(h, k). Since PTQ = 90°, T 
must he on the director circle of S' = 0. Therefore, 


OPOQ = k 2 => ^a 2 + p 2 ■■slp 2 + q 2 =k 2 



=> n(p 2 +q 2 ) = k 2 (Ip + mq) 


Hence, Q(p,q) lies on the curve n(x 2 + y 2 ) - k 2 (lx + my). 



FIGURE 3.32 


h 2 +k 2 =2b 2 (3.30) 

Now, equation of PQ is hx + ky - b 2 = 0 and it touches the 
circle S = 0 so that 


48. For all values of the parameter a, show that the locus of 
the point of intersection of the lines x cos a+ y sin a= 
p and x sin a- y cos a= q is the circle x 2 + y 2 =p 2 + q 2 . 


\-b 2 \ 

sjh 2 +k 2 ~ U 

and hence b 4 = a 2 (h 1 + A: 2 ). Therefore, from Eq. (3.30), we 
get b 2 = 2a 2 . 

47. Let us consider that the line lx + my + n = 0 does not 
pass through the origin O and P is a point on the 
line. On the segment OP, let Q be a point such that 
OP OQ = k 2 , where k is a fixed number. Then show 
that Q lies on the curve n 2 (x 2 + y 2 ) = k 2 (lx + my). 

Solution: Let P = (a, /3). Since P lies on the line lx + 
my + n = 0 , we have 

la+mj3+n = 0 (3.31) 

Let O = (p, q). Since the equation of OP is fix - ay = 0 
and Q(p, q) lies on OP (Fig. 3.32), we have 

p/5 -aq = 0 


Solution: Squaring and adding the given equations, we 
have x 2 + y 2 = p 2 + q 2 which represents circle with centre 

as origin and radius yjp 2 + q 2 . 

49. A circle touches the line y = x at a point P whose 
distance from the origin is 4^2. The point (-10,2) is 
an interior point of the circle. The length of the chord 
on the line x + y = 0 is 6^2. Find the equation, of the 
circle. (IIT-JEE 1990) 

Solution: Let C(h, k) be the centre of the circle. Now, 
P = (x, x) and OP = 4^2 => 2x 2 = 32 => x = +4. Let M 
be the midpoint of AB (see Fig. 3.33) where AB = 6^2. 
Therefore 

AM = MB — 3\/2 

Also OPCM is a rectangle o CM = OP = 4^2. There¬ 
fore 


(3.32) 
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bisector of the side BC follows A = ( O , k), where k > 0, 
we have 


Chapter 3 I Circle 


AC 2 = (AM) 2 + (CM) 2 = (3J2) 2 + ( 4 V 2) 2 = 50 
Hence, the radius (r) of the circle is AC = 572. Now 


4^2 - CM 


h + k 

~JT 


=> /1 + A: = ±8 


(3.33) 


5V2 - PC 


h-k 


=>h-k = ± 10 


(3.34) 


tan 60° = 


OA 

OC 


k 

I 


=> k = 73 

Therefore, A = (0,73). The equation of the perpendicu¬ 
lar bisector of AB is given by 


FromEqs. (3.33) and (3.34), we have (h,k) - (9,-1), (1,-9), 
(-1,9) or (-9,1). Therefore, equation of the circle is given 
by 


S = (x-9) 2 +(y-l) 2 =50 

or s = (x-\f +(y + 9) 2 =50 

or S = (x+1) 2 +(y-9) 2 =50 

or 5 = (x + 9) z + (y -1) 2 = 50 

However, (-10, 2) is an interior point of the circle for 
which S u < 0 which is satisfied by the equation 

S = (x + 9) 2 + (y- l) 2 = 50 



50. Two vertices of an equilateral triangle are (-1, 
0 ) and (1, 0) and its third vertex lies above the 
x-axis. Find the equation of the circumcircle of the 
triangle. 

Solution: Let B = (-1, 0) and C = (1, 0) be two ver¬ 
tices of an equilateral triangle ABC (see Fig. 3.34). 
Now, BC = AC = AB = 2 and OC = OB = 1. Since the 
third vertex lies above the x-axis on the perpendicular 




which meets y-axis at 


/ 


V 



2 V 3 , 




\ 


/ 


Therefore, centre is given by 


/ 


V 



\ 


Also 


2R - 


BC 
sin A 


2 _ 4 _ R _ 2 

sin 60° 73 73 


Therefore, circumradius is given by 2/73. Hence, the 
equation of the circumcircle is given by 


x 2 + 


( 11 

2 

' 2 N 

1 

^1 

= 

lV 3 J 


2 2 2 1 4 

x +y- J=y+ -= 0 

73 3 3 


=>73(x 2 +y 2 )-2y —73 =0 



3.4 Relation Between Two Circles 

Let C 1 and C 2 be two circles with centres A and B and radii r l and r Y respectively. 
1. C 1 and C 2 do not have any common point « AB > r l + [see Fig. 3.35(a)]. 
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3.4 I Relation Between Two Circles 


2. Cj and C 2 touch each other externally AB = r 1 + r 2 [see Fig. 3.35(b)]. 

3. C 1 and C 2 intersect in two distinct points <=> ]r, — r 2 | < AB < r x + r 2 [see Fig. 3.35(c)]. 

4. C t and C 2 touch each other internally <=> AB = In - r 2 1 [see Fig. 3.35(d)], 

5. One circle lies completely within the other without having common point <=> AB < |r, - r 2 \ [see Fig. 3.35(e)]. 



(a) (b) 





, QUICK LOOK 7 


1. If the two circles touch externally at a point P, then 
A, P and B are collinear and P divides AB inter¬ 
nally in the ratio rp r T 

2. If the two circles touch internally, then P divides 
AB externally in the ratio rp r T 


3. Whether the two circles touch internally or exter¬ 
nally, the point of contact is the foot of the perpen¬ 
dicular drawn from either of the centres onto the 
common tangent. 
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Theorem 3.14 


If 5 = 0 and S' = 0 are non-concentric circles in the standard form, then the equation S - S' = 0 
represents a straight line perpendicular to the line joining the centres. 


Proof 


Let 


S = x 1 2 3 + y 2 + 2 gx + 2 fy + c = 0 
S' = x 2 + y~ + 2 g'x + 2 f'y + c' = 0 

and ^ (—g',-/'). Therefore, S - S' = 2 (g - g')x + 2(f - f)y + c - c' = 0 is a first-degree 

equation and hence it represents a straight line. Since the slope of the line joining the centres is 
/- f'lg - g' and the slope of S - S' = 0 is -(g - g')lf-f', S - S' = 0 is perpendicular to the line join¬ 
ing the centres. ■ 


, QUICK LOOK 8 


1. If the circles 5 = 0 and 5' = 0 cut in points P and Q, 
then S - S' = 0 passes through both P and Q and 
hence 5 - 5' = 0 is the common chord PQ of the 
circles. 


2. If the circles 5 = 0 and S' = 0 touch each other at 
point P , then 5 - 5' = 0 is the common tangent of 
the two circles at point P and P divides the line 
joining the centres in the ratio of their radii. 


Th eorem 3.15 1 Let 5 = x 2 + y 2 + 2gx + 2fy + c' = 0 and L = ax + by + c = 0 be a line. Then for all values of A, the 
equation 5 + AL = x 2 + y 2 + 2gx + 2fy + c' + A(ax + by + c) = 0 represents a family of circles. 

Proof S + AL=x 2 + y 2 + (2 g + Aa)x + (2/+ Ab)y + Ac + c' = 0 which represents circle in the sense of the 
Note given under Theorem 3.2. ■ 


, QUICK LOOK 9 


1. If the line L = 0 intersects the circle 5 = 0 in two dif¬ 
ferent points P and Q. then S + AL = 0 represents a 
circle passing through points P and Q. 

2. If L = 0 touches 5 = 0 at point P , then 5 + AL = 0 
represents a circle touching 5 = 0 at point P and L = 
0 is the common tangent at point P. 

3. If 5 = 0 and 5' = 0 are two non-concentric circles 
in the standard form and L = S - S' = 0, then 


5 + AL = 0 where L = S - S' = 0 represents a circle. 
In particular, if 5 = 0 and 5' = 0 intersect, then 5 + 
AL = 0 represents a circle passing through their 
points of intersection. Further, if 5 = 0 and 5' = 0 
touch each other at point P then 5 + AL = 0 where 
L = S - S' = 0 represents circle touching both 5 = 0 
and 5' = 0 at point P. 


Example 

Show that the two circles x 2 + y 2 - 4x + 6y + 8 = 0 and 
x 2 + y 2 - lOx - 6y + 14 = 0 touch each other and find the 
coordinates of the point of contact. 

Solution: Let us consider that 

5 = x 2 + y 2 - 4x + 6y + 8 = 0 
S' = x 2 + y 2 - lOx - 6y + 14 = 0 

Centre and radius of 5 = 0 are A(2, -3) and r, = V5; 
centre and radius of 5' = 0 are 5(5,3) and r 2 = 2\[S. The 


distance between the centres (see Fig. 3.36) is given by 

AB = 7( 5-2) 2 +(3 + 3) 2 = V45 = 3^5 
Therefore 

3>/5 = AB = r 1 +r 2 

So, the two circles touch each other externally. Suppose 
P(x, y) is the point of contact. Then 

AP:PB = J 5 : 2V5 = 1:2 
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Hence 


and 


x 1(5) + 2 ( 2 ) „ 
1+2 

1(3) + 2(—3) 
y 1+2 


3.4 I Relation Between Two Circles 

Therefore, p = { 3,-1). 

1 2 

A( 2 ,- 3 ) P 6 ( 5 , 3 ) 

FIGURE 3.36 


Example 


3.8 


Show that the two circles S = x 2 + y 2 + 4v - 1 = 0 and S' = 
x 2 + y 2 + 6 jc + y + 8 = 0 touch each other. Find the common 
tangent at the point of contact and the point of contact. 

Solution: A = (0,-2) and >] = V5, respectively, are the 
centre and the radius of S = 0. Similarly B = (-3, -1/2) 
and r, = V5/2, respectively, are the centre and the radius 
of S' = 0. The distance between the centres (see Fig. 3.37) 
is given by 

AB = f +(y+-2)J + 

Therefore, S = 0, S' = 0 touch each other externally. The 
common tangent is S - S' = 2x - y + 3 = 0. Suppose P{x, y ) 
is the point of contact. Therefore 


So 


AP:PB = ri -.r 2 = 2:1 
1(0) + 2(-3) 


x = 


2 + 1 


■ = -2 


l(-2) + 2 - 


and 


v = - 


1 


2 + 1 


Therefore, P = (-2,-1). 

2 


A( 0 , - 2 ) 


P B(- 3 , 4 ) 


FIGURE 3.37 


Example 


3.9 


Find the equation of the circle whose diameter is the 
common chord of the circles (x - a) 2 + y 2 =- a 2 and x 2 + 
(y - b) 2 = b 2 . 

Solution: Let us consider that 


which lies on the common chord L = S - S' = ax - by = 0. 
Therefore 


a 


2 a - Xa 
2 



= 0 


S = (x-a) 2 +y 2 - a 2 = x 2 + y 2 - 2ax = 0 

S' = x 2 + (y-b) 2 -b 2 =x 2 +y 2 -2by = 0 

The common chord equation is L = ax - by = 0 which is 
S - S' = 0. Equation of the circle described on L = 0 as 
diameter is of the form 

S = AL = x 2 + y 2 - 2ax + A(ax - by) = 0 

whose centre is given by 

f 2a- Aa Ab\ 

l 2 ’Tj 


■ 2 a 2 - Aa 2 - Ab 2 = 0 


•A = 


2a L 


a 2 + b 2 


Hence, equation of the given circle is given by 


S + AB = S + 


2a 


a 2 +b 2 


L = 0 


x 2 + y 2 — 2 ax + — -— {ax - by) = 0 

a 2 +b 


{a 2 +b 2 )(x 2 + y 2 )-2ab l x-2a l by = 0 


Example 


3.10 


Find the equation of a circle passing through the point 
(2,1) and the points of intersection of the circles S = x 2 + 
y 2 - 2x + 3y - 1 = 0 and S' = x 2 + y 2 + 3x - 2y - 1 = 0. 


Solution: L = S -S' = -5x + 5y = 0 is the common chord 
of S = 0 and S' = 0. Any circle passing through the inter¬ 
section of 5 = 0 and S' = 0 is of the form 
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S + AL = x 2 + y 2 -2x + 3y -1 + A(x - y) = 0 

The given circle passes through the point (2, 1). This 
implies that 

2 2 +1 2 - 2(2) + 3(1) -1 + A(2 — 1) = 0 => A = -3 


Therefore, the required equation is x 2 + y 2 - 2x + 3y - 
1 - 3(x - y) = 0. That is, 

x 2 + y 2 - 5x + 6y -1 = 0 


Example 


3.11 


The line 2x + 3y = 1 cuts the circle x 2 + y 2 = 4 at points 
A and B. Show that the equation of the circle described 
on A B as diameter is 1 3(x 2 + y 2 ) - 4.v - 6y - 50 = 0. 

Solution: Let S = x 2 + y 2 - 4 = 0 and L = 2x + 3y - 1 = 0. 
The required circle equation is 

S + AL = x 2 + y 2 - 4 + A(2x + 3y - 1) = 0 

The centre of the circle is 



Since AB is the diameter of S + AL = 0 and (-A, - 3A/2) 
lies on L = 0, we have 


2(-A) + 3 

13 


-3 A 


= 1 


Therefore 


S + AL = x 2 + y 2 -4-^(2x + 3y-1) = 0 
=> 13(jc 2 + y 2 ) - 4x - 6y - 50 = 0 


Example 


3.12 


The condition for the circle S = x 2 + y 2 + 2 gx + 2 fy + c = 0 
which bisects the circumference of the circle S' = x 2 + y 2 + 
2 g'x + 2fy + c' = 0 is that 2 (g - g')g' + 2(f-f') = c- c'. 

Solution: We have 
S = 0 bisects the circumference of .S v = 0 


» Common chord L = S - S' = 0 is diameter of the 
circle S' = 0 

<=> The centre of S' = 0 lies on L = 0 
« 2 (g - + 2 if - /')(-/') + c-c' = 0 

^ 2(g - g')g' + 2 (/ - f')f = c-c'. 


DEFINITION 3.4 Angle of Intersection Suppose point P is a common point of two circles Cj and C 9 . Then the 
angle between the tangents drawn to the circles at point P is called the angle of intersection of 
Cj and C 2 (see Chapter 3, Vol. 3). 

DEFINITION 3.5 Orthogonal Circles If the angle of intersection of two circles is a right angle, then the two 
circles are said to intersect orthogonally. 


, QUICK LOOK 10 


Two circles C x and C 2 with centres A and B , respec¬ 
tively, intersect each other orthogonally at P if and 
only if AP is tangent to C 2 and BP is tangent to C 1 (see 
Fig. 3.38). That is, if and only if A APB is right-angled 
with right angle at P (see Fig. 3.38) 



FIGURE 3.38 
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3.4 I Relation Between Two Circles 


Theorem 3.16 


Let C 1 and C 2 be two circles with centres at points A and B, respectively, which intersect at point 
P. If 9 is the angle of intersection of the circles, then 


(. AB ) 2 - (. AP) 2 - (BP) 2 (AB f - r 2 - r 2 

2(AP)(BP) ” 2^2 


where r x = AP and r 2 = BP. 


Proof 


Suppose the tangent to circle C 2 at point P meets the line AB at point T l and the tangent to circle 
Cj at point P meets AB at point T 2 (see Fig. 3.39). Therefore, PT 2 is at right angles at AP and PT ] 
is at right angles to PB. It is given that 7 , PT 2 = 9. Now, 

\APT 1 =90° - 9 and | BPT 2 = 90° - 9 => \APB = 90° + (90° - 9) = 180° - 9 

Therefore, using cosine rule to A PAB, we get 


(AB) 2 = (AP) 2 + (BP) 2 - 2(AP)(BP) cos(180° - 9) 
= (AP) 2 + (BP) 2 + 2(AP)(BP)cos9 
(AB) 2 -(AP) 2 -(BP) 2 (ABf-rl-r 2 

=? COS (7 —-—- 

2 (AP)(BP) 2 h r 2 


c 2 



, QUICK LOOK 11 


The circles intersect orthogonally if and only if 9 = 90°. That is, if and only if (AB) 2 = r 2 + r 2 . 
Theorem 3.17 gives algebraic condition for two circles to cut orthogonally. 


Theorem 3.17 The condition for two circles S = x 2 + y 2 + 2gx + 2 fy + c = 0 and S' = x 2 + y 2 + 2g'(x) + 2f'y + c' = 0 
to cut orthogonally is that 2 gg' + 2ff = c + c'. 

Proof Let A = (-g,-f), r x - ^jg 2 + f 2 ~c,B = (-g',-f') and r 2 = \jg' 2 +f' 2 -c'. The two circles cut 
each other orthogonally 

<=> (AB) 2 = r 2 + r 2 (Quick Look 11) 

« (g-- g'f +( / ■- n 2 = ( g 2 +f 2 -c)+( g ' 2 +r 2 - n 

^2gg' + 2ff' = c + c' _ 
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Example 


3.13 


Show that the circles 5 = x 2 + y 2 - 8x - 6y + 21 = 0 and 
S' = x 2 + y 2 - 2y - 15 = 0 cut orthogonally. 

Solution: For 5 = 0, the centre and radius are 

A = (4,3), q = V4 2 +3 2 -21 = 2 
For S' = 0, the centre and radius are 

B = (0,1), r 2 - Vl+15 = 4 


Now, 

(AB) 2 = 4 2 + 2 2 = 20 = r 2 + r 2 

According to Quick Look 11, the two circles cut orthogo¬ 
nally. Also, we haveg = -4,/= -3, c = 21 and g' = 0,/' = -1, 
c' = -15. Therefore, 

2gg' + 2 ff' = 2(-4)(0) + 2(-3)(-l) = 6 = c + d 

Flence, by Theorem 3.17, the two circles cut orthogo¬ 
nally. 


Example 


3.14 


Find the angle of intersection of the circles S = x 2 + y 2 - 
16 = 0 and S' = x 2 + y 2 - 4x - 2y - 4 = 0. 

Solution: Let 9 be the angle of intersection of the cir¬ 
cles. For 5 = 0, centre and radius are A = (0, 0), r x = 4. 
For S' = 0, centre and radius are B = (2,1) and r 2 = 3. By 
Theorem 3.16, we have 


cos 0 = ^ 2 -^-^ = 5 -^-^ =^ 
2r. r 2 2(4) (3) 6 

=> 6 = Cos -1 ^j - it- Cos -1 ^j 


Note: One may think that we can find the angle of intersection by using calculus method. The difficulty in using the 
calculus method is that we should find the coordinates of the point of intersection which is a cumbersome process. This 
is not necessary in geometrical method. 


Theorem 3.18 


Proof 


Let 5 = 0 be a circle and A{x v y : ) be a point in the plane of the circle. Let L is a line through A 
meeting the circle 5 = 0 in P and Q. Then AP AQ is constant. That is, AP-AQ is independent of the 
line L. 

Let 5 = x 2 + y 2 + 2 gx + 2fy + c = 0. Suppose the parametric equations of the line L = 0 be 

x = x x + r cos #and y = y l + r sin 6 
Put x = x x + r cos #and y = y [ + r sin #in 5 = 0. Therefore, 

(jq +rcos9) 2 + (y, +rsin 6) 2 + 2g(x x +rcos0) + 2/(y 1 + rsin0) + c = 0 

That is, 


r 2 + 2[(x 1 + g) cos 6 + {y l + f ) sin 9\r + 5 n = 0 


(3.35) 


Since Eq. (3.35) is a quadratic equation in r, it will have two roots, say, r ] and L = 0 meeting the 
circle implies that r ] and r 1 are real and AP,AQ are equal to and r 7 . Therefore, AP-AQ = r } r 7 = 5 U , 
which is constant. 5 n value depends on A(x v y^,but not on L = 0. B 


, QUICK LOOK 12 


If A{x v y x ) is an external point, then we know that 
5 n > 0 and ^jS n is the length of the tangent drawn 


from A(x v yQ (see Theorem 3.11). Flence, A(x v yQ is 
external point. This implies AP AQ = 5 11 = Square of 
the tangent from point A. 
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3.4 ! Relation Between Two Circles 


DEFINITION 3.6 Power of a Point Let 5 = 0 be a circle and A(x 1 ,y l ) a point in the plane of the circle. If a line 
L through point A meets the circle at points P and Q , then the power of A with respect to the 
circle is defined as 

1. AP-AQ if A is external point. 

2. - (AP-AQ) if A is internal point. 

3. 0 if A lies on the circle. 


, QUICK LOOK 13 


According to Theorem 3.18, the power of a point power is positive or negative or zero when the point 

A(x v yq) with respect to the circle 5 = 0 is 5 ir The lies outside or inside or on the circle, respectively. 


Examples 


1. The power of the point A(2, 3) with respect to the 2. The power of the point (1,1) with respect to the circle 

circle 5 = x 2 + y 2 - Ax - 2y - 6 = 0 is 5 n = 2 2 + 3 2 - 5 = x 2 + y 2 + 4x + 2y - 1 = 0 is 5 U = l 2 + l 2 + 4(1) - 

4(2) - 2(3) - 6 =-7. 2(1)-1 = 7 


Theorem 3.19 


Proof 


Let 5 = 0 and 5' = 0 be two non-concentric circles. Then, the locus of the point whose powers 
with respect to the two circles are equal is a straight line perpendicular to the line joining the 
centres. 

Let 5 = a' 2 + y 2 + 2 gx + 2fy + c = 0 and S' = x 2 + y 2 + 2g'x + 2fy + c = 0 be two non-concentric 
circles [i.e. (-g, -f) ^ (~g\ -f)].A(x v yq) is a point on the locus <=> 5 n = 5' ]r This implies 

* 1 2 + y\ + 2 gx 1 +2 fy x +c = xl + y\ + 2g'x 1 + 2 f'y A + c' 

» 2 (g ~ g ')* * 1 i +2(f-f)y 1 +c-c' = 0 

Therefore, the locus of A(x v jq) is the line 

S-S' = 2(g - g')x + 2(f — f')y + c — c' = 0 u 


Note: Since the circles are non-concentric, 5 - S' = 0 is a first degree equation and hence it is a straight line. Also, one 
can see that the line 5 - S' = 0 is perpendicular to the line joining the centres. 

DEFINITION 3.7 Radical Axis The locus of the point whose powers with respect to two non-concentric 
circles are equal is a straight line called the radical axis of the two circles. 


o 


QUICK LOOK 14 


1. The radical axis of the circles 5 = 0, S' = 0 is 5 - 5' = 0. 

2. 5 - 5' = 0 is the common chord if they intersect. 
That is, if the two circles intersect, then their radical 
axis is their common chord. 


3. If the two circles touch, then the common target at 
the point of contact is the radical axis. 


Theorem 3.20 


The radical axes of three circles (see Fig. 3.40) with non-collinear centres taken two by two are 
concurrent and this point is called the radical centre oi the three circles. 
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Proof 



Let S = 0, S' = 0 and S"= 0 be those circles (in the standard form) with non-collinear centres. Then 
by Theorem 3.19, L x = S - S'= 0, L 2 = S' - S"= 0 and L 3 = S"~ S = 0 are the radical axes of the pairs 
(C p C 2 ), (C 2 , C 3 ) and (C 3 , C 3 ), respectively. Now L x + L 1 + L 3 = 0 implies that the three lines 
L x = 0, L 2 = 0, and L 3 = 0 are concurrent (see Theorem 2.14) where C v C 2 and C 3 are S = 0, S' = 0 
and S" = 0, respectively. g 


Since the radical centre lies on all the three radical axes, its powers with respect to all the three circles are equal. Hence 
the radical centre lies outside the three circles or lies inside the three circles. 

If the radical centre lies outside the circles, then the length of the tangent drawn from it to the circles is same and 
hence if a circle is drawn with the centre at the radical centre and length of the tangent drawn from it to the circles as 
radius, then this circle cuts all the three circles orthogonally. 


Example 


3.15 


Find the radical centre of the circles 

S = x 2 + y 2 - 16x + 60 = 0 

S' = 3x 2 + 3r-36x + 81 = 0 

S" = x 2 + y 2 — 16x-12y + 88 = 0 

Solution: We have 

Lj =5-S' = 4 jc-33 = 0 
L 2 = S' - S" = 4x + I2y — 61 = 0 
L 3 =S"-S = -12y + 28 = 0 

From Ly = 0 and L 3 = 0, we have x = 33/4, y = 7/3. Also 
(33/4, 7/3) lies on L 1 = 0. Hence, the radical centre of the 


circles is (33/4, 7/3) with respect to S = 0. The power of 
(33/4,7/3) is equal to 



(10585-10368) 


144 

_ 217 
“144 

Therefore, the required circle is 



Example 


3.16 


Find the equation of the circle which cuts orthogo- S' = x 2 + y 2 + 2x + Ay - 4 = 0 and S" = x 2 + y 2 - lx - 

nally all the three circles S = x 2 + y 2 + x + 2y + 3 = 0, 8y - 9 = 0. 
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3.5 I Common Tangents of Two Circles 


Solution: We have 

L, = S-S' = -x-2y + 7 = 0 
L 2 =S'-S" = 9x + 12y + 5 = 0 
L 3 =S"-S = -8x-10y-12 = 4x + 5y + 6 = 0 

Solving L x = 0 and L 3 = 0, we have x = (-47)/3 and 
y = 34/3. Therefore, the radical centre is given by 
(-47/3, 34/3). Now 



So, the required circle is 



3.5 Common Tangents of Two Circles 

Let Cj and C, be two non-concentric circles. Suppose A and B are their centres and r 1 and r 2 are their radii, respectively. 

Case 1: Suppose circles Cj and C 2 are such that one circle completely lies outside the other. That is, A B > r y + r 2 [see 
Fig. 3.41(a)]. In this case, there are four common tangents. Two are called direct tangents and the other two are 
called transverse tangents. A tangent is called direct common tangent if the centres of the circles lie on the 
same side of the target. Transverse common tangent means that the centres lie on the opposite sides. If the radii 
are different, then the direct common tangents intersect in a point which is called the external centre of simili¬ 
tude denoted by S 2 . S 2 divides externally the line joining the centres in the ratio of their radii. The two trans¬ 
verse common tangents intersect in a point is called the internal centre of similitude denoted by S r 3) divides 
the line joining the centres internally in the ratio of their radii [see Fig. 3.41(b)]. 




FIGURE 3.41 (a) Direct common tangents, (b) Transverse common tangents. 

Case 2: Suppose circles C 1 and C, touch each other externally. Then the number of common tangents is three. Two 
tangents are direct and one tangent is transverse (see Fig. 3.42). 



FIGURE 3.42 

Case 3: Suppose circles C l and C 2 intersect in two distinct points. Then the number of common tangents is two which 
are direct. In this case, I r x —r 2 1 < AB <r^ + r n . 

Case 4: Suppose circles Cj and C 2 touch each other internally. That is, AB = |q —r 2 1. In this case, there is only one 
common tangent. 

Case 5: If one of the two circles Cj and C 2 completely lies within the other, there is no common tangent. 
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Example 


3.17 


Consider S = x 2 + y 2 - 14.x + 6y + 33 = 0 and S' = x 2 + y 2 + 
30x - 2y + 1 = 0. Find the number of common tangents 
and their equations. 

Solution: The centre A and radius r, of .S’ = 0 are (7, -3) 
and 5. The centre B and radius r 7 of S' = 0 are (-15,1) and 
15. The distance between the centres is given by 

AB = yj( 7+15) 2 +(-3-l) 2 = \l 22 2 +4 2 = V500 
= 10V5 >5 + 15 

Therefore, the two circles do not have any common point. 
Suppose S 1 is the external centre of similitude. Then 5, 
divides BA in the ratio 15:5 = 3:1 externally. Therefore 


Flence, the direct common tangents are 
y+5 = (^)(x-18) 

and y+5 = Q^j(x-18) 

Suppose S x is the internal centre of similitude so that 5 X 
divides BA internally in the ratio 15:5 = 3:1. Therefore, 



Now, y + 2 = m[x - (3/2)] touches 5 = 0 which implies 
that 


S2 = (dH|±M,dW±3(J)] = (18> _ 5) 

Let y + 5 = m(x - 18) touch 5 = 0. Therefore 

m(7-18) + 3-5 _ 5 
Vl + m 2 

=> (llm + 2) 2 = 25(l + m 2 ) 

=> 96 m 2 + 44 m — 21 = 0 
=> 96m 2 + 12m — 28 m — 21 = 0 
=> 24m(4m + 3) - 7(4m + 3) = 0 
=> (24 m — l)(4m + 3) = 0 
-3 7 


m(7-f) + 3-2 

- 1 - = 5 

Vl + m 2 

=> (llm + 2) 2 = 100m 2 +100 
=> 21m 2 + 44/77 - 96 = 0 
=> 21/77 2 + 12m - 28 m — 96 = 0 
=> 3m(lm + 24) - 4(7m+ 24) = 0 
4 -24 


Therefore, the transverse common tangents are 


y + 2 = — x — 


and 


y + 2 = — i x — ■— 


Though the following theorem is not of much practical usage, we state it without proof. 


Theorem 3.21 
(Pair of 
Tangents) 


If (x !, y!) is an external point to a circle 5 = 0, then the combined equation of the pair of tangents 
drawn from (x v y 1 ) to the circle is 

5 2 = 55 n B 


Note: \iS = x 2 + y 2 + 2gx + 2/y + c = 0 is a circle and (x v y x ) lies outside the circle, then the combined equation of the 
pair of tangents is 

[xx, + yy 1 + g(x + x-,) + f(y + y x ) + cf = (x 2 + y 2 + 2 gx + 2 fy + c)(x 2 + y\ + 2 gx x + 2 fy l + c) 


Subjective Problems (Sections 3.4 and 3.5) 

1. Find the equations of the tangents to the circle 5 = x 2 + 
y 2 + 8x + 4y - 5 = 0 from the point (3, -3) and also 
write their combined equation. 


Solution: Let y + 3 = m(x - 3) be a tangent to 5 = O.The 
centre of the circle is (-4, -2) and its radius is 5. There¬ 
fore 
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m(-4-3) + 2-3 _ 5 
Vl + m 2 

=> (7m+ 1) 2 =25(1 +m 2 ) 

=> 24m 2 + 14m - 24 = 0 
=> 12m 2 + 7m -12 = 0 
=> 12m 2 + 16m - 9m -12 = 0 
=> 4m(3m + 4) - 3(3m + 4) = 0 

3 -4 
=> m = —, — 

4 3 

Therefore, the tangents are given by y + 3 = (3/4)(jc - 3) or 
3x - 4y - 21 = 0 and y + 3 = (—4/3)(jc - 3) or 4x + 3y - 3 = 
0. Combined equation is (3x - 4y - 21 )(4x + 3y - 3) = 0. 

Note: The two tangents from (3, -3) are at right angles 
and hence (3, -3) lies on the director circle of S = 0. One 
can check this fact. 

2. Find the equations of the tangents drawn from origin 
to the circle S = x 2 + y 2 - 6x - 2y + 8 = 0. 

Solution: S u = 8 > 0 => (0,0) is external point to S = 0. 
The centre of the circle is (3,1) and its radius is -v/2. We 
know that y = mx touches the circle. So 

bS=H _ r 

VI + m 2 

<=> (3m -1) 2 = 2(1 + m 2 ) 

<=> 7m 2 — 6/77 — 1 = 0 
(m - l)(7m +1) = 0 

Therefore 

< -1 
m = 1,— 

7 

Flence, the tangents are y = x and x + ly = 0. 

3. Let the circles S = x 2 + y 2 - 2cy - a 2 = 0 and S' = 
x 2 + y 2 - 2bx + a 2 = 0 whose centres are A and B , re¬ 
spectively, intersect at points P and Q. Show that the 
points P , Q,A, B and origin are concyclic. 

Solution: Let L - S - S' = bx - cy - a 2 = 0. The re¬ 
quired circle equation is of the form 

S + XL = x 2 + y 2 - 2cy - a 2 + X(bx - cy - a 2 ) = 0 


(See point 3 of Quick Look 9). This circle passes through 
origin <=> - a 2 - X a 2 = 0 <=> X = -1. The required circle is 

x 2 + y 2 — 2cy - a 2 - (bx - cy - a 2 ) = 0 

=> x 2 + y 2 - bx - cy = 0 

which also passes through the centres (0, c) and ( b , 0) of 
the circles S = 0 and S' = 0, respectively. 

4. Suppose the lengths of the tangents drawn from A(x v 
v,) and B(x 2 ,y 2 ) to the circle x 2 + y 2 = a 2 are of lengths 
l { and l 2 , respectively, and x x x 2 + y 1 y 2 = a 2 . Then show 
that ( AB ) 2 is equal to l 2 +1 2 . 

Solution: We have 

i2 c 2.2 2 i j2 2.2 2 

l\ =b n =x 1 +y l -a and l 2 = x 2 + y 2 ~ a 
Therefore 

{AB) = (jq - x 2 y + (jq - y 2 ) 

= (*i 2 + yl) + (*2 +yi)~ 2 ( x i x 2 + TiT 2 ) 

= ( x\ + y \) + {x 2 + y \) - 2 a 2 (by hypothesis) 

= (x 2 + y 2 -a 2 ) + (x 2 2 +yl- a2 ) 

= l 2 +l 2 

5. Find the equation of a circle which bisects the circum¬ 
ferences of the circles x 2 + y 2 = 1, x 2 + y 2 + 2x = 3 and 
x 2 + y 2 + 2y = 3. 

Solution: Let the given circles be C v C 2 and C 3 , re¬ 
spectively. Let C be the required circle and its equa¬ 
tion be S = x 2 + y 2 + 2gx + 2fy + c = 0. Let S' = x 2 + 
y 2 - 1=0. Since C bisects the circumference of C v the 
line S - S' = 2gx + 2fy + c +1 = 0 passes through the 
centre of C x = (0, 0). Therefore, 

c — -l 

Now, C bisects the circumference of C 2 => the line S - 
S" = 2(g - 1 )x + 2fy + c + 3 = 0 passes through the centre 
(-1,0) of C r Therefore 

-1)(-1) -1+3 = 0 

=> -2g + 2- l + 3 = 0 

=> g = 2 

Similarly, since the circle C bisects the circumference of 
circle C 3 , we have f = 2. Therefore, equation of the 
required circle C is 

S = x 2 + y 2 + 4.v + 4y - 1 = 0 
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6. Find the equation of a circle that passes through the 
point (1, 2) which bisects the circumference of the 
circle x 2 + y 2 = 9 and is orthogonal to the circle x 2 + 
y 2 - 2x + 8y - 1 = 0. 

Solution: Let 

S' = x 2 + y 2 - 9 = 0 

S" = x 2 + y 2 — 2x + 8y — 7 = 0 

Let S = x 2 + y 2 + 2gx + 2 fy + c = 0 be the required circle. 
Since S = 0 passes through (1,2), we have 

2g + 4/ + c = -5 (3.36) 

S = 0 bisects the circumference of S' = 0 => S - S' = 0 
passes through (0,0). This gives 

c + 9 = 0 

=> c = -9 (3.37) 

S = 0 and S" = 0 cut orthogonally which implies that 
2g(-l) + 2/(4) -c-7 
^-2g + 8f = c-7 (3.38) 

From Eqs. (3.36)-(3.38), we have 
2^+ 4/=9-5 = 4 

and —2g + 8/ = -9 - 7 = -16 

Therefore, g = 4,/ = —1, and c = -9. Flence the required 
circle is 

S = x 2 + y 2 + 8x - 2y - 9 = 0 

7. Find the equation of the circle which passes through 
origin, has its centre on the line x + y = 4 and cuts or¬ 
thogonally the circle x 2 + y 2 - 4x + 2y + 4 = 0. 

Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0 be the 
required circle. 5 = 0 passes through (0,0) => c = 0. The 
centre (-g, -f) lies on the line x + y = 4 implies that 

~g~f = 4 (3-39) 

5 = 0 cuts the circle S' = x 2 + y 2 - 4x + 2y + 4 = 0 implies 
that 

2g(-2) + 2/(l) = c+4 
=> -4g + 2f = c + 4 

=> —4g + 2f = 4 (3.40) (v c = 0) 

Solving Eqs. (3.39) and (3.40), we have g = -2 and/= -2. 
Therefore 

S = x 2 + y 2 -4x-4y = 0 

8. Find the equation of the locus of the centres of all cir¬ 
cles which touch the line x = 2a and cut orthogonally 
the circle x 2 + y 2 = a 2 . 


Solution: Let 5 = x 2 + y 2 + 2gx + 2fy + c = 0 be the re¬ 
quired circle. Now 5 = 0 touches the line x = 2a implies 

\-g-2a\ = ylg 2 +f 2 -c (3.41) 

5 = 0 cuts orthogonally x 2 + y 2 - a 2 = 0 implies 

2g(0) + 2/(0) ~c-a 2 =^> c = a 2 (3.42) 

From Eqs. (3.41) and (3.42), 

(g + 2a) 2 = g 2 +f-a 2 
=> y 2 -g 2 + 4 a 2 + 4 ag = g 2 + f 2 - a 2 
f 2 + 4a(-g) — 5a 2 = 0 

Therefore, the locus of the centre (-g, -f) is given by 
y 2 + 4 ax - 5a 2 = 0 

=^/ = - 4«(*-y) 

9. Show that the equation of a straight line meeting 
the circle x 2 + y 2 = a 2 in two points at equal dis¬ 
tance d from a point (x p }q) on the circumference is 
2(xx 1 + yy 1 - a 2 ) + d 2 =0. 

Solution: Let S = x 2 + y 2 - a 2 = 0. See Fig. 3.43. The 
required line is the common chord of the circle 5 = 0 and 
S' =(x - Xj) 2 + (y- yj) 2 = d 2 . Therefore, the line equation 
is given by 

S-S' = -a 2 + 2xx\ +2 yy, -{xl + y\) + d 2 = 0 
=> 2xx 1 + 2 yy 1 - 2a 2 + d 2 = 0 (•.• x\ + y\ = a 2 ) 



10. Prove that the two circles xr + y 2 + 2 ax + c = 0 and x 2 + 
y 2 + 2by + c = 0 touch each other if and only if 

_L _L_1 

a 2+ b 2 ~ c 

Solution: Let 

S = x 2 +y 2 + 2 ax + c = 0 
S' = x 2 + y 2 + 2 by + c = 0 
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The two circles touch each other « S - S' = 0 is the common 
tangent at the point of contact. This implies that the dis¬ 
tance of the centre of one of the circles from the line S - S' 
= 0 is equal to the radius of the circle. Therefore 


as y-axis. Their centres lie on the x-axis. Therefore, we can 
write their equations as 

S = x 2 + y 2 + 2 ax + c = 0 


\a(-a)-b{Q)\ - 

=— 1 = Vfl -c 

=> « 4 = ( a 2 +b 2 )(a 2 -c) 

=> a 4 = a 4 -c(a 2 +b 2 ) + a 2 b 2 
=> c(a 2 +b 2 ) = a 2 b 2 
a 2 + b 2 1 

111 
a 2 b 2 c 


{■: S-S' = ax-by^ 0) 


11. Find the equation of the circle which cuts orthogo¬ 
nally each of the circles 

S' = x 2 + y 2 + 2x + lly + 4 = 0 
S" = x 2 + y z +7x + 6y+ 11 = 0 
S'" = x 2 + y 2 - x + 22y + 3 = 0 


and ^ = x + y + 2 bx + c — 0 

Since the origin lies on the radical axis of the circles C t 
and C 2 , its powers with respect to the circles are equal. 
Hence, C = C v Therefore, the equations of C x and C 2 are 
S = x 2 + y 2 + 2ax + c = 0 and S' = x 2 + y 2 + 2bx + c = 0. 


14. Find the equation of the circle whose centre lies on 
the line x + y- ll=0 and which passes through the 
intersection of the circle x 2 + y 2 - 3x + 2y - 4 = 0 and 
the line 2x + 5y + 2 = 0. 

Solution: Let S = x 2 + y 2 - 3x + 2y - 4 = 0 and L = 2x + 
5y + 2 = 0. The required circle equation is of the form 

S + XL = x 2 + y 2 - 3x + 2y - 4 + A(2x + 5y + 2) = 0 

= x z + y 2 - (3 - 2A)x + (2 + 5A)y - 4 + 2A = 0 
The centre [(3 - 2A)/2, -(2 + 5A)/2] lies on the line 


Solution: Radical axis of S' = 0 and S" = 0 is S' - S" = 
5x - lly + 7 = 0 and the radical axis of S" = 0 and S'" = 0 is 
S" - S'" = 8x - 16y + 8 = 0. That is, 


x + y —11 = 0 


3-2A 

2 


2 + 5A 
2 


-11 = 0 


5x - lly = -7 
and x - 2y = -1 

Solving these equations, we obtain the radical centre as 
(3, 2). If t is the length of the tangent from (3, 2) to the 
circle S' = 0, we have 

t = JS^ = V9 + 4 + 6 + 34 + 4 = V57 

Therefore, the required circle is (x - 3) 2 + (y - 2) 2 = 57 

12. Prove that the locus of the midpoint of a system of 
parallel chords of a circle is a diameter of the circle. 


=> -7A-21 = 0 
=> A = —3 

Therefore, the required circle is 

x 2 + y 2 — 3x + 2y — 4 — 3(2x + 5y + 2) = 0 
=> x 2 + y 2 - 9x - 13y -10 = 0 

15. A circle touches both axes and also touches the line 
4x + 3y - 6 = 0 and lies in the first quadrant. Find the 
equation of the circle.. 


Solution: Let S = x 2 + y 2 - a 2 = 0. Let M (x,, yj be the 
midpoint of a chord parallel to a line lx + my + n = 0. Equa¬ 
tion of the chord in terms of (x j, y,) as its midpoint is 

xxi + yy 1 = x 2 + y\ 

But this is parallel to lx + my + n = 0. This implies lx x - 
my l = 0. Therefore, the locus of M(x v y 2 ) is lx - my = 0 
which passes through the centre (0,0). 

13. Prove that any two circles with different centres can be 
in the form x 2 + y 2 + 2 ax + c = 0 and x 2 +y 2 + 2bx + c = 0, 
c is same for both the equations. 

Solution: Let C 1 and C 2 be two circles with A and B as 
their centres. Take the line AB as x-axis, their radical axis 


Solution: (x - h) 2 + (y - h) 2 = h 2 (h > 0) touches both 
positive axes. This circle also touches the line 4x + 3y - 
6 = 0. Therefore 

\4(h) + 3h-6\ _ 

V4 2 +3 2 

=> (7/z -6) 2 = 25h 2 

{lh - 6 + 5h)(lh - 6 - 5h) = 0 
=>(12/j-6)(2/z-6) = 0 












164 


Chapter 3 I Circle 


Therefore, the equations of the circles are given by 


and 



(3.43) 

(3.44) 


Note: If the line 4.r + 3y - 6 = 0 cuts the axes in A and B , 
then Eq. (3.43) represents the incircle of A OAB and Eq. 

(3.44) represents the excircle opposite to the vertex O. 


16. Determine the equation of the circle which touches 
the line y = x at the origin and bisects the circumfer¬ 
ence of the circle x 2 + y 2 + 2y - 3 = 0. 

Solution: Let S = x 2 + y 2 + 2 gx + 2fy + c = 0 be the 
required circle. It passes through (0,0).This implies c = 0. 
Now 5 = 0 touches the line x — y = 0. Therefore 

~g + f 

72 

^(g + /) 2 = 0 

=>g = ~f 

If 5 = 0 bisects the circumference of S' = x 2 + y 2 + 2y - 
3 = 0, then S - S' = 0 passes through the centre (0, -1) of 
S' = 0. This implies that 

2gx - 2(g +1 )y + 3 = 0 

passes through (0, -1) (v / = -g) 

=>0- 2(g +1)(-1) + 3 = 0 
^2g = -5 = -2/ 

Therefore, 5 = x 2 + y 2 - 5x + 5y = 0. 


g 2 +) 


17. Find the equation of the described on the common 
chord of the circles (x - a) 2 + y 2 = a 2 and x 2 + (y - b) 2 
= b 2 as diameter. 


Solution: Let 5 = x 2 + y 2 - 2ax = 0 and S' = x 2 + y 2 - 2by 
= 0. Common chord equation is 

L = S-S' = ax - by = 0 

Equation of the circle passing through the intersection of 
5 = 0 and 5' = 0 is of the form 

5 + AL = x 2 + y 2 - 2ax + A(ax - by) = 0 

whose centre is (a - Aa/2, Ah 12). Since the common chord 
is a diameter, we have a(a - Aa/2) -b(Abl2) = 0. There¬ 
fore 


A(a 2 +b 2 ) = 2a 2 


A = 


2 a 1 


a 2 +b 2 


Hence, the required circle is 

(a 2 + b 2 ) (x 2 + y 2 ) = 2ab(bx + ay) 

18. On the line x + 5y - 22 - A (x - 8y + 30) = 0, the circle 
5 = x 2 + _y 2 - 2x + 2y - 14 = 0 makes an interrupt of 
length 273. Find the value(s) of A and the line(s) 
equations. 


Solution: Centre and radius of the circle are (1, -1) 
and 4 (see Fig. 3.44).The given line equation is 

(1 - A)x + (5 + 8A)y - 22 - 30A = 0 

|(1 ~ A)(l) + (5 + 8A)(-1) -22 -30^1 j ,— 

-J(l-A) 2 + (5 + 8A) 2 

(by hypothesis) 

^ h^-26| 

\I65A 2 +78A + 26 
=> (32, + 2) 2 = 5A 2 + 6A + 2 
=> 4A 2 +6T + 2 = 0 
=> 2A 2 + 3T + 1 = 0 
=> (2A + 1)(A +1) = 0 



When A = - 1, the equation of the line is 2x - 3y + 8 = 0 
and when A = - 1/2, the equation of the line is 3x + 2 y — 
14 = 0. 



19. Find the equation of the circle which passes through 
the point (1,1) and which touches the circle 

x 2 + y 2 + 4x - 6y - 3 = 0 

at the point (2,3) on it. 

Solution: Let 5 = x 2 + y 2 + 4x - 6y - 3 = 0. The equa¬ 
tion of the tangent to 5 = 0 at (2,3) is 

5 : = x(2)+y(3) + 2(x + 2) -3(y + 3) -3 = 0 

=>5]^ = 4x-8 = 0=>x—2 = 0 

Any circle touching the circle 5 = 0 and having x - 2 = 0 
as a common tangent is of the form 5 + A (x - 2) = 0 is 
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x 2 + y 2 + 4x - 6y - 3 + A (x - 2) = 0 
This circle passes through (1,1) implies that 

1 + 1 + 4- 6- 3 + A(1 - 2) = 0 
=> -3 - A = 0 
=> A = — 3 

Therefore, the required circle is 

x 2 + y 2 + 4x - 6y - 3 - 3(x - 2) = 0 
=>x z +y 2 +x-6y+3 = 0 

20. Find the equation of the circle which touches the line 
3x - y - 6 = 0 at the point (1, -3) and having radius 
2VTo. 


Solution: 5 = (x - l) 2 + (y + 3) 2 = 0 is a point circle and 
L = 3x-y-6 = 0. Therefore, required circle is of the 
form 


S + XL = x 2 +y 2 - 2x + 6y+ 10+ A(3x-y-6) = 0 
= x 2 + y 2 — (2 —3A)x —(A —6)y + 10 —6A = 0 

Radius of the circle = 2^10 implies that 


2-3A 


A-6 


-10 + 6/1 = 40 


(2 - 3A) 2 + (A - 6) 2 - 40 + 24A = - 160 
10A 2 = 160 
A = ±4 


and y = -y=(x + 2) => x + V3y + 2 = 0 


Therefore, T x is given by 

x - V3 y + 2 = 0 

and 77, is given by 

x + V3 y + 2 = 0 

Any circle touching C and the tangents T l and 7\ must 
have its centre on the x-axis and also touch C at (1,0) 
and (-1,0) only (see Fig. 3.45). Equation of the tangent 
to C at (1,0) is x - 1 = 0. Equation of the circle touching 
C at (1,0) is of the form x 2 + y 2 - 1 + A (x - 1) = 0 whose 

centre is (-AI 2, 0) and radius yj(A 2 /4) + A + l. If this 
circle also touches x - V3 y + 2 = 0, we have 


-A 


-V3(0) + 2 


vr+3 


- A +1 


4 2 '' ' 

■4-A = ±2(;i + 2) 

■4-A = 2A + 4=> A = 0 


which corresponds to C. Therefore, 

4-A = -2(A + 2)=>A = -8 
and the circle is 


Hence, the equations of the circle are given by 


x 2 + y 2 — 1 - 8(x -1) = 0 


x 2 +y z +10x + 2y-14 = 0 (when A = 4) 
x z +y z -14x + 10y+34 = 0 (when A =-4) 

21. Let T y and T 1 be two tangents drawn from (-2,0) to 
the circle C: x 2 + y 2 = 1. Determine the circles touch¬ 
ing C and having 7) and T-, as their pair of tangents. 
Also find the equations of all possible common tan¬ 
gents to those circles when taken two by two. 

(IIT-JEE 1999) 


Solution: Any line through (-2, 0) is of the form y = 
m(x + 2) = mx + 2m. This touches the circle C. Now 

x 2 + y 2 = 1 

=> (2m) 2 = 1(1 + m 2 ) (by Theorem 3.8) 

1 

=> m = ± —j= 
x/3 

The tangents are obtained as 


y = —j=(x + 2) =>x-V3y + 2 = 0 
V3 


=> x 2 + y 2 - 8x + 7 = 0 

Similarly, any circle touching C at (-1,0) is of the form x 2 
+ y 2 - 1 + A (x - 1) = O.The circle also touches the tangent 
Ty => A = 8/3 and the circle is [x + (4/3)] 2 + y 2 = 1/9. 



FIGURE 3.45 

The remaining part is left as an exercise for the students. 

22. Cy and C-, are two concentric circles. The radius of C 2 
is twice that of C r From a point P on C 2 , tangents PA 
and PB are drawn to C r Prove that the centroid of 
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A PAB lies on C r 


(IIT-JEE 1998) 


Solution: Let the circle C, be x 2 + y 2 = a 2 . So the equa¬ 
tion of C 2 must be x 2 + y 2 = 4a 2 . Let P(h, k) be on C, so 
that 


Equation of AB is 


h 2 +k 2 =4a 2 


hx + ky = a 


(3.45) 

(3.46) 


Substituting y = {a 2 - hx)lk in x 2 + y 2 = a 2 , we get 


x 2 + 


( 2 


a - hx 


= a 


v ■- / 

A , j,2x 2 


■ (h l + k 1 )x z - 2a 2 hx + (a 2 -k 2 )a 2 = 0 


=> 4 a z x -2a~hx + (a l - k z )a = 0 [from Eq. (3.45)] 

Therefore, 4x 2 - 2 hx + a 2 -k 2 =0 has two distinct roots, 
say X, and x 2 . Hence 

2 h _ h 

T“ 2 

a 2 - k 2 


* l +* 2 =' 


XiX> = 


Therefore 


a 2 - /zx, a 2 - /zx 2 
yi+y2= ^— + 

2zz 2 -h{x l +x 2 ) 
k 

_ 2a 1 -(/z z /2) 
k 

4a 2 -/z 2 


2k 

h 1 + k 2 - hr k 
~^2k 2 


= — [from Eq. (3.45)] 


Suppose G(x,_y) is the centroid of A iMS (see Fig. 3.46). 
In such case 


x = 


y = 


Xj + x 2 + /z (^/2) + /z h 
3 ” 3 ~2 

y\+y 2 +k k 


and 

Therefore 


x 2 +y 2 = +k 2 ) = ~(4n 2 ) [from Eq. (3.45)] 


Hence, the centroid G(x,y) lies on C\. 



23. The chord of contact of a point on the circle x 2 + y 2 = a 2 
with respect to the circle x 2 + y 2 = b 2 touches the circle 
x 2 + y 2 = c 2 . Show that b 2 = ac (i.e. a, b, c are in GP). 

Solution: By hypothesis,we have a>b>c .Let P(x v y x ) 
be a point on x 2 + y 2 = a 2 so that 

x 2 +yj = a 2 (3.47) 

The equation of the chord of contact of P(x 1 , y x ) with 
respect to the circle x 2 + y 2 = b 2 is 

xx 1 +yy 1 -b 2 =0 (3.48) 

The line given in Eq. (3.48) touches the circle x 2 + y 2 = c 2 . 
This gives 

|0x 2 -t-Oy-t - b 2 1 
yjxf+yl 

=> Ir = yjxj + y 2 c = ac [from Eq. (3.47)] 

24. Prove that the equation x 2 + y 2 - 2x - 2 ay -8 = 0 rep¬ 
resents a family of circles intersecting in two points P 
and Q. Determine a member of this family of circles 
such that tangents drawn to this circle at P and Q 
intersect on the line x + 2y + 5 = 0. 

Solution: The given equation is (x 2 + y 2 - 2x - 8) - (2 a)y 
= 0 which is of the form S + A L = 0, where S = () is the circle 
x 2 +y 2 - 2x - 8 = 0 and L = 0 is the line y = 0 (x-axis).The line 
y = 0 intersects the circle x 2 + y 2 - 2x - 8 = 0 at two points 
P(- 2, 0) and Q( 4, 0). Therefore, the given equation rep¬ 
resents a family of circles all passing through P( 2,0) and 
0(4.0). 

Since the tangents at points P and Q intersect at (x 1 ,y 1 ) 
which lies on the line x + 2y + 5 = 0, we get 

x 1 + 2y 1 +5 = 0 (3.49) 

Also the equation of the line PQ is given by 

xx 1 +yy x -(x + x 1 )-zz(y + y 1 )-8 = 0 
=> (xj - l)x + (y, - a)y -Xj - ay 1 -8 = 0 


(3.50) 
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However, actually the equation of PQ is 

y = 0 (3.51) 

From Eqs. (3.50) and (3.51), we get x : - 1 = 0 and x 1 + ay 1 
+ 8 = 0. Therefore x 1 = 1 and since x x + 2y 1 + 5 = 0 [from 
Eq. (3.49)], we have yq = -3. Substituting x x = 1 and y 1 = 
-3 in x 1 + ay 1 + 8 = 0, we have 

1— 3n + 8 = 0=t>fl = 3 

Hence, the required member of the family is 
x 2 + y 2 - 2x - 6y - 8 = 0 

25. Prove that the centre of a circle which cuts orthogo¬ 
nally two given circles lies on the radical axes of the 
two circles. 

Solution: Let 


0A (s/3+1) sin 45° 
2 sin 105° 


(V3+1)2V2 
>/2(>/3 + l) ~ 



27. Find the centre of the smallest circle which cuts orthog¬ 
onally the two circles x 2 + y 2 = 1 and x 2 + y 2 + 8x + 8y - 
33 = 0. 


S' = x 2 + y 2 + 2g'x + 2/'y + c' = 0 

S" = x 2 + y 2 + 2 g"x + 2 f"y + c" = 0 

be the two given circles. Suppose a circle S = x 2 + y 2 + 
2gx + 2/y + c = 0 cuts orthogonally S' = 0 and S" = 0. 
Therefore, by Theorem 3.17, we have 

2gg' + 2ff' = c + c' 

and 2gg” + 2ff" = c + c" 

Therefore, 2(g' - g")g + 2 (f - /")/= c' - c". That is, the 
radical axis S' - S" = 0 of S' = 0 and S" = 0 passes through 
(-&-/)■ 


26. The common chord of two intersecting circles sub¬ 
tends angles 90° and 60°, respectively, at the centres 
of the circles and the distance between the centres is 
V3 +1. Find the radii of the circles. 


Solution: Let the common chord AB meet the line 
joining the centres 0 1 and 0 2 of the circles at point M 
(see Fig. 3.47). Then 

A Q ] B = 90°, \AQ 2 B = 60° 

=> | AO x Q 2 = 45°, \AQ 2 p 1 = 30° 

Therefore, 1 0 1 A0 2 = 105°. Using sine value for A0 1 A0 2 , 
we get 


0,0 2 O t A Q 2 A 
sin 105° sin 30° sin 45° 

CA _ (V3+ 1)sin30° 

1 sin 105° 

(V3+1)(F2) (V3 + 1)2V2 

cos 15° 2(>/3 + l) 


Solution: Suppose x 2 + y 2 + 2 gx + 2 fy + c = 0 is the re¬ 
quired circle. Since this circle cuts orthogonally the given 
two circles, we have c = 11 and g + /= -4. The radius of 
the circle is 

yjg 2 +f 2 ~c = \lg+(g + 4 ) 2 -1 

= V2g z +8g + 15 = V2(g + 2) 2 + 7 

which is minimum if and only if g = -2. Hence, the centre 
is (2,2). 

28. The tangents to a circle at two points P and Q meet 
at point T. The lines joining points P and Q to one 
extremity of the diameter parallel to PQ meet the di¬ 
ameter perpendicular to PQ at points R and S. Prove 
that RT=ST. 


Solution: Without loss of generality, let us consider 
that the circle as x 2 + y 2 = a 2 and let P(h, k) and Q(h, -k) 
be the ends of the chord PQ (see Fig. 3.48). Equation of 
the tangent at P(h, k) is hx + ky - a 2 = 0 so that T = ( a 2 lh , 
0). The equation of the line joining P(h, k) and 5(0, a) is 

y-a = ——— (jc — 0) (3.52) 

-h 


Substituting y = 0 in Eq. (3.52) we get R = ( ah/a - k, 0). 
Similarly, the line QB meets the x-axis at S(ah/a + k, 0). 
Let M = (x, 0) be the midpoint of RS. Then 


x = 


[i ah/(a - k )] + [ahl(a + k)\ 


a 2 h a 2 h 2 2 2 \ 


V2 => Ti = V2 
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Therefore, M = T and hence RT = ST. 



29. Suppose two circles pass through the points (0, a ) and 
(0, -a) and touch the line y = mx + c. If the two circles 
cut orthogonally, then show that c 2 = a 2 (2 + m 2 ). 


Solution: The centre of a circle passing through the 
points (0, -a) and (0, a) must lie on x-axis. Let the equa¬ 
tion of any such circle be 

S = x 2 + y 2 + 2gx -a 2 = 0 


S = 0 touches the line y = mx + c implies that 
|m(-g)-0 + c| 


Vl 


-J. 


g 2 +a 2 


L + m 

=> m 2 g 2 - 2cmg + c 2 = (g 2 + a 2 )(1 + m 2 ) 

=> g 2 + 2 cmg + a 2 (1 + m 2 )-c 2 =0 

Let and g 2 be two the roots of this quadratic equation. 
Hence 


gi + g 2 = ~ 2cm 

g\g 2 =a 2 {a + m 2 )-c 2 

Now, the circles x 2 + y 2 + 2g r x - a 2 and x 2 + y 2 + 2g 2 x - 
a 2 = 0 cut orthogonally implies that 

2 g\g 2 + 2 /l /2 = H +c 2 

=> 2 Sig 2 =-a 2 -a 2 

=> gigi = -a 2 

=> a 2 (1 + m 2 ) - c 2 = - a 2 

=> a" (2 + nj 2 ) = c 2 

30. Prove that the radical centre of the circles described 
on the sides of a triangle as diameters is the orthocen¬ 
tre of the triangle. 

Solution: The circles described on AB and AC as diam¬ 
eters (see Fig. 3.49) will intersect at a point D on the side 
BC and because \ADB = \ ADC = 90°. We have that AD 


is an altitude of AABC which is also the radical axis of 
the two circles with AB and AC as diameters. Similarly, 
the other altitudes BE and CF are the radical axes of the 
pairs described on AB, BC and AC, BC. Thus, the alti¬ 
tudes of A ABC are radical axes. Hence, the orthocentre 
is their radical centre. 



FIGURE 3.49 


31. Show that two direct common tangents and the 
transverse common tangent to the two circles S = x 2 
+ y 2 - 6x = 0 and S' = x 2 + y 2 + 2x = 0 form an equi¬ 
lateral triangle. 


Solution: A(3, 0) and 3 are the centre and radius of S = 
0 (see Fig. 3.50). B(- 1,0) and 1 are the centre and radius 
of S' = 0. Now AB = 4 = 3 + 1 =>A = 0 and S' touch each 
other externally at (0,0) and x = 0 (i.e., y-axis) is the com¬ 
mon tangent at the origin. Let 7 be the external centre of 
similitude. Therefore, T divides the line joining the cen¬ 
tres A and B externally in the ratio 3:1. That is, 

AT :TB = 3 : —1 


or 


T = 


3(—1) + (-1)3 
3-1 


,0 


(-3,0) 


Let y = m(x + 3) be a tangent from T{- 3, 0) to S' = 0. 
Therefore 


|m(-l + 3)-0| _ 

Vi + m 2 

=> 4/?; 2 = 1 + m 2 
=> m = + —1= 

V3 

Hence, the tangents from T{- 3, 0) are x - V3y + 3 = 0 
and x + V3 y + 3 = 0. Therefore, the vertices of the trian¬ 
gle are 7(0, V3 ), T{- 3,0) and <2(0, - V3 ), which form an 
equilateral triangle. 



FIGURE 3.50 
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32. Tangents PQ and PR are drawn to the circle S = xr 
+ y 2 + - a 2 = 0 from the point P(x v y : ) to touch the 
circle at Q and R. Determine the equation of the cir- 
cumcircle of A PQR. 

Solution: QR being the chord of contact of P(.r 1 ,y 1 ) with 
respect to the circle A=0, its equation is 5) = xx 1 +yy 1 -a 2 = 0 
Any circle passing through Q and R is of the form S + AL 
= 0 where S = x 2 + y 2 + - a 2 = 0 and L = xx 1 + yy 1 - a 2 = 0. 
Therefore, 

S + AL = x 2 + y 2 + - a 2 + A(xx 1 + yy x - a 2 ) = 0 

which is the circumcircle of A PQR, with the condition 
that it passes through P(x v y 1 ). Therefore 

x\ + y 2 - a 2 + A(x 2 +y\ - a 2 ) = 0 

A = -1 

Therefore, the equation of the circumcircle of A PQR is 
x 2 + y 2 - xx 1 - yy 1 = 0. 

33. If 4 1 2 - 5 in 2 + 61 + 1 = 0, then show that the line lx + 
my + 1 = 0 touches a fixed circle. Find the equation of 
the circle. 

Solution: Suppose the line lx + my +1=0 touches cir¬ 
cle (x - h ) 2 + (y - k) 2 = a 2 . So 

I //7 + mk +1| 

- = a 

\ll 2 +m 2 

=> (hi + km +1) 2 = a 2 ( l 2 + m 2 ) 


Therefore 

/ 2 (h 2 -a 2 ) + m 2 (k 2 -a 2 )+ 2hklm + 2 hi + 2 km + 1 = 0 

(3.53) 

However, by hypothesis, 

4/ 2 -5m 2 + 6/+l = 0 (3.54) 

From Eqs. (3.53) and (3.54), we have 

h 2 -a 2 k 2 -a 2 2 hk 2 h 2k 1 

— -5 ~1T 

Therefore, k = 0, /i = 3 and a = V5. The circle equation is 
obtained as (x - 3) 2 + y 2 = 5. 

34. Find the equation of the circle having the pair of 
lines jc 2 + 2 xy + 3v + 6v = 0 as its normals and having 
the size just sufficient to contain the circle x(x - 4) + 

y(y - 3) = 0. 


The point of intersection of the lines = (-3,3/2), which is 
the centre of the required circle. Also the centre and 
radius of the circle x(x - 4) + y(y - 3) = 1 are (2,3/2) and 
5/2, respectively. 

If the required circle is to just contain the circle with centre 
(2, 3/2) and radius 5/2, then this circle should touch the 
required circle internally. If r is the radius of the required 
circle the distance between their centres (-3, 3/2) and (2, 
3/2) must be equal to r - 5/2 (since r > 5/2).Therefore 


5 

r — 
2 

=>r = 5 


= V(2 + 3) 2 + 0 
5 _ 15 

+ 2 “T 


= 5 


Hence, the equation of the required circle is 


U + 3) ! + (r-|) 



2 2 r 2 225 9 n 

7 7 4 4 

22^0 180 

=> x + y + 6x — 3y =-= 45 

7 7 4 

=> x 2 + y 2 + 6jc - 3y - 45 = 0 


35. From each point on the line 2x + y = 4, tangents are 
drawn to the circle jc 2 + y 2 = 1. Find the point through 
which those chords of contact pass. (IIT-JEE 1997) 

Solution: Let P(h,k) be a point on the line 2x + y = 4. 

Therefore, 

2h + k = 4 (3.55) 

The chord of contact of P(h, k) with respect to the circle 

jc 2 + y 2 = 1 is hx + ky - 1 = 0. That is, 

hx + (4 - 2 h)y -1 = 0 

From Eq. (3.55), we have k=4-2h. Therefore 
h(x - 2 y) + 4y -1 = 0 

Hence these lines are concurrent at the point of intersec¬ 
tion of the lines x - 2y = 0 and 4y - 1 = 0 which is (1/2,1/4). 

36. Consider a curve ax 2 + 2 hxy + by 2 = 1 and a point P 

not on it. A line drawn from the point P intersects 
the curve at points Q and R. If the product PQ PR is 
independent of the slope of the line, then show that 
the curve is a circle. (IIT-JEE 1997) 


Solution: Let P be (x v y,) and line through P(x v y,) 
(Fig. 3.51) be 


x-Xi = y-yi 

cos0 sin0 


Solution: We have 

x 2 + 2xy + 3x + 6y = x(x + 2y) + 3(x + 2y) = (x + 2y)(x + 3) 


r (say) 
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Substitute x = x 1 + r cos 9 and y = y 1 + r sin 9 in the equa¬ 
tion ax 2 + 2hxy + by 2 = 0, so that we have 

a( x 1 + r cos 9) 2 + 2h(x 1 + r cos 9) (jq + r sin 9) 

+b(y 1 + 7-sin 6) 2 -1 = 0 

That is, 

r 2 (a cos 2 9 + 2hcos9sin9 + bsin z 9) 

+2[(fl.v 1 + hy l ) cos 0 + ( hx 1 + by l ) sin 9]r + ax 2 

+2hx,y^ + byl —1 = 0 (3.56) 

If PQ = r 1 and PR = r^, then r, and r 2 are the roots of Eq. 
(3.56). Hence 


PQ PR - r, r 2 = 


axl + 2hx 1 y 1 + byl -1 
a cos 2 9 + 2h sin 9 cos 9 b sin 2 0 


Hence r 1 r 2 is independent of the slope tan 9 i f a = b and 
h = 0. In such a case, the given curve becomes ax 2 + ay 2 = 
1, which is a circle, 



WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

1. The angle between the tangents drawn from the ori¬ 
gin to the circle x 2 + y 2 - 14.r + 2y + 25 = 0 is 

(A) - (B) - (C) — (D) - 

v 2 3 4 12 2 

Solution: Centre and radius of the circle are (7, -1) and 
5, respectively. Now y = mx touches the circle 

. K 7 ) +1 l r 

s —) I -— — J 

yl + m 2 

<=> (7m+ 1) 2 =25(l + m 2 ) 

24m 2 +14/77 - 24 = 0 
<=> 12m 2 + 7m —12 = 0 
<=> 12nz 2 + 16m - 9m -12 = 0 
<=> 4m(3m + 4) — 3(3/77 + 4) = 0 
3 -4 


<=> m = 


4’ 3 


(3.57) 


Since the product of the slopes is -1, the tangents from 
(0,0) are at right angles. 

Note: From Eq. (3.57), the product of the roots is -1 
which shows that the product of the slopes is -1. 

Answer: (D) 

2. The line 3x + y = 0 is a tangent to the circle which has 
its centre at the point (2, -1). Then, the radius is 


(B) (C) ^ (D) 5V2 


5 

(A) - 

Solution: The radius ( r) is equal to the distance of the 
centre (2,-1) from the line 3x + y = 0, which is given by 


|3(2)-1| 

^ 3 2 +1 


Answer: (B) 


3. The angle at which the circle x 2 + y 2 = 16 can be seen 
from the point (8,0) is 


(A) - 
2 


(B) ! 


(C) - 
3 


(D) 7 

6 


Solution: The required angle is the angle between 
the tangents drawn from the point (8, 0) to the circle 
x 2 + y 2 = 16. Let y = m(x - 8 ) be a line through ( 8 , 0 ). This 
line touches the circle. So 

1 / 77(0 — 8 ) — 0 | 

<=> —_— = 4 


Vi 


+ 777 

<=> 64m 2 = 16(1+ m 2 ) 

<=> 3777 2 = 1 
» 777 = ± — 1= 

S 


Therefore, the tangents are inclined at angles of 30° and 150° 
with the positive direction of the x-axis. Hence, the acute 
angle between tangents to the circle can be seen is 60°. 

Answer: (C) 
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4. The radius of the circle passing through the points 
(-1,1), (0,6) and (5,5) is 

(A) 2V3 (B) 2 (C) 2V2 (D) Vl3 

Solution: Let S = x 2 + y 2 + 2gx + 2 fy + c = 0 be the re¬ 
quired circle. Therefore 

-2g+2f+c=-2 (3.58) 

12/ + c = -36 (3.59) 

10g + 10/ + c = -50 (3.60) 

Solving Eqs. (3.58)-(3.60), we have g = -2 ,/= -3 and c = 
0. Therefore, the radius of the circle is 

7(-2) 2 +(-3) 2 +c=Vl3. 

Answer: (D) 


(A, 2Tan-(A) (B) Ta„-(^) 

(O § (D) 2Ta„-(^j 


Solution: Let y = m(x - 13) be a line through (13, 0). 
This line touches the circle 


|m(0 —13)-0| 
s— . — 5 

VI +m 2 

<=> 169m 2 = 25(1+ m 2 ) 
<=> 144 m 2 = 25 
5 

<=> 777 = + — 

12 


5. The radius of the circle which passes through the point 
(2,3) and touches the line 2x - 3y - 13 = 0 at the point 
(2,-3) is 

(A) 2V2 (B) V8 (C) Vl3 (D) 2a/3 


Therefore, the angle between the tangents is 



Answer: (A) 


Solution: Let A = (2,3) and B = (2,-3). LetMbethe 
midpoint of AB = (2,0) and C be the centre of the circle 
(see Fig. 3.54).Therefore, C is the intersection of the lines 
CB and CM. Equation of the line CM is 


y = 0 (3.61) 

Equation of the line CB is 

y + 3 = y(*- 2 ) 


That is, 


3x + 2y = 0 (3.62) 

Equations (3.61) and (3.62) imply that the centre of the 
circle is (0,0). Therefore, the radius of the circle is 

CB = 7(2 -0) 2 +(-3-0) 2 = Vl3 



Answer: (C) 


7. The tangent to the circle x 2 +y 2 = 5 at the point (1,-2) 
also touches the circle x 2 + y 2 - 8x + 6y + 20 = 0 at the 
point 

(A) (3,-1) (B) (2,-2) 

(C) (2,-4) (D) (4,2) 

Solution: Tangent to the circle x 2 + y 2 = 5 at the point 
(1,-2) is 

jr(l) + y(-2) - 5 = 0 


=> x-2y-5 = 0 (3.63) 


Point of contact of the tangent given in Eq. (3.63) with 
the circle x 2 + y 2 - 8x + 6y + 20 = 0 is the foot of the per¬ 
pendicular drawn from the centre (4, -3) onto the tan¬ 
gent given in Eq. (3.63). Suppose (x^y^ is the foot of the 
perpendicular from (4, -3) onto the line x - 2y - 5 = 0 
(see Fig. 3.53). Therefore, by Theorem 2.13(1), we have 


[4-2(-3)-5l 

jcj =4-^-—- = 4 — 1=3 


l 2 +2 2 


and Tl ~ —3 —[(—2)(1)] = —1 


Therefore, the point of contact is (3,-1). 


(4, -3) 


x-2y- 5 = 0 (*i,yi) 


6 . The angle between the tangents drawn from the point 
(13,0) to the circle x 2 + y 2 = 25 is 


FIGURE 3.53 


Answer: (A) 
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8 . The number of common tangents to the circles 
x 2 + y 2 - 2x - 6y + 9 = 0 and x 2 + y 1 + 6x - 2y + 1 = 0 
is 

(A) 4 (B) 3 (C) 2 (D) 1 

Solution: A = (1,3) and r { = 1,respectively, are the centre 
and the radius of the first circle. B = (-3,1) and r 2 = 3, re¬ 
spectively, are the centre and radius of the second circle. So 

AB = 7(l+3) 2 +(3-l) 2 = V20 = 2V5 >r l + r 2 

Therefore, the two circles do not have a common point. 
Hence, the number of common tangents is 4. 

Answer: (A) 


9. Any tangent to the circle x 2 + y 2 = a 2 meets the axes 
at points A and B, respectively. The rectangle OACB 
is completed. The locus of the vertex C of the rect¬ 
angle is 

(A) x 2 +y 2 =-^ (B) x~ 2 + y~ 2 = a~ 2 

a “ 

2 

(C) x 2 +y 2 =^- (D) x 2 + y 2 = 2a 2 


Solution: Tangent at (x^yq) to the circle (see Fig. 3.54) 
is xx 1 + yy t = a 2 . Therefore 


A = 


B = 


( 2 \ 
—,0 
V*1 ) 

( 2 A 
0 ,— 
yu 


Hence 


C = 


( 2 2 

a a 




If C= (jc,y), then 


1 , 1 -* 1 2 . y 2 i _ x?+rf _a 2 1 

2 + 2 4 + 4 4 4 2 

x y a a a a a 

Therefore, the locus of C is x~ 2 + y~ 2 = a 2 . 



10. Let C 1 :x 2 + y 2 = 5 and C 2 :jr 2 + y 2 = 9.The tangent at (1, 
2) to Cj meets the circle C 2 at A and B. The tangents 
drawn at A and B to C 2 meets in T. Then the coordi¬ 
nates of T are 


(A) (4,-5) 
(C) (4,5) 



Solution: Equation of the tangent at (1,2) to C 1 is 

jc + 2y-5 = 0 (3.64) 

Suppose T(x } , y,) is the point where the tangents to C 2 at 
points A and B meet (see Fig. 3.55). Hence, the equation 
of the chord AB is 


xx l +yy l -9 = Q (3.65) 

Equations (3.64) and (3.65) represent the same line AB. 
Therefore 

£1 = Zl = z^ 

12-5 
9 18 

^5’^T 

So 


T = 




11. Tangents are drawn from any point on the circle 
x 2 + y 2 = R 2 to the circle x 2 + y 2 = r 2 . If the line joining 
the points of intersection of these tangents with the 
first circle also touches the second, then R:r is 

(A) 2:1 (B) 1:2 (C) 3:1 (D) V2:l 

Solution: Let P(x v jq) be a point on xr + y 2 = R 2 . 
Suppose the tangents from point P to the circle jc 2 + y 2 
= r 2 meet the circle with radius R in A and B such that 
AB touches the circle with centre r. Thus, for A PAB, 
x 2 + y 2 = R 1 is the circumcircle and x 2 + y 2 = r 1 is the in¬ 
circle and hence the circumcentre and incentre are the 
same. Therefore, the triangle is equilateral so that R = 2r. 

Answer: (A) 
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12. If the circles {x - l) 2 + {y - 3) 2 = r 2 and x 2 + y 2 -8x + 
2y + 8 = 0 intersect at two distinct points, then 

(A) 2 < r < 8 (B) r <2 

(C) r = 2 (D) r> 2 

Solution: For the first circle A = (1, 3) and radius = r, 
and for second circle B = (4, -1) and radius r - 3. Since 
the two circles intersect in two distinct points, we have 

|r'-r| < AB <r + r' 

=> |3-r| < V3 2 + 4 2 <3 + r 

Therefore, 2 < r < 8. 

Answer: (A) 


13. If the line x cos 6 + y sin# = 2 is the equation of a 
transverse common tangent to the circles x 2 + y 2 = 4 
and xr + y 2 - 6^3 x - 6y + 20 = 0, then the value of 
0 is 

(A) \ (B) y (C) ^ (D) ^ 

3 6 3 6 

Solution: A = (0,0) and r x = 2, respectively, are the cen¬ 
tre and radius of the first circle. B = (3 V3,3) and r 0 = 4, 
respectively, are the centre and the radius of the second 
circle. So 

AB = >/27 + 9 =6 = r x +r 2 

Therefore, the two circles touches each other externally, 
and the transverse common tangent is 

(.x 2 + y 2 - 6 Sx -6y+ 20) - (x 2 + y 2 - 4) = 0 
=> — 6\f3x — 6y + 24 = 0 
=> \[3x + y — 4 = 0 

However, x cos 6 + y sin 0 - 2 = 0 is the transverse common 
tangent. Therefore 

cos# sin# -2 1 

~JT~~~^4~2 


Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0 be the 
required circle which passes through origin. This implies 
that 


c = 0 (3.66) 

It passes through (2,0) which implies that 

4g + c = -4 (3.67) 

It touches the line y = x which implies that 

=>(g-/) 2 =2(g 2 + / 2 -c) 

=>-2 gf = g 2 +f 2 ~c 

=> (g + ft = 0 [from Eq. (3.66)] 

=>g = ~f 

From Eq. (3.67), we get g = —1 and / = 1. Therefore, 
equation of the circle is S = x 2 + y 2 - 2x + 2y = 0. 

Answer: (A) 

15. C, is a circle with centre at A and radius 2. C 2 is a 
circle with centre at B and radius 3. The distance AB 
is 7. If P is the point of intersection of a transverse 
common tangent with line AB, then the distance A P 
is 

14 7 9 8 

(A) — (B, - (C) - (D, - 

Solution: It is known that point P is the internal centre 
of similitude and AP.PB = 2:3 (see Section 3.5). There¬ 
fore, 

3 AP = 2PB = 2 (AB - AP) = 2(7 - AP) 

=i>5AP = 14 


Answer: (A) 


Hence 


cos„=^ and 
2 


sin# = 


1 

2 


Therefore 



Answer: (B) 


16 . Two circles with centres at A( 2, 3) and 5(5, 6) and 
having equal radii are intersecting orthogonally. 
Then the radius of the circles is 

(A) 3V2 (B) 2V2 (C) 3 (D) 2 

Soution: Two circles intersect orthogonally. There¬ 
fore, the square of the distance between the two circles 
is equal to the sum of the squares of the radii (see Quick 
Look 11). Therefore, if r is the radius of the two equal 
circles, then 


14. The equation of the circle passing through the point 
(2,0) and touching the line y = x at the origin is 

(A) x 2 + y 2 — 2x + 2y = 0 (B) x 2 + y 2 + 2x + 2y = 0 
(C) x 2 + y 2 — 2x - 2y = 0 (D) x 2 + y 2 + 2x - 2y = 0 


{AB) 2 = 2 r 2 

=> (V(5-2) 2 +(6-3) 2 ) 2 = 2r 2 
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=> 3 2 + 3 2 = 2r 2 
=>r = 3 


Answer: (C) 


From Eq. (3.68), we have 


x 2 + y 2 =9 
=>h 2 + k 2 = 1 


17. A square ABCD has area 1 sq. unit. A circle touches 
the sides AB and AD and passes through the vertex 
C. Then, the radius of the circle is 


(A) 


72 


(B) 


J2_ 

72 


Therefore, the locus of the centroid G is x 2 + y 2 = 1. 

Answer: (D) 

19. A circle is given by x 2 + (y - l) 2 = 1. Another circle 
C touches it externally and also the x-axis. Then the 
locus of its centre is 


(C) 72 -1 (D) 2- 72 

Solution: Let us consider A as origin, AB as positive 
x-axis and AD as positive y-axis (see Fig. 3.56). Sup¬ 
pose S is the centre of the circle and r its radius. We have 
S = (r,r). Therefore 

r = SC = ^(r-lf+(r-l) 2 
=>r 2 = 2(r-l) 2 
=> r 2 — Ar + 2 — 0 

4 i 716 — 8 rr . . 

=>r= -= 2-72 (v r<l) 

2 



FIGURE 3.56 

Answer: (D) 

18. In A ABC , B = (3,0) and C = (-3,0) and A is a vari¬ 
able vertex such that BA C = 90°. Then the locus of 
the centroid of A ABC is the circle 

(A)x 2 + y 2 = 2 (B) xr + y 2 = ^ 

(C) x 2 + y 2 = ^ (D) x 2 + y 2 = 1 


(A) {(x,y):x 2 = 4y} u {(x,y):y < 0} 

(B) {( x,y):x 2 + {y-l) 2 = 4}vj{(x,y)-.y< 0} 

(C) {(x, y):x 2 = y} u {(0,y):y < 0} 

(D) |(x,y):x 2 = 4v| u{(0,y):y < 0} 

(IIT-JEE 2005) 

Solution: Let P(h, k) be the centre of C so that |/c| is 
the radius of C because it touches x-axis (see Fig. 3.57). 
Also, since C touches the circle x 2 + (y - l) 2 = 1 exter¬ 
nally, we have 

\j(h- 0) 2 +(k-1) 2 = l + |fc| 

^h 2 +{k-lf =l + 2\k\ + k 2 
=> h, 2 -2k = 2\k\ 

=> h 2 =4k 

where k > 0 or h 2 = 0 when k < 0. Therefore, the locus of 
the centre P(h, k) is j(x,y):x 2 = 4y} u {(0,y):y < 0}. 



Answer: (D) 


Solution: It is clear that A moves on the circle with BC 
as diameter and its equation is 

(x + 3)(x-3) + y 2 =0 

x 2 +y 2 =9 (3.68) 

Let G(/z, k) be the centroid of A ABC. Therefore 

, x+3-3 , y+0+0 

h =-, k = 

3 

=> 3 h = x, 3k = y 


20 . The equation of the circle touching the line 2x + 3y + 
1 = 0 at the point (1,-1) and cutting orthogonally the 
circle x 2 + y 2 + 2x - 2y - 3 = 0 is 

(A) x 2 + y 2 -5x-^- y + = 0 

(B) x 2 + y 2 — lOx — 5y + 3 = 0 

(C) x 2 + y 2 - 20x - lOy + 8 = 0 

(D) x 2 + y 2 + 5x + 5y - 2 = 0 


3 
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Solution: The required circle is of the form 


(x - 1) 2 + (y + if + X(2x + 3y +1) = 0 


That is, 

x 2 + y 2 + 2(X -l)x+ (3A + 2)y + 2 + X = 0 (3.69) 

This circle cuts the circle x 2 + y 2 + 2x - 2y - 3 = 0 orthogo¬ 
nally. From this and Theorem 3.17 we get 


2(1 


1 )( 1 )+ 2 


3X + 2 
2 


(- 1 ) = 2 + 


X 


-3 


Therefore 


2X-2-3X-2 = 2 + X-3 
=> 2A = -3 


Substituting the value of A in Eq. (3.69), we get the 
required circle as 

x 2 + y 2 -5x- — y + — = 0 
2 2 

Answer: (A) 

21. The centre of the circle inscribed in a square formed 
by the lines x 2 - 8jc + 12 = 0 and y 2 - 14 v + 45 = 0 is 

(A) (4,7) (B) (7,4) (C) (9,4) (D) (4,9) 

(IIT-JEE 2003) 

Solution: The lines are x = 2, x = 6 and y = 5, y = 9. 
Therefore, the vertices of the square are (2, 5), (2, 9), (6, 
9) and (6,5). 

Centre of the circle = Centre of the square 
(2+6 9+5 1 

“l 2 ’ 2 J 

= (4,7) 

Answer: (A) 

22. If one of the diameters of the circle x 2 + y 2 - 2x - 
6y + 6 = 0 is a chord to the circle with centre (2,1), 
then the radius of the circle is 

(A) V3 (B) V2 (C) 3 (D) V2 

(IIT-JEE 2004) 

Solution: Let AB be a diameter of the circle x 2 + y 2 - 
2x - 6y + 6 = 0 (see Fig. 3.58). Centre of this circle is M = 

(1,3) and radius Vl 2 +3 2 -6 = 2. C(l, 2) is the centre of 
the required circle. Therefore 

(CA) 2 = (AM) 2 + (CM) 2 

= 4 + (2 -1) 2 + (3 -1) 2 
= 4 + 1 + 4 = 9 


This implies CA = 3 



Answer: (C) 


23. If the tangent at the point P on the circle x 2 + y 2 + 
6x + 6y - 2 = 0 meets the straight line 5x - 2y + 6 = 0 at 
a point Q on the y-axis, then the length of PQ is 

(A) 4 (B) 2^5 (C) 5 (D) 3V5 

Solution: The line 5x - 2y + 6 = 0 meets y-axis in (0,3) 
so that Q = (0,3). Hence, QP is the length of the tangent 
drawn from Q. It is given by 


7^7 = 70 + 9 + 6(0) + 6(3)-2 = V25 =5 


Therefore, PQ = 5. 


Answer: (C) 


24. Let AB be a chord of the circle x 2 + y 2 = r 2 subtend¬ 
ing a right angle at the centre. Then, the locus of the 
centroid of A PAB as P moves on the circle is 

(A) a parabola (B) a circle 

(C) an ellipse (D) a pair of lines 

Solution: Let A = (r cos a, r sin a) and 

„ ( [n \ . ( ^1) 

{ {2 ) { 2)) 

= (-rsin a, r cos a) 

Let P(h, k) be a point on the circle (see Fig. 3.59). There¬ 
fore 


h 2 +k 2 =r 2 (3.70) 

Let G(jt,y) be the centroid of A PAP. Therefore 

rcosa-rsina + h 

x = - 

3 

. rsina+ rcosa + k 

and v =- 

3 

Therefore 

r 2 =h 2 + k 2 

= [3x - r(cos a - sin a)] 2 + [3y - r(sin a + cos a)] 
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That is, 


r, , 

2 

r , . . 

x —cosa-sma 

L 3 V ’\ 

+ 

y--(sma + cosa) 


which is a circle. 




Answer: (B) 

25. Tangents drawn from the point P( 1, 8) to the circle 
x 2 + y 2 - 6x - 4y - 11 = 0 to touch it at the points 
A and B. Then, the equation of the circumcircle of 
A PAB is 


the equation of the circumcircle is {x - 1 )(x - 3) + (y - 8) 
(y — 2) = 0. That is, 

x 2 + y 2 — 4jc —10y + 19 = 0 

Answer: (B) 

26. A line is touching two circles at T l and T 2 , respec¬ 
tively, such that the length T{T 2 is 36. The minimum 
distance between the circles is 14. If the radius of the 
larger circle is four times the radius of the smaller 
circle, then the radius of the smaller circle is 

(A) 5 (B) 4 (C) 3 (D) 10 

Solution: Points A and B are the centres of the two 
circles. PQ = 14 and T{T 2 = 36. Draw T X M parallel to 
AB to BT 2 (see Fig. 3.60). Let r and 4r be the radii. 
From A TJ 2 M, we have (T X M) 2 = (TJ 2 ) 2 + (T 2 M) 2 . 
Therefore, 

(14 + 5r) 2 = 36 2 + 9r 2 
=>16r 2 +140r-50x22 = 0 
=>4r 2 + 35r-275 = 0 
=>4r z -20r + 55r -275 = 0 


(A) x 2 + y 2 — 4x — 6y — 19 = 0 

(B) x 2 + y 2 -4x- 10y + 19 = 0 

(C) x 2 + y 2 - 2x + 6y - 29 = 0 

(D) x 2 + y 2 - 6x - 4y + 19 = 0 
Solution: Equation of AB is 

A, = x(l) + y( 8) - 3(x + 1) - 2(y + 8) - 11 = 0 
because AB is the chord of contact. That is, 

S 1 = -2x + 6y - 30 = 0 
x-3 y +15 = 0 

Therefore, any circle passing through A and B is of the 
form 

x 2 + y 2 — 6x— 4y —11 + h(x - 3y +15) = 0 

This represents circumcircle of A PAB o it passes 
through P(l, 8). Therefore 

1 + 64-6-32-11 +T(l-24 +15) = 0 

-8A = -16 
T = 2 

Therefore, the circumcircle of A PAB is 

jc 2 + y 2 - 6x - 4y - 11 + 2(x - 3y + 15) = 0 

That is, 


=> 4r(r - 5) + 55(r - 5) = 0 
=> r = 5 



27. Let PQ and RS be tangents at the extremities of the 
diameter PR of a circle of radius r. If PS and RQ in¬ 
tersect at point X on the circumference of the circle, 
then 2 r is equal to 

(A) JPQ~RS (B) (PQ + RS)I2 

(C) [2(PQ)(RS)]/PR + RS (D) j(PQ 2 +RS 2 )/2 

Solution: In A PQR, \QPR = 90° (see Fig. 3.61). The 
angle in the semicircle is given by | PXR = 90°. There¬ 
fore, A PQX and A PXR are similar. Hence 


x 2 +y 2 -4x- 10 y +19 = 0 

Aliter: Suppose C(3, 2) is the centre of the circle. Since 
PA C = 90° = | PBC , the circumcircle of the quadrilat¬ 
eral PACE is also the circumcircle of A PAB. Therefore, 
PC is a diameter of the circumcircle of A PAB. Hence, 


PQ _ PX 
~PR ~ ~RX 


(3.71) 


Similarly, A PRX and A RXS are similar. Therefore 


PR PX 
~RS ~ ~RX 


(3.72) 
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From Eqs. (3.71) and (3.72), we have 

PQ _ PR 
~PR~~RS 

Therefore 


Solution: Let S 2 be the external centre of similitude 
(see Fig. 3.63). Therefore,^ divides the line joining 0(0.0) 
and A(6, 0) externally in the ratio 2:1. Flence S 2 = (12,0). 
Therefore, equation of the chord of contact of .S 2 ( 1 2. 0) 
with respect to x 2 + y 2 = 16 is 


(PR) 2 = PQ RS 
2r = PR = yjPQ-RS 

R S 


> Q 

FIGURE 3.61 

Answer: (A) 

28. APQR is inscribed in the x 2 + y 2 = 25. If Q and R 
have coordinates (3,4) and (-4,3), respectively, then 
| PQR is equal to 

(A) | (B) | (C) ^ (D) ^ 

Solution: From Fig. 3.62, we have the following: 

Slope of OQ x Slope of OR = ^ x = -1 
where O is the origin. Therefore \QOR = 90°. Hence 



Answer: (C) 

29. The equation of the circle passing through the point 
of contact of the direct common tangents of the cir¬ 
cles x 2 + y 2 = 16 and x 2 + y 2 - 12x + 32 = 0 is 

(A) x 2 + y 2 + 6x-8 = 0 (B) x 2 + y 2 - 6x - 8 = 0 
(C) x 2 + y 2 — 4x — 6 = 0 (D) x 2 + y 2 + 4x - 6 = 0 


L = 3x-4 = 0 (3.73) 

Equation of the chord of contact of S 2 (12,0) with respect 
to x 2 + y 2 -12x + 32 = 0 is 

L'= 3x-20 = 0 (3.74) 

Now, equation of the circle passing through the points of 
intersection of x 2 + y 2 - 16 = 0 and L = 0 is 

x 2 + y 2 -16 + T(3x - 4) = 0 (3.75) 

Equation of the circle passing through the intersection of 
x 2 + y 2 - 12x + 32 = 0 and L'= 0 is 

x 2 + y 2 - 12x + 32 + ^t(3x - 20) = 0 (3.76) 

Equations (3.75) and (3.76) represent the same circle 

<=> 3A = 3 /J - 12 and -4 A - 16 = -20 /i + 32 

<=> A - fi = -4 and A - 5 ju = -12 

Therefore, A = -2 and fu = 2, so that the equation of the 
required circle is x 2 + y 2 - 6x - 8 = 0. 



30. In A ABC, if sin 2 A + sin 2 B + sin 2 C = 1, then the 
angle of intersection of the circumcircle of AABC 
and the circumcircle of its pedal triangle is 

(A) ^ (B) | (C) | (D) ^ 

Solution: For pedal triangle and its properties, see 
Chapter 4, Vol. 2. Let O and H be the circumcentre and 
orthocentre, respectively, of AABC. Take O as origin 
of reference and OA = a, OB = b and OC = C. Hence 
|u| = |B| = |c| = R (which is the circumradius). Accord¬ 
ing to Example 5.2, part (2), Chapter 5, Vol. 2, we have 
OH = a+b + c. Therefore 

| o/ij =3R 2 +2R 2 (cos2A + cos2B + cos2C) 

= 3 R 2 + 2R 2 [3 - 2(sin 2 A + sin 2 B + sin 2 C)] 

= 3i? 2 + 2i? 2 (3 - 2) = 5i? 2 




(3.77) 
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If N is the centre of the circumcircle of the pedal triangle, 
then N is the midpoint of OH and the circumradius of 
the pedal triangle is RI2. Therefore 


(<ONf 


7 ~\ 2 

a + b + c 



That is, square of the distance between the centres of the 
circles is equal to the sum of the squares of their radii. 
Therefore, the circumcircle of AABC and the circum¬ 
circle of its pedal triangle intersect orthogonally (see 
Quick Look 11). 

Answer: (B) 


31. Two equal circles of radius 72 +1 touch each other 
externally. Another circle of radius 1 touches both 
the circles externally. Then, the perimeter of the re¬ 
gion bounded between the three circles is 

(A) ^(2 + V2) (B) ^(2 + V2) 

(C) ^(2-V2) (D) ^(272-1) 

Solution: Let A and B be the centres of the circles 
of equal radius 72 +1 and C be the circle with unit ra¬ 
dius (see Fig. 3.64). Therefore, AC = BC = 2 + 72 and 
AB = 2(72+1). Now 

(AC) 2 + (BC) 2 =(2 + 72) 2 + (2 + 72) 2 
= 4(72 + 1 ) 2 =(AB) 2 

Therefore, [C = 90°. The perimeter of the shaded region 
is given by 


2(72 + l)^ = ^(2 + 72) 



Answer: (A) 

32. If a circle having centre at (a, b) and radius r complete¬ 
ly lies within the two lines x + y + 2 = 0 and x + y- 2 = 0, 
then the minimum value of { \a + b + 2\ , \a + b - 2|j is 

(A) greater than rj2 (B) less than r72 


(C) greater than 2 r (D) less than 2 r 

Solution: The two given lines are parallel (see Fig. 
3.65).Therefore, the circle completely lies within the lines. 
This implies that 


\a + b±2\ 

, => r 

7l 2 +2 2 

=> |a+ b±2\ > r72 



Answer: (A) 

33. If A is a point on the circle x 2 + y 2 = 1 and B is a point 
on the circle x 2 + y 2 - 10+ +21 = 0, then the minimum 
value of AB is 

(A) 1 (B) 2 (C) 4 (D) 8 

Solution: Suppose the centres of the two circles are 
0(0,0) and C(5,0) (Fig. 3.66). The radii of the circles are 
1 and 2. Suppose the line OC meets the circles at points P 
and Q , respectively, so that P = (1,0) and Q = (3,0). Mini¬ 
mum value of AB occurs when A = P and B = Q. Therefore, 
the minimum value of AB = 5 - (1 + 2) = 2. 



Answer: (B) 

34. Three circles with radii a, b and c touch each other 
externally. The tangents drawn at their points of con¬ 
tact meet at a point P whose distance from the points 
of contact is 4. Then (abc)l(a + b + c) is equal to 

(A) 8 (B) 16 (C) 24 (D) 32 

Solution: P is equidistant from the sides of AABC and 
that distance is 4 (Fig. 3.67).Therefore, 4 is the inradius of 
AABC .The semiperimeter s of AABC is given by 

(a + b) + (b + c) + (c + a) 

- --—---—--- = a+b + c 


2 















179 


Worked-Out Problems 


Now A is given by 

■yj(a + b + c)(a + b + c - b - c)(a + b + c — c - a)(a + b + c - a — b) 
y/abc(a + b + c) 

Therefore 


4 = r = — = 


abc 


i+b + i 


or 


abc 


[ + b + ( 


= 16 



Answer: (B) 


35 . Three circles of equal radius r touch each other ex¬ 
ternally. Then the radius of the circle having internal 
contact with all the three circles is 


(A) (2 + V3)r 
(C) (2 + V2)r 


(B) (2-73 )r 
( 2 + V3 A 


(D) 


73 


Solution: Let A, B and Cbe the centres of three circles. 
Therefore, A ABC is an equilateral triangle with side 
length 2 r. If R is the circumradius of A ABC, then 


R = 


2 r 

2 sin 60° 


2 r 

73 


For this circle, the chord y = 2x is a diameter and if the 
center of this circle lies on y = 2x, then 

2(5-A) + ^j = 0 

=> 10 - 22 ,- — = 0 
2 

=> A = 4 

Therefore, the required circle is x 2 + y 2 - 2x - 4 y = 0. 

Answer: (A) 

37 . The centre of the circle passing through the points 
(0,0) and (1,0) and touching the circle x 2 + y 2 = 9 in 
the first quardrant is 



Solution: Let S = x 2 + y 2 + 2gx + 2 fy + c = 0 be the 
required circle. If it passes through (0, 0), we have c = 
0. If it passes through (1,0), we have 2g = —1. Touching 
internally the circle x 2 + y 2 = 9 implies that 

=> 4(g 2 + / 2 ) = 9 

= 24 ( r /2 )= 9 

=> 4/ 2 = 8 

=> / = ±V2 

But the centre lies in the first quadrant. Therefore 

so that the centre is 


Therefore, the radius of the required circle is obtained as 


D 2 r 
R + r=—i= + r = 

73 


2 + 73 
73 


Answer: (D) 


36. If y = 2x is a chord of the circle S = x 2 + y 2 - lOx = 0, 
then the equation of the circle described on this chord 
as diameter is 

(A) x 2 + y 2 - 2x - 4y = 0 (B) x 2 + y 2 - 14x + 2y = 0 
(C) x 2 + y 2 -6x-2y = 0 (D) x 2 +y 2 -18x + 14y = 0 

Solution: The required circle of the form S + A(2x - 
y) = 0 is 

x 2 + y 2 — lOx + A (2x - y) = 0 



Answer: (D) 

38 . From the point A(0, 3) on the circle x 2 + 4x + 
(y -3) 2 = 0 a chord AB is drawn and extended to a 
point M such that AM = 2AB. Then, the equation of 
the locus of M is 

(A) x 2 + y 2 + 8x - 4y + 3 = 0 

(B) x 2 + y 2 -8x + 6y-21 = 0 

(C) x 2 + y 2 + 8x-6y + 9 = 0 

(D) jc 2 + y 2 - 8jc - 9y + 18 = 0 
Solution: The given circle is 

(jc + 2) 2 + (y - 3) 2 = 4 
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which touches the y-axis at /!((), 3). Let M = (h, k) so that 
B = [h/2, ( k + 3)/2] is the midpoint of AM. Since B lies on 
the circle 


2,2 2 
x +y -a 


xcosa + ysma 


0 (see Theorem 2.33) 


(/z/2 + 2) 2 + (k + 3/2 - 3) 2 = 4 

we have 

(h + 4) 2 + (k- 3) 2 = 16 

Therefore, locus of M is x 2 + y 2 + 8x - 6y + 9 = 0. 


Since | AOB = 90°, in the above equation, the sum of the 
coefficient of x 2 and the coefficient of y 2 is 0. That is, 


1 - 


2 2 A ( 

a cos a 


1 - 


2-2 \ 
a sm' a 


= 0 


Answer: (C) 


o 2 2 

2 p = a 


39 . If the chord of contact of tangents from a point P to 
a given circle passes through Q. then the circle de¬ 
scribed on PQ as diameter 

(A) touches the given circle externally. 

(B) touches the given circle internally. 

(C) cuts the given circle orthogonally. 

(D) does not have common points with the given 
circle. 

Solution: Let S = x 2 + y 2 - a 2 = 0 and P(x v y be a 
point whose chord of contact is = xx 1 + yy 1 - a 2 = 0 
which passes through Q(x 7 ,y 7 ). Therefore 

x 2 x 1 + y 2 y l =a 2 (3.78) 

Equation of the circle with PQ as diameter is 

(x-x 1 )(x-x 2 ) + (y-y 1 )(y-y 2 ) = 0 

x 2 +y 2 - (x, +x 2 )x -(^ + y 2 )y + x x x 2 + y : y 2 = 0 (3.79) 


The original circle is 

x A +y L -a A = 0 

From Eqs. (3.79) and (3.80), we get 
~{x\ +x 2 ) 


2gg' + 2ff' = 2(0) 


+ 2 ( 0 ) 


-(>'i + y 2 ) 


(3.80) 


= 0 


and from Eq. (3.78), we have 

c + c' = {x 1 x 2 +y 1 y 2 )-a 2 =0 

Hence, the circle described on PQ as diameter cuts the 
original circle orthogonally. 

Answer: (C) 


40. The condition that the chord x cos a + y cos a = p 
subtends a right angle at the centre of the circle x 2 + 

y L — ar is 

(A) a 2 = 2p 1 (B) p 2 = 2a 2 

(C) a = 2p (D) p = 2a 



Answer: (A) 

41. If the circle x 2 + y 2 + 2gx + 2 fy + c = 0 is touched by 
the line y = x at P such that OP = 6V2, then the 
value of c is 

(A) 144 (B) 72 (C) 36 (D) 26 

Solution: By Pythagoras theorem we have ( OC ) 2 = 
(OP) 2 + (CP) 2 where C = (-g, —f) (Fig. 3.69). Therefore 

g 2 +f 2 =12 + (g 2 + f 2 -c) 

=> c = 72 



Answer: (B) 


Solution: Suppose the chord x cos a + y cos a = p 
meets the circle at points A and B (see Fig. 3.68). There¬ 
fore, the combined equation of the pair of lines OA and 
OB is 


42. The equation of the circle passing through the 
points of intersection of the circle xr + y 2 = 4 and 
the line 2x + y = 1 and having minimum radius is 
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(A) 5(x 2 + y 2 ) + 18x+ 6y - 5 = 0 

(B) 5(x 2 + y 2 ) + 9x + 8y - 15 = 0 

(C) 5(x 2 + y 2 ) + 4x + 9y - 5 = 0 

(D) 5(x 2 + y 2 )-4x-2y-18 = 0 

Solution: Equation of the required circle is of the 
form 


x 2 +y 2 -4 + A(2x+ y-l) = 0 
Radius of this circle is 


A 2 + — + A + 4 = -V5A 2 +4A + 16 
4 2 

=—Ja 2 +—+— 

2 V 5 5 

V5 r 
2 

V5 
2 


(3.81) 


JU + =I + fV 


= — JU+?I + 76 


This value is minimum when 



Substituting the value of A in Eq. (3.81), we have the 
required circle equation as 

x 2 + y 2 -4-|(2x + y-l) = 0 

=>5(x 2 +y 2 )-4x-2y-18 = 0 

Answer: (D) 


43. If the angle of intersection of the circles x 2 + y 2 + x + 
y = 0 and x 2 + y 2 + x - y = 0 is a , then the equation 
of the line passing through (1, 2) and inclined at an 
angle a with the positive direction of the x-axis is 

(A) x - y - 3 = 0 (B) y = 2 

(C) x + y-3 = 0 (D) x = 1 

Solution: S = x 2 + y 2 + x + y = 0 so that g = 1/2,/= 1/2 
and c = 0. 

S' = x 2 + y 2 + x - y = 0 so that g' = 1/2,/' = -1/2 and c' = 0. 
Now 


44. From point P on the line x + y - 25 = 0, tangents PA 
and PB are drawn to the circle x 2 + y 2 = 9. As point 
P moves on the line, the locus of the midpoint of the 
chord AB is 

(A) 5(x 2 +y 2 ) = 9(x + y) (B) 5(x 2 +y 2 ) = 3(x+ y) 
(C) 25(x 2 + y 2 ) = 9(x + y) (D) 25(x 2 + y 2 ) =3(x + y) 

Solution: Let P(h, k) be a point on the line x + y - 25 = 0. 
Therefore 

h + k = 25 (3.82) 

Since AB being the chord of contact of P with respect to 
the circle x 2 + y 2 = 9, its equation is 

hx + ky = 9 (3.83) 

If M(x 1 , y : ) is the midpoint of the chord AB, its equation 
is 


xx 1 + yy 1 = x 2 + y 2 (3.84) 

Both Eqs. (3.83) and (3.84) represent the chord AB. 
Therefore 

h k 9 

x 1 yi x\ + y\ 

Therefore 


h = 

k = 


9xi 


2 . 2 
*1 + 3 h 

9jh 
2 , 2 

Xi +y x 


Hence, from Eq. (3.82), we have 

9(xi + yi) 


25 = h + k = 


2 2 
Xi +y( 


■25(x 1 2 +y 2 ) = 9(x 1 + y 1 ) 


Therefore, the locus of M(x v y x ) is 

25(x 2 + y 2 ) = 9(x + y) 

Answer: (C) 


45. If the circles x 2 + y 2 + 2x + 2 ky + 6 = 0 and x 2 + y 2 + 
2 ky + k = 0 intersect orthogonally, then k is 

(IIT-JEE 2000) 


IV1 


lY-l 


2 s *' + 2 ^= 2 UJUJ +2 UAtJ= 0 =- c ' 

Therefore, 5 = 0 and 5' = 0 intersect orthogonally so that 

n 

a = — 

2 


(A) 2 or -- 


(C) 2 or — 


( B) -2 or - — 


(D) -2 or - 


Solution: We have g = 1 ,/= k, c = 6 and g' = 0,/' = k , 
c' = k. Therefore, 


Therefore, equation of the line is x = 1. 


Answer: (D) 


2gg' + 2ff' = c + c' 












182 


Chapter 3 I Circle 


=>2(l)(0) + 2(fc)(fc) = 6 + fc 
=> 2k 2 -k-6 = 0 
=$2k 2 +3k-4k-6 = 0 
=> k(2k + 3) - 2(2k + 3) = 0 
=>(fc-2)(2A: + 3) = 0 

Therefore 

fc=2 or — 

2 


Answer: (A) 

46. A circle passes through origin and has its centre on 
the line y = x. If the circle cuts the circle x 2 + y 2 - 
4x - 6y + 10 = 0 orthogonally, then its equation is 


Tangents are drawn to the circle S = x 2 + y 2 - 
12 = 0 at points P and Q. The point of intersection 
of these tangents is 


h: 

1 < B > ( 

( 18) 

(D) ( 



18 

'T 


18 

'T 


Solution: The common chord of the circles is L = S — 
S' = 5x - 3y - 10 = 0. Note that PQ is L = 0. Suppose the 
tangents at points P and Q meet in T(h, A:).Therefore, the 
equation of the chord PQ is 


However, 


hx+ ky = 12 


(3.88) 


(A) x 2 + y 2 + 2x+2y = 0 (B) x 2 + y 2 + 2x - 2y = 0 
(C) x 2 + y 2 — 2x + 2y = 0 (D) x 2 + y 2 — 2x - 2y = 0 

Solution: Let S = x 2 + y 2 + 2gx + 2fy + c = 0 be the re¬ 
quired circle which passes through (0,0).This implies that 

c = 0 (3.85) 


L = 5x-3y-10 = 0 (3.89) 

is PQ. Therefore, from Eqs. (3.88) and (3.89), we get 
h/5 = kl-3 = 12/10 = 6/5. Hence 

h = 6 ,k = — 


The circle has the centre on the line y = x which implies 
that 


~g = ~f 
=>£ = / 


(3.86) 


The circle cuts the circle xr + y 2 - 4x - 6y + 10 = 0 orthog¬ 
onally implies that 

2(g) ( - 2) + 2/(-3) = c +10 

-4g-6/ = c + 10 (3.87) 


From Eqs. (3.85)-(3.87), we have g = f= -1 and c = 0. 
Therefore 


S = x 2 + y 2 - 2x — 2y = 0 

Answer: (D) 


47. The number of common tangents of the circles S = 
x 2 + y 2 - 4 = 0 and S' = x 2 + y 2 - 6x - 8y - 24 = 0 is 

(A) 0 (B) 1 (C) 3 (D) 4 

Solution: O = (0,0) and r 1 = 2, respectively, are the cen¬ 
tre and the radius of S = 0. A = (3, 4) and r 2 = 7, respec¬ 
tively, are the centre and the radius of S' = 0. Now 

04= V3 2 + 4 2 =5 = 7-2 = 

Thus, 5 = 0 and 5' = 0 touch each other internally. There¬ 
fore, there is only one common tangent for the given 
circles. 

Answer: (B) 

48. Let the circles 5 = x 2 + y 2 - 12 = 0 and 5' = jr + 
y 2 - 5x + 3y - 2 = 0 intersect at points P and Q. 


Therefore 

r(/a) = (6,^p) 

Answer: (A) 


49. If a>2b>0, then the positive value of m for which y 

= mx - b >/l +m 2 is a common tangent to the circles 
x 2 +y 2 = b 2 and (x - a) 2 +y 2 = b 2 is 


(A) 


2b 

\la 2 -4b 2 


(B) 


yja 2 -4b 2 
2b 


(C) 


2b 

a-2b 


(D) 


b 

a-2b 


(IIT-JEE 2002) 

Solution: We have y = mx - b \l 1+ m 2 which is a com¬ 
mon tangent. This implies that 


(0)-0-bVl + m 2 1 |wzfl-0 — bsji + m 1 


Vi 


= b = 


+ m 


Vi 


+ m~ 


b 2 (1 + m 2 ) = (ma - b\ll + m 2 ) 2 = m 2 a 2 
- 2abm\ll + m 2 +b 2 (l + m 2 ) 
m 2 a 2 - 2abmyjl+ m 2 = 0 
= 2b\ll + m 2 


ma 

■ m 2 a 2 = 4b 2 (l + m 2 ) 
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Worked-Out Problems 


• m 2 (a 2 - 4 b 2 ) = 4b 2 
2b 


4 a 1 -4b 1 


(v m > 0) 


Answer: (A) 


50. One of the diameters of the circle circumscribing the 
rectangle ABCD is x - 4y + 7 = 0. If A = (-3,4) and 
B = (5,4), then the area of ABCD is 

(A) 72 (B) 64 (C) 32 (D) 36 

Solution: Let P(h , k) be the centre and Q( 1,4) be the 
midpoint of AB (see Fig. 3.70) Since AB is a horizontal 
segment, it follows that PQ is vertical. Therefore, h = 1 
and h - 4k + 7 = 0 => k = 2. Flence, the centre of the circle 
is (1,2). It is clear that BC = 2 PQ which implies that 

BC = 2(2) = 4 

Now AB = 8 and BC = 4 which implies that 
Area of ABCD = 8 x 4 = 32 



Answer: (C) 


51. Let Lj be a straight line passing through the origin and 
L 2 be the line x + y = 1. If the intercepts made by the 
circle x 2 + y 2 - x + 3y = 0 on L 1 and L 1 are equal, then 
which of the following equations can represent by L y . 

(A) x + y = 0 (B) x —y = 0 

(C) 2x + 7y = 0 (D) x - 7y = 0 

(IIT-JEE 1999) 

Solution: Centre of the c ircle is (1/2, -3/2) and the ra¬ 
dius of the circle is -x/5/2. Let P be the length of the 
perpendicular from the centre (1/2, -3/2) onto the line 
L r Therefore 

|(1 / 2) — (3 / 2) —1| 2 

V2 V2 


So, the intercept is 



2 2 



Let y = mx be the equation of L y . Hence, we have 

1 _ (m + 3) 2 
2(1 + m 2 ) 


so that m = 1 or -1/7. Here m = 1 implies that the equa¬ 
tions of L y is y = x or x - y = 0. 

Answer: (B) 


52. The equation of the circle passing through the inter¬ 
section of the circles x 2 + y 2 = 4 and x 2 + y 2 - 2x- 4y 
+ 4 = 0 and touching line x + 2y = 0 is 

(A) x 2 + y 2 -x-2y = 0 (B) x 2 + y 2 + x + 2y = 0 
(C) x 2 + y 2 - x + 2y = 0 (D) x 2 + y 2 + x - 2y = 0 

Solution: The circle passing through the intersection 
of the given circles is 

x 2 + y 2 - 4+ A (x + 2y - 4) = 0 

where x + 2y - 4 = 0 is the common chord. The centre of 
this circle is 



and the radius is 


^j- + A 2 +4A + 4 


This circle touches the line x + 2y = 0. This implies that 


|-(A/2) + 2(-A)|jAl 2 

#7^ V 4 


5A 


+ 2 Z 

= — %/5A 2 +16A + 16 
2 


2>/5 

=> 5A 2 = 5A 2 + 16A +16 
=> A = — 1 

Hence, the required circle is x 2 + y 1 - x - 2y = 0. 

Answer: (A) 


53. If the line 3x - 4y - k = 0 meets the circle x 2 + y 2 - 
4x - 8y - 5 = 0 in two distinct points, then 

(A) -35 < k <15 

(B) k<- 35 

(C) k> 15 

(D) A: e(-oo,-35) u (15, 00 ) 

Solution: Centre of the circle is (2, 4) and the radius 
is 5. The line meets the circle in two distinct points. This 
implies that 

|3(2) — 4(4) — /c| 

<=> |10+ /c| < 25 
<=> -25 < 10 + k < 25 
<=> -35 < k < 15 


Answer: (A) 
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54. The circumference of the circle x 2 + y 2 - 2x + 8y - a Hence S = r 2 +y 2 -5v + 5v - 0 
= 0 is bisected by the circle jc 2 + y 2 + 4.v + 22y + b = 0. 

Then a + b equals 


Answer: (D) 


(A) 25 (B) 35 (C) 45 (D) 50 

Solution: S = x 2 + y 2 -2x+ 8y - a = 0 and S' = x 2 + y 2 + 
4x + 22y + b = 0. Since S' = 0 bisects the circumference of 
S = 0, the centre of S = 0 lies on the common chord 
S - S' = 0. Therefore 


S — S' = —6x -14 v — a — b = 0 

=^S-S' = 3x + ly + ^- = 0 

2 

The centre (1, -4) of S = 0 lies on S - S' = 0. This implies 
that 

3(1) + 7(—4) + —- 0 
=> a + b = 50 


Answer: (D) 


55. The equation of the circle which touches the line x = y 
at the origin and bisects the circumference of the circle 
x 2 + y 2 + 2y - 3 = 0 is 

(A) x 2 + y 2 - 5* - 5y = 0 

(B) 2x 2 + 2y 2 + 5x - 5y = 0 

(C) 2x 2 + 2y 2 - 5x + 5y = 0 

(D) x 2 + y 2 - 5x + 5y = 0 

Solution: Let S = x 2 + y 2 + 2 gx + 2 fy + c = 0 be the re¬ 
quired circle. It passes through the origin. This implies 
that 


c = 0 


(3.90) 


56. A circle of radius 4 is drawn passing through ori¬ 
gin and whose diameter is along the x-axis. The line 
y = 2x is a chord of this circle. Then the equation of 
the circle whose diameter is this chord is 

(A) 5(x 2 + y 2 ) + 8x+l6y = 0 

(B) %x 2 + y 2 )-8x+ 16^ = 0 

(C) 5(x 2 + y 2 ) + 8x-16y = 0 

(D) 5(jc 2 + y 2 ) - 8x — 16y = 0 
Solution: The given circle equation is 

S = (x-4) 2 + y 2 -16 = 0 

==> S = x 2 + y 2 - 8x = 0 

The required circle is of the form 

S + ?i(2x-y) = 0 

=> x 2 + y 2 - 8x + X(2x - y) = 0 

The centre of this circle (see Fig. 3.71) lies on the line 
2x - y = 0. This means 

2(4-A)-| = 0 
=t> 16-5A = 0 



Therefore, the required circle is 

x 2 + y 2 -8x+ 16/5 (2x - y) = 0 
=> 5(x 2 + y 2 ) - 8x - 16y = 0 


It touches the line x - y = 0. This implies that 

^(g~f) 2 =2(g 2 +f 2 ) (v c = 0) 

=> g 2 + f 2 + 2gf = 0 
=>(g + /) 2 = 0 

=>g + / = 0 (3.91) 

It bisects the circumference of the circle x 2 + y 2 + 2y - 3 = 0. 
The centre (0, - 1) lies on the common chord 2 gx + 2 (f— 1) 
y + 3 = 0. Therefore 

2(/-l)(-l) + 3 = 0 
=>-2/ = -5 




Answer: (D) 

57. Two circles x 2 + y 2 + 2ax - c 2 = 0 and x 2 + y 2 + 
2bx - c 2 = 0 meet at points P and Q. If R is a point 
on the first circle and 5 is a point on the second circle 
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such that PR and QS are parallel, then the locus of 
the midpoint of RS is 

(A) x 2 + y 2 - (a + b)x = 0 

(B) x 2 + y 2 + (a + b)x = 0 

(C) x 2 + y 2 - (a + b)x + c 2 = 0 

(D) x 2 + y 2 + (a + b)x + c 2 = 0 

Solution: The two circles intersect in P(0, c) and Q( 0, 
-c).The lines through P and Q which are parallel to each 
other are 


y = mx + c and y = mx - c 

Now y = mx + c meets the first circle in R whose coordi¬ 
nates are 


—2 (a + mc) -2m(a + mc) 


1 + m 2 


1+ nr 


+ c 


and the line y = mx - c meets the second circle in S whose 
coordinates are 


—2 (b — mc) —2m(b — me) 


1 + m 


1 +m 


-c 


Let M(x, y) be the midpoint of RS. Therefore 


-(a + b) 
1 + m 2 


and y = 


—m(a + b ) 
1+ m 2 


Now ylx = m. Substituting in 


we get 


x(l+m 2 ) = -(a + b) 


= -(a + b)x 


^ y 2 ^ 

V x J 


x(x 2 +y 2 ) , . 

—- ^-^- = -(a + b) 

x 

x 2 + y 2 + (a + b)x = 0 


Answer: (B) 


58. The extremities of a diagonal of a rectangle are 
(-4, 4) and (6, -1). A circle circumscribes the rect¬ 
angle and cuts an intercept AB on the y-axis. Then 
the area of the triangle formed by AB and the two 
tangents at A and B is 



Solution: The circumcircle of the rectangle is 


o + 4)(;t - 6) + (y - 4)(y +1) = 0 

=>x 2 +y 2 -2;c-3y-28 = 0 (3.92) 

From Problem 1 of the section ‘Subjective Problems 
(Sections 3.1 till 3.3)’, the length of the y-intercept of the 
circle provided in Eq. (3.92) is 

2 ^/ 7 ^ = 2 ^ + 28 = 11 

Therefore, AB = 11. The ordinates of A and B are given 
by 

y 2 — 3y - 28 = 0 
=*(y-7)(y + 4) = 0 
=> y = 7-4 

Therefore, A = (0,7) and B = (0,-4). Equation of the 
tangent at A(0,7) is 

*(0) + y(7)-(* + 0)~(y+7)-28 = 0 
=>-2x + lly-ll = 0 

=> 2x-lly+ 77 = 0 (3.93) 

Equation of the tangent at 5(0, -4) is 

*(0) + y(-4)-(* + 0)-|(y-4)-28 = 0 

=> -2x — lly - 44 = 0 

=> 2x + lly + 44 = 0 (3.94) 

Solving Eqs. (3.93) and (3.94), we have C = (-121/4, 3/2) 
which is the intersection of the tangents at A and B. 
Therefore, area of AABC is 

— | ABx Fleight] = — xllx-^- = I — I 

Answer: (C) 

59. The locus of the centre of the circle whose intercept 
on x-axis is of constant length 2 a and which passes 
through a fixed point (0, b) is 

(A) jc 2 - 2 by + b 2 -a 2 = 0 

(B) x 2 + 2by + b 2 — a 2 — 0 

(C) x 2 - 2by + (a + b) = 0 

(D) x 2 + 2by + a 2 + b 2 = 0 

Solution: See Fig. 3.72. 

k 2 + a 2 = (Radius) 2 = Jr +(k- b) 2 

where C(h,k) is the centre.Therefore, h 2 - 2bk + b 2 -a 2 = 
0. Flence, the locus of C(h. k) is 

x 2 - 2by + b 2 - a 2 = 0 
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60. Two circles of radii a and b touch externally. If x is 
the radius of a third circle which is between them 
and touches them externally and also touching their 
direct common tangent, then IIx is equal to 


(A) 

(C) 


1 1 
- + — 
a b 

112 

-+-+-p= 

a b slab 


(B) - + \- 


(D) - + U 
a b 


J_ 

ab 

1 

sfab 


Solution: See Fig. 3.73. Points A and B are the centres 
with radii a and b, respectively. LM is a direct common tan¬ 
gent. AP is drawn perpendicular to BM so that APML is 
a rectangle. Through the centre C of the circle with radius 
x, draw a line parallel to AP meeting the line AL at R and 
the line BM at Q. Now, A BCQ is right-angled triangle in 
which BC is the hypotenuse. We have BC=b+x and BQ = 
b-x. By Pythagoras theorem, we have 


(BC) 2 = (BQ) 1 +(CQ ) 2 => (b + xf = (b-x) 2 +(CQ) 2 


CQ = 2sfbx (3.95) 

CR = 2sfax (3.96) 

Also AB = b + a, BP = b - a and ZAPB = 90° which 
implies that 

(AB) 2 =(AP) 2 + (BP) 2 

=> (b + a) 2 = (AP) 2 +(b — a) 2 

=> AP = 2s[ab (3.97) 

Further AP = RQ = LM. Therefore, from Eqs. (3.95)- 
(3.97), we get 

AP = RQ = CR + CQ 
=> 2 sfab = 2 sfax + 2 sfbx 
=> ab = ax + bx + 2y[ab(x) 

= x(a + b+2\fab) 

Therefore 


1 a + b+2sfab 11 2 

— = - =- 1 - 1 - - - 

v ab b a sjab 



Multiple Correct Choice Type Questions 

1. The centres of the circles passing through (0,0) and (1,0) 
and touching the circle x 2 + y 2 = 9 are 

< A) (H < B) (4^) 

(C)(i-J2) (D)(-44 

Solution: Suppose S = x 2 + y 2 + 2 gx + 2fy + c = 0 is the 
required circle. It passes through (0,0) =s> c = 0. It passes 
through (1,0) => g = -1/2. It is clear that 5=0 touches 
internally the circle x 2 + y 2 = 9. Therefore 

Jg 2 +f = 3~Jg 2 +f ~c = 3- sjg 2 + f 2 (v c = 0) 
=> 4(g 2 + f 2 ) = 9 



=>/ = ±V2 


Therefore, the centres of the circles are given by 

= (i,±v 2 ) 

Answers: (A), (C) 

2. The equations of the chords of length 5 and passing 
through the point (3, 4) on the circle Ax 2 + Ay 2 - 2Ax 
-7y = 0 are 

(A) Ax + 3y = 0 (B) 4x-3y = 0 

(C) Ax + 3y - 24 = 0 (D) 4;c + 3y-12 = 0 

Solution: We have that the centre is C = (3, 7/8) and 
the radius = 25/8 (see Fig. 3.74). Any line through (3, 4) 
of the form x - 3/cos 6= y - 4/sin 6= r (say) so that the 
other point of the extremity of the chord is (3 + r cos 0. 
A + r sin#). Since the length of the chord is 5, we have 
r = 5 and 
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(3 + 5cos0-3) 2 + 


4 + 5sin0— 
8 



Lety = m(x- 2) be a line through A(2,0).This line makes 
an angle of 45° with the line [given in Eq. (3.98)]. So we 
have 


Therefore 


25cos‘ 9 + 


( c . n 25\ 2 
I 5sin0+—I 


125 

• 25 +-sin0 = 0 

4 



Hence 


-4 

sin 9 = — 
5 

3 

cos 9 = ± — 
5 


tan 9 = ± — 
3 


Therefore, the chord equation is given by 


Hence 


y-4 = ±-(x-3) 


4x -3y = 0 and 4x + 3y - 24 = 0 



Answers: (B), (C) 


3. A(2, 0) is a point on the circle (x + 2) 2 + (y - 3) 2 = 25. 
A line through A(2, 0) making an angle of 45° with the 
tangent to the circle at A is drawn. Then the equations 
of the circles with the centres on these lines which are 
at a distance of 577 units from point A and of radius 
3 are 


(A) (x - l) 2 + (y- 7) 2 = 9 

(B) (jc-3) 2 +(y + 7)2 = 9 

(C) (x - 9)2 + (y — l) 2 = 9 

(D) (x + 9)2 + (y + l) 2 = 9 

Solution: The given circle is x 2 + y 2 + 4x - 6y - 12 = 
0. Therefore, the equation of the tangent to this circle at 
A(2, 0) is 

x(2) + y(0) + 2(x + 2) - 3(y + 0) - 12 = 0 


=> 4x - 3y - 8 = 0 


m - 4 / 3 
1+ 4m /3 

=> \3m — 4\ = |3 + 4m| 
=> 3m - 4 = +13 + 4m| 


Therefore 

7 1 
m = -7 or m = — 

7 

Hence, the lines are x - ly - 2 = 0 and lx + y - 14 = 0. 
Since the centres of the circles are at a distance of 5V2 
from A(2,0), we have 

_ y -+ 5 v a 

(—1/V50) (7/V50) 

and - ~f=~ =- — = ±5^2 

(7 / a/50) (1/V50) 

Therefore, the centres of the circles are (1, 7), (3, -7), (9, 
1) and (-5,-1). 

Answers: (A), (B), (C), (D) 

4. The point(s) on the line x = 2 from which the tangents 
drawn to the circle jc 2 + y 2 = 16 are at right angles is 
(are) 

(A) (2, -2V5) (B) (2,275) 

(C) (2,277) (D) (2,-277) 

Solution: If the tangents drawn are at right angles, the 
points must be the intersection of the line x = 2 with the 
director circle x 2 + y 2 = 32 of the circle x 2 + y 2 = 16. Sub¬ 
stituting x = 2 in x 2 + y 2 = 32, we have 

y 2 = 28 or y = +277 

Therefore, the points are (2, 277 ) and (2,-277). 

Answers: (C), (D) 

5. If the circles S = Jc 2 + y2 + 2.r + 2Ay + 6 = 0 an d S' = 
x 2 + y 2 + 2 A y + X = 0 cut each other orthogonally, 
then A is equal to 

(A) -| (B) -2 (C) 2 (D) | 

Solution: S = 0 and S' = 0 cut orthogonally. This implies 
that 


2(1)(0) + 2(A)(A) = 6 + A 
=> 2A 2 -A-6 = 0 
=> 2A 2 - 4A + 3A - 6 = 0 
=>2A(A-2) + 3(A-2) = 0 


(3.98) 
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Therefore 



Answers: (A), (C) 


(iii) Let p be the perpendicular from (1, -2) onto the 
line L 3 =3x-y = 0 .Therefore 

|3(1) — (—1)| [5 

VTo V 2 


6 . The equations of the circles of radius 1 unit and touch¬ 
ing the circles x 2 + y 2 + 2x = 0 and x 1 + y 2 - 2x = 0 are 

(A) x 2 + y 2 + 2V3 y + 2 = 0 

(B) x 2 + y 2 - 2yj2 x = 0 

(C) x 2 + y 2 + 2 V2 x + 1 = 0 

(D) x 2 + y 2 - 2V3 y + 2 = 0 

Solution: The two given circles are of unit radius 
and having centres at (-1, 0) and (1, 0), respectively. 
The required circle is also of unit radius. Hence, the 
required circle must touch these two given circles ex¬ 
ternally. Also, the given circles x 2 + y 2 + 2x = 0 and 
x 2 + y 2 — 2x = 0 touch each other externally at origin. 
Hence, the centre of the required circle from the origin 
is V3. Therefore, the required circles are 


Hence the intercept is 



(iv) Let p be the perpendicular from (1, -2) onto L 4 = 
x + 3y + 10 = 0. Therefore 

|l+3(-2) + 10| l5 

VIO \2 

Hence the intercept is 



Note: You can guess that the chords are of equal length 
if they are located at equal distance from the centre. 

Answers: (A), (B), (C), (D) 


and 


x 2 + (y - V3 ) 2 = 1 
x 2 + {y + V3 ) 2 = 1 


Answers: (A), (D) 


7. On which of the following lines, the circle A = jc 2 + 
y 2 - 2x + 4y = 0 makes equal lengths of intercepts? 

(A) 3x - y - 10 = 0 (B) x + 3y = 0 

(C ) 3x - y = 0 (D) x + 3y +10 = 0 

Solution: A( 1, -2) and V5 are centre and radius of the 
circle 5 = 0. 

(i) Let p be the length of the perpendicular from the 
centre onto the line L x = 3x - y - 10 = 0. Therefore 

3(1)-(-2)10 


Hence, the length of the intercept is 


2^5-- = VlO 

(ii) Let p be the perpendicular from (1, -2) onto the 
line L ? = x + 3y = 0. Therefore 


|1+ 3(~2)| 

V 10 


8 . The equations of the tangents drawn from the origin 
to the circle S = x 2 + y 2 - 2rx - 2hy + h 2 = 0 are 

(A) x = 0 (B) y = 0 

(C) (h 2 — r 2 )x — 2 rhy = 0 (D) (h 2 - r 2 )* + 2rhy = 0 

Solution: 

x = 0 

=> y 2 - 2hy + h 2 = 0 
=$(y-h) 2 = 0 

Therefore, y-axis touches the circle at (0, h). That is, x = 0 
is a tangent. Suppose y = mx is a tangent to 5 = 0. Then 


< r )~h\ = y- 


_ =Vr-+/7 z -/r 

yjl+m 1 

(h - mr ) 2 = r 2 (1 + m 2 ) 
h 2 — 2 mrh — r 2 = 0 
h —r 


2 hr 


Therefore 


y = 


( h 2 -r^ 
v 2hr j 


x or (h 2 -r 2 )x-2rhy = 0 


Answers: (A), (C) 


Hence, the intercept is 



9. A straight line through the vertex P of a triangle PQR. 
intersects the side QR at the point 5 and the circum- 
circle of the triangle PQR at the point T. If 5 is not the 
circumcentre of the triangle, then 
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(A) + < , = 

PS ST jQSxSR 

/T , N 1 1 2 

(B) -1-> . 

PS SP jQSxSR 

(C) —+ —< — 

y ; PS ST QR 

v PS SP gP 

(IIT-JEE 2008) 


./Vote: In choice (B), equality may occur when 5 is the 
midpoint of PT. This can happen if we consider a right- 
angled triangle PQR , where P = (a, b)(a > 0, b > 0), Q = 
(0,0) and R = (a, 0) such that a 2 > 8 b 2 [see Problem 26 in 
the section ‘Subjective Problems (Sections 3.1 till 3.3)’]. 
In particular, take P = (3,1), Q = (0,0), R = (3,0) which is 
right-angled triangle right angled at R and take T = (1, 
-1) so that the midpoint of PT lies on QR. 

Answers: (B), (D) 

10. The circles x 2 + y 2 = 400 and x 2 + y 2 - lOx - 24y + 120 
= 0 


Solution: Since S is not the circumcentre, the two 
chords PT and QR cannot bisect each other (see Fig. 
3.75), but QR may bisect PT (see the Note at the end of 
the solution). Using AM - GM inequality, the equality 

1 1 „ pL T 

PS ST V PS ST 
occurs if PS = ST. However, 

PS ■ ST = QS ■ SR (by similar triangle) 

Therefore 


J_ J_ 2 

~ps + ~st~^qs7r 


(3.99) 


(A) touch each other externally. 

(B) touch each other internally. 

(C) point of contact is (100/13,240/13). 

(D) point of contact is (100/13, -240/13). 

Solution: The centres of the circles are 0(0, 0) and 
A(5,12), respectively. The radii are r l = 20 and r 7 = 7, re¬ 
spectively. OA = 13 = U - r 2 implies that the two circles 
touch internally. Let P be the point of contact so that 
OP.PA = 20:-7. Therefore 


100 240 \ 

U’13” J 


Answers: (B), (C) 


Also the equality 

QR _ QS +SR _ 1 , 1 IJ_ J_ 

QS SR QS SR SR QS \QS SR 

The equality or occurs if QS = S1L Therefore 

^>4qs^sr 

4 1 

QR~ QS SR (3.100) 

From Eqs. (3.99) and (3.100), we have 

114 
~PS + RT > ~QR 

because PS = ST and QS = SR cannot hold simultane¬ 
ously (by the hypothesis, S is not the circumcentre). 



11. If the circle x 2 + y 2 + 2gx + 2 fy + c = 0 cuts the curve 
xy = 1 in four points (x ; , y ; ) (i = 1,2,3,4), then 

(A) x 1 x 2 x 3 x 4 = l 

(B) y 1 y 2 y 3 y 4 = 1 

(C) x 1 + x 2 + x 3 + x 4 = —2 g 

(D) y 1 + y 2 + y 3 + y 4 = -2f 

Solution: Substituting y = 1/x in the circle equation, we 
get 

, 1 2 f 

X H — + 2gX H-hC — 0 

x 2 x 

Therefore ; x 4 + 2 gx 3 + cx 2 + 2 fx + 1 = 0 whose roots are 
Xj, x 2 , x 3 and x 4 . Hence, 

xi+x 2 + x 3 + x 4 = 2g, 

X XjX 2 x 3 = —2 f 

and XjX 2 x 3 x 4 = 1 

Now 

1 , 

y = - = huuu = 1 

X 

and 

1111 y * 1 * 2*3 

11 + 12 + 13 + 14 - -+-+-+---- “ 2 / 

Xj x 2 x 3 x 4 x 1 x 2 x 3 x 4 

Answers: (A), (B), (C), (D) 


FIGURE 3.75 
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12. Let C{. x 2 + y 2 = 4 and C 2 : x 2 + y 2 - 6x - 8y - 24 = 0. 
Then 

(A) C x and C 2 touch each other internally 

(B) C x and C 2 do not intersect 

(C) the number of common tangents is 2 

(D) the number of common tangents is 1 

Solution: We have 

A = (0,0) and i r 1 = 2 
B = (3,4) and r 7 = 7 

Now, AB = 5 = 7 - 2 = r 1 - r v Therefore, the two circles 
Cj and C 2 touch each other internally and hence they 
have only one common tangent. 

Answers: (A), (D) 


13. The equation of the circle with centre (4, 3) and 
touching circle x 2 + y 2 = 1 is 

(A) x 2 + y 2 - 8x - 6y + 11 = 0 

(B) x 2 + y 2 — 8x - 6y + 9 = 0 

(C) x 2 + y 2 - 8x - 6y - 9 = 0 

(D) x 2 + y 2 - 8x — 6y — 11 = 0 

Solution: Since (3,4) lies outside the circle x 2 + y 2 = 1, 
one circle has the external contact with x 2 + y 2 = 1 and 
the other circle has the internal contact. O = (0, 0) and 
r l = 1. Let A = (4, 3) and r 7 be the radius of the required 
circle OA = 5. 

Case 1: r 2 = 5 - 1 = 4 (i.e. external contact). Hence, the 
required circle is 

(x - 4) 2 + (y - 3) 2 = 16 
=> x 2 + y 2 - 8x - 6y + 9 = 0 

Case 2: r 7 = 5 + 1 = 6 (i.e. internal contact). Hence, the 
required circle is 

(x - 4) 2 + (y - 3) 2 = 36 
=> x 2 + y 2 - 8x - 6y - 11 = 0 

Answers: (B), (D) 


14. The equation of the tangents to the circle x 2 + y 2 - 
6x - 4y + 5 = 0 which is inclined at an angle of 45° 
with the x-axis is 

(A) x — y + 3 = 0 (B) x-y-3 = 0 

(C) x - y - 5 = 0 (D) x — y + 5 = 0 

Solution: Required tangent equation is of the form 
y = x + c.A = ( 3,2) and r = 2 V2, respectively, are the cen¬ 
tre and the radius of the given circle. Therefore, the line 
y = x + c touches the given circle implies that 


|3-2 + c| 

Vi 2 ^ 2 


2V2 


=> c + 1 = ±4 

Therefore, c = 3, -5. Hence, the required tangents are 
y = x + 3 and y = x - 5 

Answers: (A), (C) 

15. The centre of a circle C lies on the line 2x - 2y + 9 = 0 
and the circle cuts orthogonally the circle C 1 :x 2 + y 2 = 
4. Then C passes through 

(A) (-3,3) (B) (-1/2,1/2) 

(C) (-4,4) (D) (-2,2) 

Solution: Let the equation of C be S = x 2 + y 2 + 
2 gx + 2fy + c = 0. The centre (-g, -/) lies on 2x - 2y + 9 = 0 
implies that 

-2g + 2f = -9 (3.101) 

The circle C cuts the circle C 1 orthogonally. This implies 
that 


2g(0) + 2/(0) = c - 4 

=>c = 4 (3.102) 

From Eqs. (3.101) and (3.102), the equation of the circle 
C is given by 

S=x 2 +y 2 +2gx + (2g-9)y + 4 = 0 

= x 2 +y 2 -9y+4 + 2 g(x + y) = 0 

The circle C passes through the intersection of the circle 
x 2 + y 2 - 9y + 4 = 0 and the line x + y = 0 and these points 
are (-1/2,1/2) and (-4,4). 

Answers: (B), (C) 

16. The equation of the circle passing through origin and 
touching the lines x + 2 = 0 and 3x + 4y - 50 = 0 is 

(A) x 2 + y 2 - 6x — 8y = 0 

(B) x 2 + y 2 + 6x-8y = 0 

(C) x 2 + y 2 - 16x + 12y = 0 

(D) x 2 + y 2 + 8x - 12y = 0 

Solution: The centre of the required circle lies on the 
line 2x + y - 10 = 0 which is an angular bisector of the 
lines x + 2 = 0 and 3x + 4y - 50 = 0. Let C(a, 10 - 2a) be 
the centre of the required circle. Hence 

^a 2 + (10-2a) 2 = \a+2\ 

=> 5a 2 - 40a +100 = a 2 + 4a + 4 
=> 4a 2 - 44a + 96 = 0 
=> a 2 -11a+ 24 = 0 


=>(a-3)(a-8) = 0 
=> a = 3,8 
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Therefore, the required centre of the circles are (3,4) and 
(8, -6), respectively, and their radii are the distances of 
their centre from the origin which are 5 and 10, respec¬ 
tively. Hence, the circles are 

(x - 3) 2 + (y — 4) 2 = 25 and (x - 8) 2 + (y + 6) 2 = 100 
That is, 

x 2 + y 2 - 6x - 8y = 0 and x 2 + y 2 - 16x + 12 y = 0 



Answers: (A), (C) 


Matrix-Match Type Questions 

1. Match items of Column I with those of Column II. 


Column I Column II 


(A) If x-axis bisected 
each of two chords 
drawn from the point 
(a. bl 2) on the circle 
2x(x - a) +y (2y -b) = 
0 (ab ^ 0), then alb 
belongs to 

(B) If the circles x 2 + y 2 - 
lOx + 16 = 0 and 
x 2 + y 2 = r 2 intersect 
in two distinct 
points, then r lies in 
the interval 

(C) If the line y + x = 0 
bisects chords drawn 
from the point (1 + 
nV2 /2, 1 - nV2 12) 
to the circle 2x 2 + 
2y 2 — (1 + a V2 )x — 
(1 - a V2 )y = 0, then 
a belongs to 

(D) Point (2, A) lies 
inside the circle x 2 + 
y 2 = 13 if and only if 
A belongs to 


(P) (-°°,-2)u(2,°o) 


(q) (- 2 , 2 ) 


(r) (- 00 , —Jl) u 00 ) 


(s) (-3,3) 


(t) (2,8) 


Solution: 

(A) The given circle equation is 

S = 2x 2 + 2y 2 - 2ax-by = 0 

S = x 2 +y 2 -ax- — y = 0 
2 


Let (x p 0) be the midpoint of a chord of the circle. 
Therefore, the equation of the chord is 


xx 1 + y(0) - -^-(x + Xj) — — (y+ 0) = x 2 —ax x 

=> 4xx 1 - 2ax — 2nx 1 —by = 4x 2 - 4uxj 
=> 2(2xj - a)x -by+ 2ax 1 - 4x 2 = 0 

This passes through the point (a, b/2). This implies 
that 


2(2xj - a)a -b | — | + 2nx 1 - 4x( = 0 


—4xf+ 6ax 1 — 


O 2 b 2 ^ 

2 a H- 


= 0 


(which has two distinct real roots) 


4x 2 - 6 ax l + 


' 2 b 2 ^ 

H— 


= 0 


v J 

(which has two distinct real roots) 


" 2 b 2 ^ 

2 Cl H- 

v 2/ 
2 _ O/ „ 2 , ,2 


(6a) 2 > 4(4) 


■ 9a > 2(4a" + b ) 

■ a 2 > 2b 2 



Therefore 

Cl rr Cl rr 

— <-V2 or ->v 2 
b b 

Answer: (A) (r) 

(B) 0 = (0,0) and A = (5,0) are the centres and r , 3 are 
the radii of the circles. The two circles intersect in 
two distinct points. So 

|r-3| < OA <r+ 3 
<=> \r - 3| < 5 < r + 3 
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5 < r + 3 => 2 < r and r-3<5=> r <8 
<=> 2 < r < 8 

Answer: (B) (p), (r), (t) 


(C) Let 


a = 


1 + yfZci 


so that 


a = - 


Therefore, the given circle equation is S = x 2 + y 2 - 
ax - ay = 0 which passes through origin. Let 
(x p -jt 1 ) be the midpoint of the chord. Therefore, 
the chord equation is S 1 = S n . That is, 

xx 1 + y{-x 1 )--(x + x 1 )--(y-x 1 ) = x 1 +x 1 

- ax 1 + ax 1 

=> 2xx 1 - 2x 1 y - ax - ax 1 - ay + ax l = 4x 2 - 2ax 1 

+ 2 ax 1 

=> (2xj - a)x - (2x 1 + a)y + ax 1 - ax 1 - 4x 1 = 0 
This passes through (a,-a). This implies that 

(2x 1 - a)a - (2x 1 + a)a + (a- a)x 1 - 4x\ = 0 
=> -4x\ + 3(a - - (a 2 + oT 2 ) = 0 

4,v 2 - 3(a - a)xj + (a 2 + a 2 ) = 0 

(has two distinct real roots in x x ) 

=> 9 (a-a) 2 > 16(a 2 +a 2 ) 


( 


• 9(2n 2 )> 16 


l + 2n 


2 \ 


1+«V2 , _ 1-«V2 

a =- and a = - 


=> 9n 2 > 4(1+2n 2 ) 

=> a~ > 4 

=> ae (—oo,—2) u (2,oo) 

Answer: (C) -> (p), (r) 

(D) 0=(0,0) andr= Vl3 .LetP=(2,A). 

P lies inside the circle 


<=> OP < r 

<=> Va 2 + 2 2 < VT3 

<=> |A| < 3 
<=> -3 < A < 3 

Answer: (D) —» (s) 


2. Match the items of Column I with those of Column II. 


Column I 

(A) The intercept on the 
line y=x by the circle 
x 2 + y 1 - 2x = 0 is AB. 
Equation of the circle 
described on AB as 
diameter is 

(B) The equation of the 
circle with radius 
5 and touching the 
circle x 2 + y 2 - 2x - 
4y - 20 = 0 at the 
point (5,5) is 

(C) The equation of a 
circle which passes 
through the point (2, 
0) whose centre is 
the limit of the point 
of intersection of the 
lines 3x + 5y = 1 and 
(2 + c)x + 5c 2 y = 1 as 
c tends to 1 is 

(D) The equation of 
the circle passing 
through the points 
of intersections of 
the circles x 2 + y 2 - 
4x - 2y - 8 = 0 and 
x 2 + y 2 — 2x — 4y - 
8 = 0 at the point 
(-1,4) is 


Column II 

(p) x 2 + y 2 - 18x -6 y + 
120 = 0 


(q) 25 (x 2 + y 2 ) - 20x 
+2 y -60 = 0 


(r) x 2 + y 2 - 3x - 3y - 8 
= 0 


(s) x 2 + y 2 - x - y = 0 


Solution: 

(A) Substitute y = x in the circle equation. Therefore 

2x 2 - 2x = 0 
=> x = 0,1 

Hence, A(0,0) and B = (1,1). Therefore, the equa¬ 
tion of the circle with AB as diameter is given by 

x(x -1) + yiy -1) = 0 

=> x 2 + _y 2 - x - y = 0 

Answer: (A) —> (s) 

(B) The equation of the tangent at (5, 5) to the given 
circle is 

x(5) + y( 5) - (x + 5) - 2(y + 5) - 20 = 0 

That is, 4x + 3y - 35 = 0. The required circle is of the 
form x 2 + y 2 - 2x - 4 y— 20 + A (4x + 3y - 35) = 0. The 
radius of the circle is 5. This implies that 
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32 


(1-22) 2 +2-— +352+20 = 25 


That is, 


25(x 2 + y 2 )- 20x + 2y - 60 = 0 


=t> 4(1 - 22) 2 + (4 - 32) 2 +1402 - 20 = 0 


Answer: (C) -» (q) 

=> 252 2 +1002 = 0 

(D) Let 


=> 52 2 +202 = 0 


o 

II 

00 

1 

6+ 

l 

3 

l 

+ 

<N 

H 

III 
to 

=> 2 = 0 or - 4 

and 

S' = x 2 + y 2 - 2x - 4y - 8 = 0 

= 0 gives the circle x 2 + y 2 - 2x - 4y + 20 = 0 and 

Let 



18jc - 16 y + 120 = 0. 


L = S-S' = -2x + 2y = 0 


Aliter: Since the radius of the circle x 2 + y 2 - 2x - 4 y 
- 20 = 0 is 5 and the radius of the required circle is 
also 5, it follows that the contact must be external 
contact and the point (5,5) must be the midpoint of 
the segment joining the centres. Hence, if ( h , k) is 
the centre of the required circle, we have 


1+ h 

~Y~ 


= 5 and 


2 + k 
2 


Hence, the required circle is of the form 

S + 2 L = x 2 + y 2 — 4x — 2y — 8 + 2 (x - y) = 0 
This passes through (-1,4). This implies 

1 + 16 + 4- 8- 8+ 2 (-1 -4) = 0 => 2=1 
Therefore, the required circle is 

x 2 + y 2 — 3x — 3y — 8 = 0 


=> h = 9 ,k = 8 


Answer: (D) —> (r) 


Hence, the equation of the required circle is 

(x - 9) 2 + (y - 8) 2 = 25 
=>x 2 +y 2 - 18x - 16y +120 = 0 

Answer: (B) -+ (P) 

(C) We have the equation of the two lines as 

3x + 5y = 1 

and (2 + c)x + 5c 2 y = 1 

On solving these equations, we get 

1-c 2 
2 + c-3c 2 
c — 1 

y ~ 5(2 + c-3c 2 ) 

Therefore 


and 


lim x = lim-= - 

c— u c-> 1 2 + 3c 5 


lim y = lim--— 

c-»i c->i5(2 + 3c) 


-1 

25 


Hence, the centre of the circle = (2/5, -1/25). Since 
the circle passes through (2,0), its radius is 



Vl601 

25 


Therefore, equation of the required circle is 



+ 



1601 


3. Match the items of Column I with those of Column II. 


Column I Column II 


(A) The equation of 
the circle passing 
through the points 
(1, 1), (2, 2) and 
having radius 1 is 

(B) If the two lines 
3x - 2y - 8 = 0 and 
2x - y - 5 = 0 lie 
along two diameters 
of a circle which 
touches the x-axis, 
then the equation of 
the circle is 

(C) The equation of the 
circle which touches 
the lines 4x - 3 y + 
10 = 0 and 4x — 3 y — 
30 = 0 and whose 
centre lies on the 
line 2x + y = 0 is 

(D) Equation of the 
circle which passes 
through the points 
(0, 5) (6, 1) whose 
centre lies on the 
line 12x + 5y = 25 is 


(p) x 2 + y 2 - 4x -2 y + 
4 = 0 


(q) x 2 + y 2 - 2x + 4y - 11 
= 0 


(r) x 2 + _y 2 - 4x + 2y + 
4 = 0 


(s) 3x 2 + 3y 2 - lOx - 6 y 
-45 = 0 


(t) x 2 + y 2 - 2x - 4y + 
4 = 0 


625 


(IIT-JEE 1999) 
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Solution: 

(A) Let S = x 2 + y 2 + 2 gx + 2 fy + c = 0 be the required 
circle. Therefore 

2g+2/ + c = -2 (3.103) 

and 4g + 4/ + c = -8 (3.104) 

The radius is 1. This implies that 

g 2 + f2 + c= i (3.105) 

Solving Eqs. (3.103)-(3.105), we have g = -1 ,/= -2 
and c = A or g = -2,/= -1 and c = 4. Therefore, there 
are two circles 

xr + y 2 - 2x - Ay + A = 0 
and x 2 + y 2 - Ax - 2y + 4 = 0 

which satisfy the given conditions. 

Answer: (A) (p), (t) 

(B) The point of intersection of the lines 3x - 2y - 8 = 0 
and 2x - y - 5 = 0 is (2, -1) which is the centre of the 
required circle. Since the circle touches the x-axis, 
its radius must be the absolute value of the ordinate 
of the centre. Hence, the radius is 1. Therefore, the 
required circle is x 2 + y 2 - Ax + 2y + A = 0. 

Answer: (B) -»(r) 

(C) The two lines Ax - 3y + 10 = 0, 4.r - 3_y - 30 = 0 are 
parallel tangents to the required circle. Therefore, 
the length of the diameter of the required circle is 
the distance between the parallel tangents which is 
equal to 

|—30 —10| _ s 
V4 2 +3 2 

Hence, the radius of the required circle is 4. Also the 
line 2x + y = 0 intersects the two parallel tangents in 
the points A(— 1,2) and 5(3,6) (these points A and 5 
are obtained on substituting y = —2x in the tangents 
equations). Therefore, the centre of the required 
circle is (1,-2) and the circle equation is given by 

(x-\f +{y + 2) 2 =A 2 
=> x 1 +_y 2 -2x + 4v —11 = 0 

Answer: (C) —> (q) 

(D) Let S = x 2 + y 2 + 2gx + 2 fy + c = 0 be the required 
circle. It passes through (0,5). This implies that 

10/+ c = -25 (3.106) 

It passes through (6, l).This implies that 

\2g + 2/+ c = -31 (3.107) 

The centre lies on the line Y2x + 5y = 25.This implies 
that 


-12g - 5/= 25 (3.108) 

Solving Eqs. (3.106)-(3.108), we get g = -5/3,/= -1 
and c = -15. Therefore, the required circle is 

S = x 2 +y 2 —2y —15 = 0 

3 

=> 3jc 2 + 3 y 2 - lOx - 6y - 45 = 0 

Answer: (D) —> (s) 

4. Match the items of Column I with those of Column II. 


Column I Column II 


(A) Equations of the cir¬ 
cle circumscribing 
the rectangle whose 
sides are x - 3y- 
4 = 0, 3x + y - 22 = 0, 
x - 3y - 14 = 0 and 
3x + y - 62 = 0 is 

(B) Two vertices of an 
equilateral triangle 
are (-1,0) and (1,0) 
and its third vertex 
lies above the x-axis. 
The equation of its 
circumcircle is 

(C) The equations of a 
circle with origin at 
centre and passing 
through the vertices of 
an equilateral triangle 
whose median is of 
length 6 units is 

(D) The vertices of a 
triangle are (6, 0), 
(0, 6) and (7, 7). 
The equation of 
the incircle of the 
triangle is 


(p) x 2 + y 2 -9x-9y + 
36 = 0 


(q) V3 (x 2 + y 2 ) -2y- 
V3 =0 


(r) x 2 + y 2 - 9 = 0 


(s) x 2 + y 2 — 21 x -3 y + 
142 = 0 


(t) x 2 + y 2 - 16 = 0 


Solution: 

(A) Solving the given equations, the two opposite verti¬ 
ces of the rectangle are obtained as (7,1) and (20,2) 
and hence the equation of the circle is 

(x — 7)(x - 20) + (y — l)(y — 2) = 0 

=> ;c 2 + y 2 - 27JC - 3y +142 = 0 

Answer: (A) (s) 

(B) Suppose A = (-1,0) and 5 = (1,0) which lies on x- 
axis such that the origin is the midpoint of the seg¬ 
ment AB (see Fig. 3.77). Hence, the third vertex 
lies on the positive y-axis. Suppose the third vertex 
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is C(0, k). Since CO is the median and CO is per¬ 
pendicular to the side AB , 

pi r'Q 

— = sin 60°=— (AB = BC= CA = 2) 

2 2 

Therefore 


CO = 73 
=> k = 73 

So C = (0,73). In an equilateral triangle, the cir- 
cumcentre and the centroid are the same. If G is the 
centroid of A ABC , then 


( k\ ( ^ \ 

CG : GO = 2:1 => G = 0,— = 0,-= 

l 3 y l 73 

Therefore, the radius of the circumcircle is 1/73. 
Hence, the circumcircle equation is given by 


V 2 


«-oy + iy-± 


2 2 2y 1 4 

■ x+y-—f= + - = - 

V3 3 3 


4 

3 


=> V3(jt 2 +y 2 )-2y-V3 = 0 



Answer: (B) (q) 

(C) In an equilateral triangle, the circumcentre and the 
centroid are the same and hence the circumcentre 
is (0, 0). Since the centroid divides the median in 
the ratio 2:1 (from vertex to the base) it follows that 
the radius is (2/3)6 = 4. Hence, the circle equation is 
x 2 + y 2 = 16. 

Answer: (C) —> (t) 

(D) Perimeter of the triangle is 1672. Using the incen¬ 
tre formula, the incentre is obtained as 


' 7272 7272 W 9 9"| 
^1672’1672 J _ v 2 ’ 2 J 


We know that if r is the radius of the incircle, then 
it is the distance of the centre from any side of the 
triangle (see Fig. 3.78). One side of the triangle is 
x + y = 6. Therefore 


r = 


9 9 , 

—I-6 

2 2 


4i 2 


+ r 


_3_ 

72 


Therefore, the incircle equation is 



=» x 2 + y 2 - 9x - 9y + 36 = 0 



FIGURE 3.78 

Answer: (D) —> (P) 


5. Match the items of Column I with those of Column II. 


Column I Column II 


(A) The equation of the 
locus of the midpoints 
of the chords of the 
circle 4x 2 + 4y 2 - \2x + 
4y + 1 = 0 that subtend 
an angle 2nl3 at its 
centre is 

(B) The locus of the 
midpoint of chords 
of the circle x 2 + y 2 - 
2x-2y -2 = 0 which 
subtend an angle 
2 tt/ 3 at the centre is 

(C) The locus of the 
midpoint of the chords 
of the circle x 2 + y 2 = 4 
such that the segment 
intercepted by the 
chord on the curve x 2 
- 2x - 2y = 0 subtends 
a right angle at the 
origin is 


(p) I6(x 2 + y 2 ) - 48x + 
16 y + 31 = 0 


(q) x 2 + y 2 - 2x - 2y + 
1 = 0 


(r) x 2 + y 2 - 2x - 2y = 2 


( Continued ) 
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Column I Column II 

(D) Through the point (s) x 2 + y 2 - 2x - 3y = 0 
(2, 3), secants are 
drawn to the circle 
x 2 + y 2 = 4. Then, 
the locus of the 

midpoints of these (t) x 2 + y 2 - 3x - 2y + 
secants intercepted 4 = 0 
by the circle is 


Solution: 


(A) Given circle is S = x 2 + y 2 - 3x + y + (1/4) = 0. A = (3/2, 
-1/2) is the centre and r = 3/2 is the radius. Let M(x v 
v |) be the midpoint of a chord SC. Therefore, AM is 
perpendicular to BC and from Fig. 3.79, we have 

| BAM = | CAM = 60° 

Now 


cos60° = 


AM 1 AM 


AB 2 AB 


- = 2 AM 
2 


•9=16 

•9=16 


x l~T + >l + ~ 


2 2 a 9 1 

x i + y{ - 3*r + yi + -+- 


Therefore, the locus is 

16 (x 2 + y 2 ) - 48x + 16y + 31 = 0 



Answer: (A) —* (P) 


(B) A = (1,1) is the centre and r = 2 is the radius. Pro¬ 
ceeding as above, we get 1/2 = AMI 2. Therefore 

(AM) 2 = 1 

=>(x 1 -l) 2 +(y 1 -l) 2 =l 

Therefore, the locus is x 2 + y 2 - 2x - 2y + 1 = 0. 

Answer: (B) —> (q) 

(C) Let M(x v yj) be the midpoint of a chord so that its 
equation is xx 1 + yy x = x x 2 + y 2 . Suppose the chord 
intersects the curve x 2 = 2(x + y) in two points P and 
Q. Therefore, the combined equation of the pair of 
lines OP and OQ is obtained as 


x 


2 


2 (x + y) 

V 


+ yyi 

2 2 
*i +yi 






=> (x 2 +y 2 )x 2 -2(x + y)(xxj +yyi) = 0 (3.109) 


Since |POQ = 90°, from Eq. (3.109), we have 
Coefficient of x 2 + Coefficient of y 2 = 0 
Therefore 

( x i +yi-2x 1 )-2y 1 =0 
So, the locus of (x p y : ) is 

x~ + y 2 — 2x — 2y = 0 

Answer: (C) -4 (r) 

(D) Let M(x p y x ) be the midpoint of a secant chord 
through (2,3) of x 2 + y 2 = 4 so that its equation is 

xx ! + yy i = 4 + y \ 

This passes through the point (2,3). This implies 
2x 1 +3y 1 =x 1 2 +y 1 2 
Therefore, the locus of (xj,y x ) is 
x 2 + y 2 - 2x - 3y = 0 


Answer: (D) (s) 


Comprehension Type Questions 

1. Passage: If S = 0 is a circle in standard form and L = 0 is 
a straight line in the plane of the circle, then, in general, 
the equation S + X L = 0 represents a circle. If L = 0 
cuts S = 0 in two points P and Q, then S + X L = 0 rep¬ 
resents circle passing through P and Q. In particular, 
if L = 0 touches the circle 5 = 0, then S + X L = 0 also 
touches L = 0. Answer the following questions. 

(i) The equation of the circle whose centre lies on 


the line x + y -11 = 0 and which passes through 
the intersection of the circle x 2 + y 2 - 3x + 2y - 
4 = 0 and the line 2x + 5y + 2 = 0 is 

(A) x 2 + y 2 + 9x + 13y + 10 = 0 

(B) x 2 + y 2 - 9x + 13y -10 = 0 

(C) x 2 + y 2 - 9x - 13y - 10 = 0 

(D) x 2 + y 2 + 9x - 13y + 10 = 0 
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(ii) The equation of the circle touching the line 
2x + 3y + 1 = 0 at (1,-1) and cutting orthogonally 
the circle having the line segment joining (0, 3) 
and (-2,-1) as diameter is 

(A) 2x 2 + 2y 2 - 10x + 5y - 1 = 0 

(B) x 2 +y 2 - lOx - 5y + 1 = 0 

(C) 2(x 2 + y 2 )+ lOx + 5y - 1 = 0 

(D) 2(x 2 + y 2 )- 10x - 5_y + 1 = 0 


(in) The equation of the circle passing through the 
intersection of circles x 2 + y 2 = 4 and x 2 + y 2 - 2x- 
4y + 4 = 0 and touching the line x + 2y - 5 = 0 is 


• -A - 4 = A -1 

•A = — 

2 


Therefore, the required circle is 

2 2 c 5 3 

x~ + y~ - 5x — y + 2 — = 0 
2 2 

=> 2x 2 + 2y 2 - lOx - 5y + 1 = 0 

Answer: (D) 

(iii) Let S = x 2 + y 2 - 4 = 0 and S' = x 2 + y 2 - 2x - 4y + 4 = 
0. Let L = S - S' = 2x + 4y - 8 = 0. That is, 


(A) x 2 + y 2 - x - 2y = 0 

(B) x 2 +y 2 -x + 2y = 0 

(C) x 2 + y 2 + x + 2_y = 0 

(D) x 2 + y 2 + x - 2_y = 0 

(IIT-JEE 2004) 

Solution: 

(i) Let S = x 2 + y 2 - 3x + 2y - 4 = 0 and L = 2x + 5y + 
2 = 0. The required circle is of the form 

S + AL = x 2 + y 2 - 3x + 2y - 4 + A(2x + 5y + 2) = 0 

whose centre is 

f 3-2A ~(5A + 2) T 

{ 2 ’ 2 J 

which lies on the line x + y - 11=0. That is, 

3 - 2A - 5A - 2 - 22 = 0 
=> -7A-21 = 0 
=> A = —3 

Therefore, the required circle is x 2 + y 2 - 9x - 13 y - 
10 = 0 . 

Answer: (C) 

(ii) The circle described on the line joining the points 
(0,3) and (-2,-1) as diameter is 

x ( x + 2) + (y - 3)(y +1) = 0 


=>x 2 +y 2 +2x-2y-3 = 0 (3.110) 


The required circle is of the form 

(x - if + (y+ if + A(2x + 3y +1) = 0 

=>x 2 +y 2 +2(A-l)x+2fy + ljy + 2 + A = 0 (3.111) 


The circle given in Eq. (3.111) cuts orthogonally the 
circle given in Eq. (3.110). This implies that 


3A 


L = x + 2y - 4 = 0 
Now, the required circle is 
S + AL = x 2 +y 2 -4+ A(x + 2y-4) = 0 

= x 2 +y 2 + 2^jx + 2Ay-4 -4A = 0 

Therefore, the centre is 



and the radius is 


A_ + A 2 +4 + 4A 


S + A L = 0 touches the line x + 2y - 5 = 0. This 
implies that 


-A 


+ 2(-A)-5 


= + A 2 + 4 + 4A 


=» + }.°\ = -a/5A 2 + 16A +16 

2V5 2 

=> 5(A + 2) 2 = 5A 2 + 16A +16 
=> 4A + 4 = 0 
=> A = — 1 

A = -1 gives the circle x 2 + y 2 - x - 2y = 0. 

Answer: (A) 


2. Passage: ABCD is a square of side length 2 units. Cj 
is the circle inscribed in ABCD and C 2 is the circum- 
circle of ABCD. L is a fixed line in the same plane 
through the point A. Answer the following questions: 

(i) If P is any point on C^and Q is any point on C 2 , 
then 

(PA) 2 + (PBf + (PC) 2 + (PDf 
(QAf + (QBf + (QCf + (QDf ~ 

(A) 0.75 (B) 1.25 (C) 1 (D) 0.5 


2(A-l)(l) + 2 


2 + 1 


(-1) = 2 + A-3 
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(ii) A circle touches the line L and C y externally 
such that both circles are on the same side of L. 
Then the locus of the centre of C is 

(A) an ellipse (B) a parabola 

(C) hyperbola (D) a pair of lines 

(Hi) A line M through A is drawn parallel to BD. 
Point S moves such that its distance from the 
line BD and vertex are equal. If locus of S cuts 
M at T 2 and T 3 and AC at T v Then the area of 
A T 1 T 2 T 3 is 

/A . 1 

(A) - sq. unit 

(C) 1 sq. unit 

Solution: 

(i) Let O be the centre of the square so that O is the 
centre of both C y and C 2 (see Fig. 3.80). Take O as 

origin. Let OA = a and OB = so that OC = 
- a , OD = - p and |oa| = |a| = 72 and |/j| = 72. 
Let OP = /3 and |oc| — q so that |/j| = 1 and 
|qj = 72. Now 

{PA) 2 + ( PB) 2 + (PC) 2 + {PD) 2 
= {a + p) + {P+q) + {a + p) + 0+p) 2 
= 2{a 2 + p 2 ) + 2{p 2 + p 2 ) 

- 2(2 + 1 ) + 2(2 + 1 ) = 12 

Also 


(ii) Suppose L y is a line parallel to L at a unit distance 
from L such that L y and the circle C) are on opposite 
sides to the line L. Therefore, the centre of the circle 
C is equidistant from the line L y and the centre of 
the circle C 2 . Hence, the centre of C is a parabola 
with focus at the centre of C 2 and directrix L { . 

Answer: (B) 

(iii) Clearly, the locus £ is a parabola with A as a focus 
and BD as directrix (see Fig. 3.81). 

A F] = 07) = — OA = ^ = ^= 

1 1 2 2 V2 

T 2 T 3 is the latus rectum which is given by 

4x—^ = 2^2 
72 

Therefore, the area of AT X T 2 T 3 is 

-T 2 T 3 AT, =-x2V2x-^ = 1 

2 2 3 1 2 72 



(B) — sq. unit 


(D) 2 sq. unit 


{QA) 2 + ( QB) 2 +{QC) 2 + {QD) 2 

= 2(2 + 2) + 2(2 + 2) = 16 

Therefore 


X(2A) 2 


12 

16 


3 

- = 0.75 

4 



FIGURE 3.81 


Answer: (C) 


3. Passage: A circle C of radius 1 is inscribed in a equi¬ 
lateral PQR. The points of control of C with the side 
PQ, QR and RP are D, E and P, respectively. The line 
PQ is given by the equation 73x + y -6 = 0 and the 
point D is(373/2,3/2). Further, it is given that the 
origin and the centre of C are on the same side of the 
side PQ. Answer the following questions. 

(i) The equation of the circle C is 

(A) (x - 2 73 ) 2 + (y -1) 2 = 1 

(B) (^-2 73 ) 2 + =1 

(C) {x- 73) 2 + (y + l) 2 =l 

(D) {x- 73) 2 + (y-l) 2 =l 


(ii) Points E and F are given by 


(A) 


73 3’ 

~Y' 2 


,(73,0) 
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(B) 


fV3 0 


,(V3,0) 


(C) 

(D) 


3 

,2 ’ 2 ) 

(3 y/3) 


rvs i 


3 1 
2’2 


\ 




(iii) Equation of the sides QR and RP are 

<a) y= ^ x+iy ’^ x+i 

(B) y^.y -0 

V3 . -V3 

(C) y = -x+l,y = —^-x-l 

(D) y = \[3x,y = 0 

Solution: 


(i) C is the incircle of A PQR (see Fig. 3.82) where its 
incentre is I and its radius is 1 (by hypothesis). In 
an equilateral triangle, the altitudes are the angle 
bisector. The incentre I lies on the altitude DR 
whose equation is 


y- 


3 _ 1 

2~ S 


3V3 


=> x = V3 y 

Let / be (x^jq) so that Xj = V3 y 1 . Therefore, 


x, -- 


V3yi- 


3 V 3 
2~ 

3V3 


/ 

\2 


+ br-- =1 ('•' ID = 1) 


+ yi 


-X =1 (v x 1 = V3yi) 


Therefore 


(2V3y 1 -3V3) 2 +(2y 1 -3) 2 = 4 
=>16y 2 -48^ + 32 = 0 
=> y 2 - 3yj + 2 = 0 

=> yi = 1,2 

Flence, y 1 = 2 => x 1 =2\[3 and y x = 1 => x x = %/3 . 
Incentre I and the origin lie on the same side of PQ 
=> 1= (V 3 ,1). Therefore, equation of the circle C is 

(x-V3) 2 +(y-l) 2 = 1 

Answer: (D) 


(ii) Since PQ makes angle 120° with the positive direc¬ 
tion of the x-axis and \QPR =60°, it is clear that PR 


is parallel to the x-axis (see Fig. 3.82). Also the dis¬ 
tance of I from the side PR is 1 implies that PR is 
the x-axis and R is the origin. Now, the equation of 
PR is y = 0 and that of QR is y = V3 x. Therefore 

F=(V3,0) 

and 


E = (V3 cos60°, V3sin60°) 


rv3 


Answer: (A) 


(iii) See Fig. 3.83. R = (0, 0) and F = (S ,0). This im¬ 
plies that the equation PR is y = 0. Again R = (0,0) 

. Therefore, the equation of QR is 


and E = 


’ = V3 x. 


2 ’2 


Answer: (D) 


Q 



FIGURE 3.82 


4. Passage: Let X be a family of circles passing through 
the two points P( 3,7) and Q(6 ,5). Answer the follow¬ 
ing questions. 


(i) The number of circles belonging to X and touch¬ 
ing the x-axis is 


(A) 1 (B) 2 

(C) infinite (D) 0 


(ii) If each of the circles of E cuts the circle x 2 + y 2 - 
4x - 6y - 3 = 0, then all these chords pass through 
a fixed point whose coordinates are 


(A) 12 + ^ 



(C) (1,23) (D) (23,1) 


(iii) The centre of the circle belonging to X and cut¬ 
ting orthogonally the circle x 2 + y 2 = 29 is 



(C) 
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(i) Equation of PQ is 2x + 3y - 27 = 0. Also the circle 
described on PQ is a diameter is S = x 2 + y 2 - 9x - 
12y + 53 = 0. Any circle passing through P and Q is 
of the form 

x 2 + y 2 - 9x -12y + 53 + A(2x + 3y - 27) = 0 
=> x 2 + y 2 - (9 - 2A)x - (12 - 3 X)y + 53 - 27 X = 0 

(3.112) 

This touches the x-axis. That is 

1^=53-271 

4 

=> 9A 2 - 722, +144 = 212 - 108A 
=> 9A 2 + 36A -68 = 0 


The discriminant of the quadratic is positive so that 
it has two distant roots. Hence, there are two circles 
belonging to X which touch the x-axis. 

Answer: (B) 


(ii) Let 

S' = S + XL 

= x 2 +y 2 - 9x- 12 y + 53 + A(2x + 3y - 27) = 0 

5" = x 2 + y 2 - 4x - 6y - 3 = 0 

Common chord of S' = 0 and S" = 0 is S' - S'' = 
—5x — 6y + 50 + X(2x + 3 y — 27) = 0. 


This chord passes through the intersection of -5x - 
6y + 56 = 0 and 2x + 3y - 27 = 0 which is (2,23/3). 

Answer: (A) 

(iii) The circle given in Eq. (3.112) cuts orthogonally the 
circle 

x 2 +y 2 = 9 

^2(2X-9) (0 ) + 2(2A-12) (0J 

= 53-27A-29 
=> 21X = 24 



Therefore, the circle is 
x 2 + y 2 - 9x - 12y + 53 + ^(2x + 3y-27) =0 

=>x 2 +y 2 +^y-9jx + |^y-12jy + 53-24 = 0 

=> x 2 +y 2 - —x- —v + 29 = 0 
9 3 

Therefore, the centre is 

65 14 
18’ 3 

Answer: (D) 


Integer Answer Type Questions 

1. If x 2 + y 2 - 4x - 4y - k = 0 is the equation of the locus 

of the point from which perpendicular tangents can 
be drawn to the circle x 2 + y 2 - 4x - 4y = 0, then the 
value k is_. 

Solution: The equation 

x 2 + y 2 - 4x - 4y = 0 (3.113) 

represents a circle with centre (2, 2) and radius >/8 = 
2^2 . Then the locus of point from which perpendicular 
tangents can be drawn to the circle given in Eq. (3.113) is 
a concentric circle whose radius is -J2 times the radius 
of the circle [this circle is called the director circle of the 
circle given in Eq. (3.113)]. Hence, the radius of the direc¬ 
tor circle is 42(2^2) = 4. Thus k = 8. 

Answer: 8 

2. If the equation of the chord of contact of (h , k) 

with respect to the circle x 2 + y 2 - 4x — 2y - 11 = 0 is 
x + 2y -12 = 0, then h + k is equal to_. 


Solution: The equation 

x + 2y - 12 = 0 (3.114) 

is chord of contract of ( h , k) with respect to the circle 
S = x 2 + y 2 - 4x - 2y - 11 = 0. But the chord of contact is 

xh + yk- 2(x + h)-(y + k)~ 11 = 0 
=> (h - 2)x + (k- 1 )y - (2 h + k + 11) = 0 (3.115) 

Equations (3.114) and (3.115) represent the same straight 
line. Therefore 

h-2 k- 1 -(2h + k + lT) . . , 

-=-= —-- = A (say) 

1 2 -12 v 22 

Hence 

h = X + 2 
k = 2X + 1 

Now 


12A = 2(A + 2) + (1 + 2X) + 11 
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so that 


8A = 16 => A = 2 



75 


Therefore 

h = A + 2=4 
At = 1 + 2A = 5 

so that 


h+k = 9 


Answer: 9 


3. The line /lr — y + 1 = 0 cuts the coordinate axes at 
points P and Q. The line x - 2y + 3 = 0 intersects the 
coordinate axes at points R and S. If P, Q , R and S are 
concyclic, then the value of A is_. 

Solution: Equation of the circle passing through points 
P, Q , R and S is of the form 

(Ax - y + l)(x - 2y + 3) + /d(xy) = 0 

This equation represents a circle if the coefficient of x 2 is 
equal to the coefficient of y 2 and coefficient of xy = 0. 
Therefore, 

A = 2 and fj. = 5 
Hence, the value of A = 2. 

Answer: 2 


Therefore, [k\ = 2. 

Answer: 2 

6 . A and B are two fixed points in a plane and k > 0, 

Then the locus of P such that PA:PB = k:\ is a circle, 
provided k is not equal to _. 

Solution: If k = 1, then PA = PB so that the locus of P 
is the perpendicular bisector of AB. 

Answer: 1 

7. Two parallel chords of a circle of radius 2 are at a dis¬ 

tance 73 + 1 apart. If the chords subtend at the cen¬ 
ter, angles nlk and 2ntk where k> 0, then [k] (which is 
the integer part of k) is_. 

(IIT-JEE 2010) 

Solution: Since the distance between the chords is 
73 + 1 > 2, the chords must be on the opposite sides of 
the origin (see Fig. 3.83). 73 + 1 is the distance between 
PQ and RS which is given by 

o n , o n 
2 cos — + 2cos — 

k 2k 


4. A rational point in an analytical plane means that 

both the coordinates of the point are rational 
numbers. Then the maximum number of rational 
points on a circle C with centre (0, 72 ) is_. 

Solution: Suppose, there are three rational points on 
circle C. Now consider that the triangle with those ratio¬ 
nal point vertices whose circumcenter is (0, 72 ). Since 
the vertices of this triangle are rational points, its equa¬ 
tions of the perpendicular bisectors are first-degree equa¬ 
tions in x and y with rational coefficients and hence the 
circumcentre must be a rational point, but here it is not a 
rational point because (0, 72 ) is the circumcentre. Hence, 
maximum number of rational points on the circle is 2. 

Answer: 2 

5. Three circles of radii 3,4 and 5 units touch each other 

externally. The tangents drawn at the points of contact 
are concurrent at point P. If k is the distance of P from 
the points of contact, then [k\ (which is the integer 
part of k) is_. 

Solution: Let A, B and C be the centres of the circles 
with radii 3,4 and 5, respectively. Hence, the sides of the 
A ABC are AB = 7, BC = 9 and CA = 8. Therefore, s = 
12 and A = 712x3x4x5 = 1275 A: is the inradius of 
A ABC which is given by 


This holds when 

n _n 
k~ 3 

so that k = 3. 



FIGURE 3.83 

Answer: 3 

8 . The centres of two circles C 1 and C 2 each of unit radius 
are at a distance of 6 units from each other. Let P be 
the midpoint of the line segment joining the centres 
of C 1 and C 2 and C be a circle touching the circles Cj 
and C 2 externally. If a common tangent to C v which is 
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passing through P, is also a common tangent to C 1 and Therefore 
C 2 , then the radius of C is_. 

(IIT-JEE 2009) 


[A] = [273] = 3 


Solution: We have 

MN = MP+PN = S 2 -1 2 +V3 2 -! 2 =4^2 

However, MN = BC =\JOB 2 -OC 2 , where BC is drawn 
parallel to MN meeting OA in C (see Fig. 3.84). Therefore 

J(R + 1) 2 -{R-1) 2 

where R is the radius of the circle. Hence 
16x2 = 4 R 
=>i? = 8 



9. If A is the area of the triangle formed by the positive 
x-axis and the normal and the tangent to the circle 
x 2 + y 2 = 4 at (1, 73 ), then [A] (which is integer part 
of A is_. 



Answer: 3 

10. Let x 2 + y 2 - Ax - 2y - 11 = 0 be a circle. A pair of 
tangents from (4,5) with a pair of radii form a quad¬ 
rilateral of area_. 

Solution: See Fig. 3.86. Let A be (4, 5) and AP be a 
tangent given by 

yfSn = V4 2 +5 2 - 4(4)-2(5)-1 = 2 
Area of the quadrilateral is given by 

2(Areaof AAPC) = 2|^x2x2 j = 4 



Answer: 4 


Solution: Tangent at (1, 73 ) is x(l) + y( 73 ) = 4 (see 
Fig. 3.85). y = 0 => x = 4. The tangent meets the x-axis at 
T{ 4,0). Therefore 

PT = yj{4-l) 2 +3 = 273 

Hence 


11 . If the points of intersection of the line 4x -3 y — 
10 = 0 and the circle x 2 + y 2 - 2x + 4 y - 20 = 0 are (a, 
b) and (c, d) where a and b are positive and c and d 
are negative, then a - c + b + d is_. 

Solution: Substituting y = (4x - 10)/3 in the circle equa¬ 
tion, we get 


A = Area of AOTP = -xPTxOP = -(2j3)x2 = 2j3 
2 2 


x 2 + 


4x -10 


„ . (4.Y-10) _ 

- 2x + 4 --- - 20 = 0 
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=> 9x 2 + 16x 2 - 80jc +100 - 18x + 48x -120 -180 = 0 
=i>25x 2 -50*-200 = 0 
=> x 2 —2x — 8 = 0 
=> (x-4)(x + 2) = 0 
=> x = 4,-2 
Calculation 



4^ 

* 

1 

O 

X 



3 

4 

2 

-2 

-6 


Therefore 

c = 4 (3.117) 

From Eqs. (3.116) and (3.117), we get 
2g + 4/=— 9 

Therefore 

2(-g)+4(-/)=9 

Hence, the locus of (-g, -/) is 2x + 4y - 9 = O.Therefore, 
a = 2, b = 4 and c = -9 so that 

-c —(a + b) = 9- 6 = 3 

Answer: 3 


Hence 


(a,b) = (4,2) and ( c,d ) = (-2,-6) 


Therefore 


14. If ax + by + c = 0 is the equation of the common 
chord of the circles 3* 2 + 3>’ 2 - 2x + 12 y -9 = 0 and 
3* 2 + 3 y 2 - 2x + 12 y -9 = 0 then b - a - c is equal to 


a — c b d — 4 + 2 + 2 — 6 — 2 

Answer: 2 

12. The line joining the points +1(3, 4) and 5(1, 0) cuts 
the circle x 2 + y 2 = 4 at points P and Q. If AP/PQ = A 
and AQIQB = //, then the value of \Ajj\ is_. 

Solution: The point dividing the segment AB in the 
ratio k:\ is 

k + 3 4 ) 

k + 1’ k + l) 

This lies on the circle 

x 2 + y 2 = 4 

=> (k + 3) 2 + 16 = 4(k + l) 2 
=$3k 2 + 2k-2l = 0 


Solution: The given circles are 

5 = x 2 + y 2 - (2/3)jc + 4y - 3 = 0 
and S' = x 2 + y 2 + 6x + 2y - 15 = 0 

Therefore, the common chord is 

S-S' = - 6* j + (4y - 2y) -3 + 15 = 0 

=> -20x + 6y + 36 = 0 
=> 10 x - 3y -18 = 0 
Therefore 

a = 10, b = -3 and c = -18 

and hence 

b-a-c = -13 + 18 = 5 


for which A and // are the roots. Therefore 


\M = 


-21 

^r 


= 7 


Answer: 7 

13. If ax + by + c = 0 is the locus of the centre of the 
circle which passes through the point (1,2) and cuts 
orthogonally the circle x 2 + y 2 = 4 then - c -(a - b) 
value is_. 

Solution: Let S = x 2 + y 2 + 2 gx + 2 fy + c = 0 be the 
required circle. 5 = 0 passes through (1,2). This implies 
that 


Answer: 5 

15. The lines 3x - 4y + 4 = 0 and 6x - 8y - 22 = 0 are 
the tangents to the same circle whose diameters is 


Solution: Since the lines 3x - 4y + 4 = 0 and 6x - 
8y -22 = 0 are parallel lines, the distance between them 
is the diameter of the circle. Therefore the diameter of 
the circle is 


|4 + H| 15 ? 

V3 2 +4 2 5 

Answer: 3 


2g+4/+c = -5 (3.116) 

5 = 0 cuts orthogonally x 2 + y 2 = 4 implies that 
2g(0) + 2/(0) = c - 4 


16 . The value of r such that the area of the triangle 
formed by the pair of tangents drawn to the circle 
x 2 + y 2 = r 2 from the point P( 6, 8) and its chord of 
contact is maximum is_. (IIT-JEE 2003) 
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Solution: PA = PB which is equal to the length of the 
tangent (see Fig. 3.87). This is given by 

v/6 2 +8 2 -r 2 = Vl00-r 2 

In Problem 28 in the section ‘Subjective Problems 
(Sections 3.1 till 3.3)’, it is worked out that the area of 
APAB is equal to 

aS n m 
„ 2 . ,, 2 


=> / = — 4 —g (3.119) 

Therefore, from Eqs. (3.118) and (3.119), the radius is 
Jg 2 +f 2 -c = Jg 2 +(4 + g) 2 -l 
= yjlg 2 +8g + 15 
= V2[(g + 2) 2 -4] + 15 
= ^2(g + 2f + 7 


Therefore, the area of APAB is given by 

r(100-r 2 ) 3/2 
6 2 +8 2 


Let 


r(100-r 2 ) 3/2 

100 


Therefore, the radius is minimum if g = -2. In such a case, 
/= -2. Hence 

(h, k) = Centre = (-g, -/) = (2,2) 


Therefore, h + k = 4. 


Answer: 4 


— = — (100 - r 2 ) 3/2 - - r(100 - r 1 ) m (2 r) 

dr 100 L 2 

= —[100 - r 2 ] 1 ' 2 (100 - r 2 - 3 r 2 ) 

100 L J V 2 

— = 0=> 100-4r 2 =0 (vr^lO) 
dr 

=> r = 5 

Also rfA/r/r > 0 for r <5 and is negative for r > 5. There¬ 
fore, A is maximum when r = 5. 



Answer: 5 


18. The number of integer values of k for which the 

chord of the circle x 2 + y 2 = 125 passing through the 
point P{ 8 , k) and is bisected at the point P( 8 , k) with 
integer slope is_. 

Solution: Since P{ 8, k) is the midpoint of the chord, 
the chord is perpendicular to OP. Slope of OP = kl 8. 
Therefore, the slope of the chord is -8 Ik which is an in¬ 
teger if k = +l,+2,±4 and ±8. If k = +8, then the point P 
lies outside the circle so that it cannot be the midpoint of 
any chord. Therefore 

k*± 8 

A: = +1, + 2, ± 4 
so that the integer values of k is 6. 

Answer: 6 

19. A light ray gets reflected from the line x = -2. If the 

reflected ray touches the circle x 2 + y 2 = 4 at the point 
of incidence on line is (-2, -4), then the equation of 
the incident ray is 3x + 4y + k = 0 where [kl 7] (which 
is the integer part of kll) is_. 


17 . If (h , k) is the center of smallest circle cutting orthog¬ 
onally the circles x 2 + y 2 = 1 and x 2 + y 2 + 8x + 8y - 
33 = 0, then h + k is equal to_. 

Solution: Let S = x 2 + y 2 +2gx + 2fy + c = 0 be the 
required circle. Therefore, 2g(0) + 2/(0) = c-l. This 
implies that 

c = 1 (3.118) 

Also 

2g(4) + 2/(4) = c - 33 = 1 - 33 = -32 
=>g + / = - 4 


Solution: Let y = mx + 2 %/l + m 2 be a tangent to the 
circle x 2 + y 2 = 4 [see Note (1) of Theorem 3.8] (See Fig. 
3.88).This passes through (-2, -4).This implies 

(2m - 4) 2 = 4(1 + m 2 ) 

=> —16m = -12 

3 

=> m = — 

4 

Hence, the slope of the reflected ray is 3/4. Thus, the slope 
of the incident ray is -3/4. Therefore, the equation of the 
incident ray is 3x + 4 v + 22 = 0. 


Answer: 3 
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FIGURE 3.88 


20. The distance of the common chord of the circles 
S = x 2 + y 2 + 5x - 8y +1 = 0 and S" = x 2 + y 2 - 3x + ly - 
25 = 0 from the centre of the circle x 2 + y 2 - 2x = 0 is 


Solution: Clearly, the circles 5 = 0 and 5' = 0 intersect 
and hence the equation of the common chord is 

S-S' = 8x- 15y + 26 = 0 (3.120) 

Centre of the circle x 2 + y 2 - 2x is (1,0). Therefore, the 
distance of (1,0) from the line S - S' = 0 [i.e. Eq. (3.120)] 
is 


8(1)-15(0)+ 26 
^8 2 +15 2 


34 

17 


2 


Answer: 2 


SUMMARY 


3.1 Theorem: Equation of the circle with centre at the 
point (x p y 2 ) and radius r > 0 is 

(x-x 1 ) 2 + (y-y l ) 2 = r 2 

If x x = y 1 = 0, then the equation of the circle with 
centre at the point origin with radius r is x 2 + y 2 = r 2 . 

3.2 Theorem: Equation of the circle with (x l5 y,) and 
(x 2 , v 2 ) as extremities of a diameter is 

(x - x x )(x - x 2 ) + (y - y 2 )(y -y 2 ) = 0 

3.3 Parametric equations of the circle: Suppose P(x, y) 
is a point on the circle with A ( x 1 , y ( ) as its centre and 
r as radius. Suppose the line AP makes an angle 6 
with positive direction of the x-axis. Then x = x 1 + 
r cos 0 and y = y 1 + r sin 9 are the coordinates of the 
point P Conversely, (x 2 + r cos 0,y l + r sin 6) lies on 
the circle with centre at A(x 1 ,y l ) and radius r for all 
real values of 0. Hence, x = x 1 + r cos 0 and y = y x + 
r sin 0(0 being parameter) are called the paramet¬ 
ric equations of the circle (x - x : ) 2 + (y - yfj 2 = r 2 . 
Inparticular,theparametricequationsofthecirclex 2 + 
y 2 = r 2 are x = r cos 0,y = r sin 0. 

3.4 Point circle: Circle having radius zero is called point 
circle. That is, (x - xfj 2 + (y - y,) 2 = 0 is the point 
circle with centre at (x 1 ,y 1 ). 

3.5 General equation of the circle: If g, f and c are real 
numbers, then the equation x 2 + y 2 + 2 gx + 2fy + c = 0 
represents a circle with centre at (-g, -f ) and radius 

\jg 2 + f 2 -c with an understanding of the following 
conditions: 

(i) g 2 + f 2 - c > 0 => the circle is a real circle. 


(ii) g 2 + f 2 - c = 0 => the circle is a point circle. 

(iii) g 2 + f 2 - c < 0 => the circle is imaginary. 

3.6 Universal equation of a circle: The equation ax 2 + 
ay 2 + 2gx + 2 fy + c = 0 (a + 0) is called univer¬ 
sal equation of the circle with centre at the point 

L 2 f 2 c 

(- gla,-fla ) and radius . + ^ -■ 

V a a~ a 

3.7 The second-degree general equation ax 2 + 2hxy + 
by 2 + 2gx + 2 fy + c = 0 represents a circle if and only 
\la = b,h = 0 and g 2 +f 2 > ac. 

3.8 Theorem: The perpendicular bisector of a chord of 
a circle passes through the centre of the circle. 

3.9 Relation between a circle and a line in the same 
plane: Let C be a circle with centre at A and radius 
r. Let / be a line in the plane of the circle C. Then 

(i) The circle C and the line / have no common 
points <=> The perpendicular distance of the 
centre A from the line / is greater than the 
radius r. 

(ii) The line touches the circle <=> The perpen¬ 
dicular distance drawn from A onto the line 
is equal to the radius r. 

(iii) The line / intersects the circle in two distinct 
points <=+ The perpendicular distance of the 
line from the centre is less than the radius r. 

3.10 Notation: S is denoted by x 2 + y 2 + 2gx + 2 fy + c. 
That is, 5 = x 2 + y 2 + 2gx +2 fy + c = 0 is a circle. 
Then 

(i) Sj means that xx 1 + yy 1 + g(x + x 2 ) +/(y + y 1 ) + c 
That is, 5 X = xx x +yy 1 + g(x + x 1 )+/(y + y 1 ) + c 

(ii) S 2 = xx 2 + yy 2 + g(x + x 2 ) + f(y + y 2 ) + c 
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(iii) S 12 = x x x 2 + y 1 y 2 + g(x 1 + xf) + f(y 1 +y 2 ) + c = S 21 

(iv) S n = xf + y 2 + 2 gx 1 + 2fy 1 + c 

3.11 Property of S 2 = 0: If (x p y,) is not the centre of 
the circle 5 = 0, then 

Si =(8 + x 1 ) x + (f+y 1 )y + gx l +fy 1 + c = 0 

is a first-degree equation in x and y and hence it 
represents a straight line and is perpendicular to 
the line joining the centre of the circle and the 
point (x vyi ). 

3.12 Theorem (Equation of a chord): If P(x v 3 ,',) and 
Q(x 2 , y 1 ) are two points on a circle 5 = 0, then the 
equation of the chord joining points P and Q is 
5i + 5 2 = 5 12 . In particular, equation of the tangent 
at (x v yq) is 5j = 0 . 

Note: If 5 = x 2 + y 2 - a 1 = 0, then the equation of 
the chord joining P(x v yf) and Q(x 2 ,y 2 ) is 

(. xx 1 + yy 1 - a 2 ) + (xx 2 + yy 2 - a 2 ) = x 1 x 2 + y 1 y 2 - a 2 

In particular, the equation of the chord joining 
(a cos a, a sin a) and (a cos /?, a cos j8) is 


x cos 


2 


+ ysin 


(« + A) 

2 


= a cos 


(«-A) 

2 


3.13 Equation of a tangent: 

(i) Cartesian form: The equation of the tangent 
to the circle x 2 + y 2 = a 2 at the point (x v yq) is 

xx 1 + yyq - a 2 = 0 


(ii) Parametric form: Equation of the tangent to 
the circle x 2 + y 2 = a 2 at the point ( a cos a , 
a sin a) is 


x cos a+y sin a= a 

3.14 Position of a point with respect a circle: Let C be a 
circle with centre at point A and radius r. Let P be 
a point in the plane of the circle, then 

(i) P lies outside the circle if and only if AP > r. 

(ii) P lies inside the circle if and only if AP < r. 

(iii) P lies on the circle if and only if AP = r. 

3.15 Condition for a point to lie outside or inside on the 
circle. Let 5 = 0 be a circle and P(x v yq) a point 
in the plane of the circle, then 

(i) P(x 1 ,y 1 ) lies outside the circle <=> 5 U > 0. 

(ii) P(x v yq) lies inside the circle <=> 5 n < 0. 

(iii) P(x v yq) lies on the circle <=> 5 n = 0. 

3.16 Theorem: From any external point of a circle, two 
tangents can be drawn to the circle. 

3.17 Condition for line to be tangent: The line y = mx + c, 

where c ^ 0 , touches the circle x 2 + y 2 = a 2 if and 
only if c 2 = a 2 ( 1 + m 2 ) and in such a case, the point 
of contact is 


3.18 Director circle: The locus of the point through 
which perpendicular tangents can be drawn to a 
circle is again concentric circle whose radius equals 
V 2 times the radius of the given circle and is called 
the director circle of the given circle. The director 
circle of the circle (x - h) 2 + (y - k) 2 = r 2 is (x - h) 2 
+ (y - k) 2 = 2r 2 . 

3.19 Equation of the chord in terms of its midpoint: 

Equation of the chord of a circle 5 = 0 whose 
midpoint is (x v y t ) is 5 X = 5 lr 

3.20 Definition (chord of contact): Let C be a circle 
and P be an external point to C. Suppose the two 
tangents drawn from P to C touch the circle at A 
and 5. Then the chord AB is called chord of contact 
of P with respect to the circle C. 

3.21 Equation of the chord of contact: Equation of the 
chord of contact of a point (^ 1 ,y 1 ) with respect to a 
circle 5 = 0 is S 1 = 0. 

3.22 Length of the chord: Suppose PQ is a chord of a 
circle with centre A and radius r. AM is the line 
drawn perpendicular to the chord PQ so that M is 
the midpoint of PQ. Then the length of the chord 

PQ is 2^Jr 2 -(AM) 2 . 

3.23 Length of the tangent: The length of the tangent 
drawn from an external point (jq, y x ) to a circle 
5 = 0 is 

3.24 Relation between two circles: Let C 1 and C 2 be 
two circles with centres A 1 and A 2 , respectively, 
and radii /q and r 2 , respectively. Then 

(i) C 1 and C 7 do not have a common point and 
neither is being completely within the other 
<=> A 1 A 2 >r 1 + r 2 . 

(ii) Cj and C 2 touch each other externally 
•^>A 1 A 2 = r 1 + r 2 . 

(iii) C 1 and C 1 intersect in two distinct points 
<=> |»i-r 2 | <A 1 A 2 <r 1 + r 2 . 

(iv) Cj and C 2 touch each other internally 

<=> A i A 2 = W~r 2 \ ■ 

(v) One lies completely within the other without 
touching <=> A 1 A 2 < |q — r 2 1. 

3.25 Angle of intersection of circles: Let Cj and C 2 be two 
circles intersecting at points A and B. Then the angle 
between the tangents drawn to the circles at either of 
the points A and B is same and this angle is called the 
angle of intersection of the two circles Cj and C 2 

3.26 Definition (Orthogonal circles): If the angle of 
intersection of two circles is a right angle, then 
the two circles are said to intersect each other 
orthogonally. 
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3.27 Angle of intersection formula: Let Cj and C 2 be 

two circles with centres A 1 and A 2 , respectively, 
and radii r 1 and r 2 , respectively. If a is the angle of 
intersection of the circles, then 

(A x A 2 f-(A X P) 2 -(A 2 P) 2 

cosa = -— 1 ——--—-—---—-—— 

2(A X P)(A 2 P) 

where P is one of the points of intersection of C 1 
and C 2 . 

3.28 Theorem (Two circles intersecting orthogonally): 

Two circles x 2 + y 2 + 2gx +2 fy + c = 0 and 
x 2 +y 2 +2g'x + 2f'y + c' = 0 cut each other 
orthogonally if and only if 2 gg' + 2ff = c + c'. 

3.29 Suppose S = 0 and S' = 0 are two non-concentric 
circles in the standard form (i.e., general form). 
Then, the equation S - S' = 0 is a first-degree 
equation in x and y. Hence it represents a line 
which is also perpendicular to the line joining the 
centres of the circles. 

3.30 About the line S - S' = 0: Let S = 0 and S' = 0 be 
two circles with different centres in the standard 
form. Then 

(i) S - S' = 0 represents the common chord of the 
circles if the circles intersect. 

(H) If the circles touch each other at a point P , 
then S - S' = 0 represents the common tan¬ 
gent to the circles at P. 

3.31 Definition (Power of a point): Let C be a circle 
and P be a point in the plane of C. Suppose a line 
through P meets the circle C at two points A and 
B. Then the value PA-PB is independent of the line 
through P. The power of P with respect to the circle 
C is defined as follows: 

(i) The value PA-PB if P is an external point to C. 

(ii) The value -(PA-PB) if P lies inside C. 

(Hi) The value zero if P lies on the circle. 

3.32 Power of a point formula: The power of P(x x , y x ) 
with respect to a circle S = 0 is .S', ,. 

3.33 Theorem (radical axis): The locus of the 
point whose powers with respect to two non- 
concentric circles are equal is a straight line and is 
perpendicular to the line joining the centres of the 
circles. This line is called the radical axis of the two 
circles. 

3.34 Equation of the radical axis: If S = 0 and S'= 0 are 
two non-concentric circles, then their radical axis 
equation is S - S' = 0 

3.35 About the radical axis: 

(i) If the circles S = 0 and S' = 0 intersect, then 
their radical axis S - S' = 0 is also a common 
chord. 


(ii) If the two circles touch each other, then their 
radical axis S - S' = 0 is a common tangent to 
the circles at their point of contact. 

3.36 Theorem: Let C 1 and C 2 be two non-concentric 
circles. If a circle C cuts both Cj and C 2 orthogonally, 
then the centre of C lies on the radical axis of Cj 
and C 2 . 

3.37 Radical centre: If .S’ = 0. S' = 0 and S" = 0 are three 
circles with non-collinear centres, then their radical 
axes taken two by two are concurrent and this 
point of concurrence is called the radical centre of 
the three circles. 

Note: (1) The tangents drawn from the radical 
centre to each of the three circles are of equal 
length. (2) Taking the radical centre as the centre 
and the length of the tangent drawn from the radi¬ 
cal centre to the circle as radius, if a circle is drawn, 
then this circle cuts all the circles orthogonally. 

3.38 Common tangents to two circles: Let Cj and C 2 

be two circles with centres A 1 and A 2 , respectively, 
and radii r, and r 2 , respectively. The following table 
shows the number of common tangent(s) to the 
two circles: 


Nature of the 
circles 

Num¬ 
ber of 
common 

tangents 

Number 
of direct 
common 

tangents 

Number of 
transverse 

common 

tangents 

Circles do not 
have common 
points 

C^l A 2 > r i + 
h) 

4 

2 

2 

Circles touch 
externally 

( A \ A 2 =r \ +r i) 

3 

2 

1 

Circles 
intersect in 
two district 
points 

(ki-^l < 

A 1 A 2 <r 1 + r 2 ) 

2 

2 

0 

Circles touch 
internally 

( A 1 A 2 = 
Vl~ r 2\) 

1 



One circle 
completely 
within the 
other (A x A 2 

< k->2 ) 

0 

0 

0 







208 


Chapter 3 I Circle 


3.39 Centres of similitude: 

(i) Suppose that the two circles C 1 and C, (dis¬ 
cussed in 3.38) do not intersect and the radius 
r, is not equal to r 2 . Then the two direct com¬ 
mon tangents intersect on the line of centres 
and this point is called external centre of si¬ 
militude. This extern al cen tre of similitude 
divides the segment A t A 2 in the ratio r, :r 2 
externally. 

(U) The two transverse common tangents also 
intersect the line of centres in between the 
centres. This point is called the intern al cen - 
tre of similitude and this point divides A X A 2 
internally in the ratio r x :r 2 . 

(Hi) If the circles touch each other externally, then 
the internal centre of similitude is their point 
of contact and the external centre of simili¬ 
tude exits as usual. 

(iv) If the two circles intersect, there is no internal 
centre of similitude, but external centre of si¬ 
militude exits. 

3.40 Theorem: Combined equation of the pair of 
tangents drawn from an external point ( x v yf) to a 
circle 5 = 0 is 5 2 = 5 n . 

3.41 Finding the common tangents to two circles: 

Stepl: Determine the nature of the circles. 

Step2: If external centre of similitude exists, then 
find its coordinates [using 3.39(i)]. 

Step3: Consider a line through the external centre 
of similitude and impose the condition that it 
touches one of the circles. Then that line automati¬ 
cally touches the other circle also. Thus, we get 


direct common tangents. Perform same with 
regards to transverse common tangents by finding 
the internal centre of similitude. 

3.42 Second method to find the common tangents: 

Suppose the circles are (x - x x ) 2 + (y - yq ) 2 = r 2 
and (x - x 2 ) 2 + (y - yf) 2 = r 2 . We know that the line 
(x - x ] )cos$+ (y - 3 q)sin#= r x is a tangent to the 
first circle. Now, impose the condition that this line 
also touches the second circle and find the values 
of sin 0 and cos 0. 

Note: In this second method, we get the common 
targets, but we do not know their nature unless we 
use further test. 

3.43 S + AL = 0: Let S = x 2 + y 2 = 2gn + 2fy + c = 0 be a 
circle and L = ax + by + c = 0a straight line. Then, 
the equation S + AL = 0 represents a family of 
circles for all real values of A. 

Note: 

(i) If the line L = 0 intersects the circle 5 = 0 at 
two points P and Q, then S + AL = 0 repre¬ 
sents circles, all passing through points P and 

Q. 

(H) If L = 0 touches the circle S = 0 at the point P, 
then S + AL = 0 represents circles, all touching 
at point P. In such cases, L = 0 is a common 
tangent to all these circles at point P. 

(iii) If S = 0 and 5 = 0 are two non-concentric cir¬ 
cles, then S + AL = 0, where 5-5 = 0 repre¬ 
sents a family of circles. 


EXERCISES 


1. Find the equation of the circumcircle of the triangle 
whose vertices are ( 0 , 0 ), (a, 0 ) and ( 0 , b ). 

2 . Find the equation of the circumcircle of the quadrilat¬ 
eral whose sides are 5x + 3y - 9 = 0, y = x/3,2x = y and 
x + 4y = 2 = 0 in the given order. 

3. If x t and x 2 are the roots of x 2 + 2 ax -b 2 = 0 and y, and 
y are the roots of x 2 + 2px - q 2 = 0 , then find the equa¬ 
tion of the circle described on the segment joining the 
points A(x v y x ) and B{x^,yf) as diameter. 

4 . If (h, k) is the centre of the circle whose parametric 
equations are x = -1 + 2 cos #and y = 3 + 2 sin 6\ then 
find (h, k). 

5 . Find the length of the intercept made by the circle 
x 2 + y 2 + lOx - 6 y + 9 = 0 on x-axis. 


6. Show that x 2 + y 2 + lOx - 6y + 9 = 0 touches y-axis. 

7. Find the equation of the circle inscribed in the triangle 
whose sides are x-axis, y-axis and the line x + y = 1 . 

8 . The line x cos a + y sin a - p = 0 cuts the circle 
x 2 + y 2 = a 2 in A and B. Find the equation of the circle 
described on AB as diameter. 

9. Show that the condition that the circle circumscrib¬ 
ing the triangle formed by the three lines a x x + /qy + 
c x = 0 , « 2 x + b 7 y + c 2 = 0 and a 3 x + b 3 y + c 3 = 0 should 
have its centre lying on the x-axis so that 


( a 2 a 3 - b 2 b 3 

«3«i ~b 2 b\ 

a l a 2~ b l b 2\ 

a 3 b 2 +a 2 b 3 

+ h b i 

a 2 b l + a x b 2 

\b 3 c 2 +b 2 c 3 

V'3+V'l 

b 2 c l + b lC 2 ) 
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10. Prove that the circles x 2 + y 2 + 2gx + 2fy + c = 0 and 
x 1 + y 2 + 2 g'x + 2fy + c' = 0 should touch if 

(2gg f + Iff - c - c’f = 4(g 2 + f 2 - c)(g' 2 + f' 2 - d) 

11. Find the centre and radius of the circle which is 
inscribed in the triangle formed by the lines y = 0, 
12x - 5y = 0 and 3x + 4y -7 = 0. 

12. Find the equation of the circle passing through the 
points (0, a) and ( b , h) and having its centre on the 
axis of x. 

13. Show that the equation of the circle passing through 
the points (a, b ), (a, -b) and (a + b, a - b) is b(x 2 + 
y 2 ) - ( a 2 + b 2 )x + (a- b)(a 2 + b 2 ) = 0. 

14. Show that the equation of the circle passing through 
origin and having intercepts of lengths 3 and 4 on 
positive x-and y-axis, respectively, is x 2 + y 2 - 3x - 
4y = 0 . 

15. For all values of A and //, prove that the circles x 2 + 
y 2 + 2Ax + c = 0 and x 2 + y 2 + 2juy - c = 0 cut each other 
orthogonally. 

16. For two distinct values of A if the circle x 2 + y 2 + 
2Ax + c = 0 cuts the circle x 2 + y 2 + 2gx + 2fy + c = 0 
orthogonally, then show that g = 0 and d = -c. 

17. Prove that the radical axis of two circles bisects their 
common tangent. 

18. If c 2 > l/2(n - b) 2 , then show that the length of the 
common chord of the circles and (x - a) 2 + (y - b) 2 = c 2 

is yj4c 2 -2(a-b) 2 and (x - b ) 2 + (y - a) 2 = c 2 . 

19. Find the equations to the circles which intersect the 
circles x 2 + y 2 - 6y + 1 = 0 and x 2 + y 2 - 4y + 1=0 or¬ 
thogonally and touch the line 3x + 4y + 5 = 0. 

20. Find the equation to the circle which passes through 
the origin and cuts orthogonally each of the circles 
x 2 + y 2 - 6x + 8 = 0 and x 2 + y 2 -2x-2y -1 =0. 

21. Find the equation to the circle cutting orthogonally 
the three circles x 2 + y 2 + 2x + 17y + 4 = 0, x 2 + y 2 + 
lx + 6y + 11 = 0 and x 2 + y 2 - x - 22y + 3 = 0. 

22. If the lines a x x + b x y + c 1 = 0 and a 2 x + b 2 y + c 2 = 0 
cut the coordinate axes in concyclic points, then show 
that a 2 a 2 = b 2 b 2 . 

23. If the line y = mx + 2 cuts the circle x 2 + y 2 = 1 in two 
distinct points, then show that either m < —yj 3 or 
m > y[3. 

24. Suppose A v A 2 and A 3 are positive real numbers that 
are in GP. If t v t 0 and I-, are the tangents drawn from 
any point on the circle x 2 + y 2 = a 2 to the circles, 
xr + y 2 + 2A { x - a 2 = 0 (i = 1,2,3), then prove that t v 
t 2 and t 3 are in GP. 


25 . The straight line x - 2y + 1 = 0 intersects the circle 
x 2 + y 2 = 25 at points A and B. Find the coordinates 
of the point of intersection of the tangents drawn to 
the circle at points A and B. 

26 . Find the area of the triangle formed by the chord of 
contact of the point P{ 4,3) with respect to the circle 
x 2 + y 2 = 9 and the two tangents drawn from P( 4,3) 
to the circle. 

[Hint: use the formula that the area is equal to 
\rS 2!2 )l(x 2 + y 2 ).} 

27 . A circle passes through origin and has its centre on 
the line y = x. If it cuts x 2 + y 2 - 4x - 6y + 10 = 0 or¬ 
thogonally, then find its equation. 

28 . Let C be the circle x 2 + y 2 -2x-4y-2y[3 +1=0. Let 
C’ be a variable circle touching internally C and the 
tangents drawn from the point (1,2) to C include an 
angle of 60°. Show that the center of C lies on the 
circle (x - l) 2 + (y - 2) 2 = 3. 

29 . A variable circle passes through the point A(p, q) 
and touches the x-axis. Show that the other end of 
the diameter through A lies on the curve (x - p) 2 = 

4 qy- 

30 . If the tangents drawn from the origin to the circle 
x 2 + y 2 - 2 ax - 2by + 2 = 0 are at right angles, then 
show that a 2 + b 2 = 4. 

31 . Let 1 - 2r, 1 - r and 1 be the radii of three concentric 
circles with centres at origin (r > 0). If the line y = x 
+ 1 cuts the circle x 2 + y 2 = (1 - 2r) 2 in two distinct 
points, then show that 0 < r < s[2 -1/2 s[2. 

32 . Consider a family of circles passing through two fixed 
points A( 3, 7) and 5(6, 5). Show that the chords in 
which the circle x 2 + y 2 - 4x - 6y - 3 = 0 cuts the mem¬ 
bers of the family are concurrent at a point. Find the 
coordinates of this point. 

(Hint: Equation of the given family by of circles S + 
AL = 0 where L = 0 is the equation of AB and S = 0 in 
the equation of the circle described on AB as diam¬ 
eter.) 

33 . The equation (x + 5y - 22) + A(-x + 8y - 30) = 0 
(A is a parameter) represents a family of lines. Find 
the lines belonging to the family on which the cir¬ 
cle x 2 + y 2 - 2x + 2y - 14 = 0 cuts chords of length 
2y[3. 

34 . Find the centres of the circles passing through the 
points (0, 0) and (1, 0) and touching the circle x 2 + 
y 2 = 9. 

35 . A circle of radius 2 units rolls on the outside of the 
circle x 2 + y 2 + 4x = 0, touching it externally. Find the 
locus of the centre of this outer circle. 




210 


Chapter 3 I Circle 


ANSWERS 


1. x 2 + y 2 - ax - by = 0 

2. 9x 2 + 9y 2 - 20x + 15y = 0 

3. x 2 + y 2 + 2ax + 2py - b 2 - q 2 = 0 

4. (-1,3) 

5. 8 


7. 


V2 


x-l+-^= + y — l+—= 


V2 



8. x 2 + y 2 - a 2 - 2p(x cos a+ y sin ca-p) = 0 

^ . (1 14) , 14 

11. Centre is —,— and radius is — 

V 9 27 ) 21 

12 . b(x 2 + y 2 - a 2 ) = x(h 2 + b 2 - a 2 ) 

19. x 2 + y 2 = 1 and 4(x 2 + y 2 ) - 15x -4 = 0 


20. 3x 2 + 3>" 2 - 8x - 29y = 0 

21. x 2 + y 2 - 4x - 6y - 44 = 0 

25. (-25,50) 

192 

26. - sq. unit 

25 H 

27. x 2 + y 2 -x-_y = 0 



33. 2x - 3y + 8 = 0 and 3x + 2y - 14 = 0 



35. x 2 + y 2 + 4x - 12 = 0 





Parabola 




Cu 

O 

cd 

cd 

Ph 


Contents 

4.1 Conic Section 

4.2 Parabola 


Worked-Out Problems 

Summary 

Exercises 

Answers 


The locus of the point which moves 
in such a way that it is equidistant 
from a fixed point and a fixed line is 
known as a parabola. 
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Chapter 4 I Parabola 


In the previous chapter, we discussed about circle, general equation of a circle, equation of the tangent at a point, 
chord equation in terms of its midpoint, chord of contact, orthogonal circles, etc. In this chapter, we will discuss 
broadly about one of the conics, namely, parabola. The chapter discusses about cone, base curve or guiding curve, cir¬ 
cular cone and right circular cone, general conic, classification of conics, double ordinate and latus rectum, parametric 
equations of y 2 = 4 ax, normal, normal chord, chord of contact, diameter of a parabola, focal chord and focal radius and 
conormal points. ‘Subjective Problems’ section provides subjective worked-out problems for the preceding sections. 
Students are advised to solve each and every problem to grasp the topics. 


4.1 Conic Section 

Before we discuss the properties of the conics, namely, parabola, ellipse and hyperbola, let us understand the term 
conic or conic section. Conic sections are the curves obtained by projecting a circle through a fixed point V not in 
the plane of the circle onto another plane. In fact, conics are sections of a cone by a plane cutting the cone in various 
ways (of course, the base of the cone is a circle). In this context, we used the word cone and base of the cone. While 
studying the elementary geometry and elementary solid geometry, a student visualises the shape of the cone as 
given in his or her respective textbooks. In this section, we introduce the concept of a cone in a more general way. 

DEFINITION 4.1 Cone Let S be a non-empty set of points in the space. Then, S is called a cone if there ex¬ 
ists a point VeS such that the line VP is contained in S for all points P in S. This point V is 
called the vertex of the cone and the line VP where PeS is called generator of the cone S. 


Examples 

(1) Every line is a cone with every point on the line as (3) Two intersecting planes form a cone with every point 

vertex and the line is the only generator. on their line of intersection as vertex. 

(2) Every plane is a cone with all of its points as vertices. 


DEFINITION 4.2 Degenerate and Non-degenerate Cones The cones described in the examples of Definition 4.1 
are called degenerate cones. Generally, cones that are having more than one vertex are called 
degenerate cones. Cones which do not degenerate are called non-degenerate cones. Using the 
three-dimensional analytic geometry (Chapter 6), we can verify that the locus represented by the 
equation x 2 -y 2 +z 2 = 0 is a cone with origin as the vertex. 

DEFINITION 4.3 Base Curve or Guiding Curve If a plane is not passing through the vertex and intersects all 
the generators of a cone, then the intersection of the plane and the cone are called base curve 
or guiding curve. 


DEFINITION 4.4 Circular Cone and Right Circular Cone If the base curve is a circle, then it is called a circular 
cone (see Fig. 4.1). If the base curve is a circle and the line connecting the centre of the base 
and the vertex of the cone is perpendicular to the plane of the circle, then the cone is called 
right circular cone. 



FIGURE 4.1 
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Note: In a right circular cone, the line passing through the vertex and the centre of the base circle is called the axis of 
the cone and it makes a constant angle with each of the generators and this constant angle is called semi-vertical angle 
of the cone \0 in Fig. 4.1(b)]. In a right circular cone, a plane which is not passing through the vertex and perpendicu¬ 
lar to the axis cuts the cone in a circle. Definition 4.5 explains the geometrical concept of a parabola. 

DEFINITION 4.5 Let Vbc the vertex of a right circular cone with semi-vertical angle 0 whose axis is /. Suppose 
a plane which is not passing through the vertex makes an angle 0 with /. Then, the cone sec¬ 
tion is a plane curve called parabola (see Fig. 4.2). 



Now, let us define a general conic using two-dimensional geometry. 

DEFINITION 4.6 General Conic Let / be a fixed line, S be a fixed point which does not lie on l and e be a 
positive real number. Then, the locus of the point P, such that the distance SP is equal to 
e times the perpendicular distance of / from P, is called a conic. For this conic, the fixed 
line / is called directrix , the fixed point S is called focus and the number e is called the 
eccentricity. 

DEFINITION 4.7 Classification of Conics Conics are classified according to their eccentricity e. 

1. If e = 1, then the conic is called parabola. 

2. If 0 < e < 1, then the conic is called ellipse. 

3. If e >1, then the conic is called hyperbola. 

In this chapter, we will discuss about parabola. 


4.2 Parabola 


Theorem 4.1 
Proof 


Standard equation of a parabola is y 2 = 4ax where a > 0. 

Let the line / be the directrix and point S be the focus. From point 5, draw SZ perpendicular to 
the directrix l and let O be the midpoint of SZ. Let ZO = OS = a (see Fig. 4.3). Consider Ox as 
positive x-axis and Oy perpendicular to Ox as y-axis so that Z = (-a, 0) and S = (a, 0). 

P(x, y) is a point on the parabola 

<=> SP = PM where PM is the perpendicular distance of the directrix / (x + a = 0) from P 
<=> (x - a) 2 + y 2 =\x + a\ 2 


<=> y 2 = 4ax 
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> QUICK LOOK 1 


1. The focus and the directrix of y 2 = 4ax are (a, 0) 
and x + a = 0, respectively, and 0(0,0) is called the 
vertex of the parabola. 

2. The curve y 2 = 4ax is symmetrix about the x-axis 
(also called the axis of the parabola). 


3. Other forms of parabola: 

a. If the focus is to the left of the directrix, then its 
equation is y 2 = -4ax. 

b. If the focus is on the y-axis, then the equation of 
the parabola is x 2 = ±4ay. 


Theorem 4.2 Equation of the parabola with the vertex at (h, k), the axis parallel to the x-axis, the focus at a 
distance a to the right of the vertex and the directrix parallel to the y-axis which is at a distance of 
2 a to the left focus is (y - k) 2 = 4 a{x - h) (see Fig. 4.4). 

Proof Since the directrix equation is x = h - a and the focus is (h + a, k), we have 

SP = PM 

<=> (x - h - a) 2 + (y - k) 2 = \x - h + u|“ 

<=> (y - k) 2 = 4 a{x - h) 



o 


% QUICK LOOK 2 


Other forms of the equations of parabola are as fol¬ 
lows: 

1. (y-k) 2 = -4a(x - h) 


2. (x-h) 2 = 4a(y-k) 

3. (x - h) 2 =-4a(y - k) 
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DEFINITION 4.8 Double Ordinate and Latus Rectum Suppose a line perpendicular to the axis of parabola 
meets the curve at P and Q. Then, PQ is called double ordinate of the curve. In particular, 
double ordinate passing through the focus is called latus rectum. Usually, the ends of the latus 
rectum are denoted by L and L' (see Fig. 4.5). 


Theorem 4.3 
Proof 


The length of the latus rectum of the parabola y 2 = 4ax is 4a. 

Let L and L' be the ends of the latus rectum. Since S = ( a , 0), let L be (a, y ). 

L(a, y) lies on the curve => y 1 = 4 a(a) 

=> y = ±2a 

Therefore, L = (2a, 0) and L' = (-2a, 0) so that LL' = 4a. 



\ QUICK LOOK 3 (SOME PROPERTIES OF y 2 = 4ax) 


1. For any point (x, y) on the curve, x > 0 and 
y = ±y[4ax. That is, to each value of x > 0, there are 
two corresponding values for y. In this case we say 
that the curve is symmetric about x-axis. 

2. x —> + °° => y —» ± 


3. The point on the curve where the axis meets the 
curve is called the vertex. 

4. For y 2 = 4ax, (0, 0) is the vertex and y-axis is the 
tangent at the vertex. 


DEFINITION 4.9 Parametric Equations of y 1 = 4 ax For all real values t, the point (at 2 ,2at) lies on the parabola 
y 2 = 4 ax. Conversely, if (x v y x ) is a point on the curve y 2 = 4 ax, then take t = y x l 2a so that 
x x = at 2 . That is, if (x v y ,) is a point on the curve y 2 = 4a.r, there corresponds a real t such that 
x x = at 2 , y 1 = 2 at. Hence, the equations x = at 2 , y = 2at, t e R are called the parametric equations 
of the parabola y 1 = 4ax. 

Notation: S denotes the expression y 2 - 4ax.That is, 

S = y 2 - 4 ax 
S x = yy x -2a(x + xf) 

S 2 = yy 2 -2 a (x + x 2 ) 

S 12 = S 21 = y x y 2 - 2a (x x + x 2 ) 

Sn - y\ -4«x, 


4.2.1 Classification of Points 

Let P(x, y) be a point in the plane of the parabola. If x < 0, then P is called external point to the curve. Suppose x > 0. 
Then, draw PM perpendicular to the axis (i.e., x-axis) meeting the curve at point Q. Point P is called external or inter¬ 
nal point to the curve according as PM > QM or PM < QM (see Fig. 4.6). 
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Theorem 4.4 


Proof 


Let P (jt p yq) be a point in the plane of the parabola S = y 2 - 4ax = 0. Then 

1. P lies outside the parabola <=> S n > 0. 

2. P lies inside the parabola <=> < 0. 

Draw PM perpendicular to the axis of the parabola meeting the curve at Q (x v y 2 ) (see Fig. 4.6). 
Point P(x v y ] ) lies outside the parabola 

PM > QM 

HF1MF2I 

<=> y\ > y\ = 4ax l (•.■ Q lies on the curve) 
y\ - 4ax 1 > 0 
<=> S n > 0 

In the above argument, when the point lies inside the curve, change ‘greater than’ symbol to ‘less 
than’ symbol. ■ 


Example 


4.1 


Find the equation of the parabola whose focus is (1, - 1) 
and directive is the line x + y + 7 = 0. 

Solution: We have 

P(x, y) is a point on the curve 

<=> SP= PM 

where S = (1, - 1) and PM is the distance of P from the 
directrix. 


«=> ( SP ) 2 = (PM) 2 

^0-i) 2 +(y+i) 2 =- 


: + y+7| 2 


<=> 2x +2y -4x + 4y + 4=x +y +2xy + 14x + 14y+l + 9 
<=> x 2 -2jry + y 2 -18jc-10y-45 = 0 


Note: In general, when the focus, directrix and the eccentricity of the conic are given, its equation is a second-degree 
general equation in x and y. The converse can be proved under certain conditions. Discussion of second-degree general 
equation is out of scope of this book and generally it is not taught in Class 12 level. 

Example ^^3 _ 

Determine the coordinates of the focus, the equation of the Solution: The equation of the curve is 
directrix and the length of the latus rectum of the parabola 
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so that a = 2/3. Hence, S = (n,0) = (2/3,0) is the focus, 


is the equation of the directrix and 4a = 8/3 is the length 
of the latus rectum. 


x+— = 0 or 3x + 2 = 0 
3 


Example 


Find the equation of the parabola with its vertex at (3,2) 
and focus at (5,2). 

Solution: The points (3, 2) and (5, 2) lie on the hori¬ 
zontal line y = 2. Therefore, the axis of the parabola is 
the horizontal line y — 2 = 0. Distance between the vertex 


and the focus is 2 so that a = 2. Hence, the equation of 
the parabola is 

(y-k) 2 = 4 a(x-h) 

=>(y- 2) 2 = 4(2 )(x-3) 

=>(y-2) 2 =8(x-3) 


Example 


Show that y = ax 2 + bx + c, a * 0 represents a parabola 
and find its vertex, focus, directrix and latus rectum. 

Solution: We have 


Therefore, the vertex (X = 0, Y = 0) is given by 

—b 4ac — b 2 
2 a 4 a 


y=ax z + bx + c 

y 2 b c 
=>—=x +—x+- 


=>-= x + 


2a 


4ac-b~ 
4 a 2 


( x+ b 

I" 1 

( 

y- 

V 

4 ac-b 2 

x+ o 

V 2 a 

/ a 

4a ) 


X 2 =-Y 


, v b 4ac — b 2 

where X = x + — and Y = y - 

v 2 a "4 a j 


The focus (X = 0,Y = l/4a) is given by 


-b 
2 a’ 


4ac - b z 
4 a 


4a 


-b J_ 
2 a' 4« 


- + 


4 ac-b 
4 a 


2 > 


7 


The directrix equation is given by 


1 4ac-Zr 

Y =-or y =- 

4 a ' 4 a 


The latus rectum is given by 


4 | id=- 


1 

4 a 


Example 

Find the vertex, focus, directrix and latus rectum of the 
parabola y 2 + 4x - 2y + 3 = 0. 


Solution: The given equation is written as 


<>- i > 2 =- 4 bi) 


Let 

Then we have 


X = x + — 
2 


and Y=y - 1 


Y 2 = -4X 


Therefore, the vertex is given by 

(*=0,Y = 0) = (y,l) 
Since a = 1, the focus (X = -1, Y= 0) is 



The directrix is given by 

1 1 

X=a or x -\— =1 or x — = 0 
2 2 

The latus rectum is given by 4 a = 4. 
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Example 

Find the vertex, focus, directrix and latus rectum of the 
parabola x 2 - 4jc - 5y - 1 = 0. 

Solution: The given equation is written as 

(*-2) 2 =5(y + l) = 4^](y + l) 

Let X = x - 2 and Y = y + 1 so that 
X 2 = 4a Y 

where a = 5/4. Therefore 


1. 

2 . 


3. 


4. 


The vertex (X = 0, Y = 0) is (2, -1) 

The focus (X = 0, Y = a) is = 2, y+l=^ j= 

The directrix equation is 

Y = - a or v +1 — —— or 4v + 9 = 0 

7 4 7 


The latus rectum is 4a = 4 — =5. 

4 ' 



Theorem 4.5 
(Equation of 
the Chord) 

Proof 


The equation of the chord joining two points P(jq, ;q) and Q(x v y 2 ) on the parabola S = y 2 - 4ax = 0 
is S j + ,S’ 2 = S 12 and in particular, equation of the tangent at (q, y 1 ) is 5j = yy 1 - 2a (x + jq) = 0. 

Since P(x v y^) and Q(x 2 ,y 2 ) are the points on the curve, we have y\ = 4ax 1 and y 2 = 4 ax 2 .There¬ 
fore 


y\-y\ = M*i-* 2 ) 

4a = yi ~ y2 = Slope of the chord PQ 
Vi + y 2 *i-*2 


Flence, the equation of the chord PQ is 

y-yi = - {x-xQ 

yi + yi 

=>0 - yd Or + y 2 ) = 4a ( x - * 1 ) 

=> yyi + yy 2 -yl-y\yi = 4 «* - 4 «*i 
=> >Ti + yy 2 - 4ax = yi^2 (" y\ = 4ax i ) 

=> [yy 1 — 2a(x + x 1 )] + [yy 2 —2a(x + x 2 )] = yiy 2 - 2 ax x - 2 ax 2 
S x + S 2 = S 12 

Now, as the point Q approaches point P along the curve, in the limiting case, the position of the 
chord PQ takes the position of the tangent at P so that the equation of the tangent at point P is 

S x + S x = S n = 0 [y (x x , y x ) lies on the curve] 

Thus, Sj = yy x -2a (x + x x ) = 0 is the equation of the tangent at (jq, yq). H 


\ QUICK LOOK 4 


In the equation 5’ 1 = yy 1 - 2a (x + jq) = 0, if we replace tangent at (at 2 , 2at) is ty = x + at 2 . Also note that the 

jq with at 2 and y l with 2 at, then the equation of the slope of the tangent at (at 2 ,2a!) is lit. 


Theorem 4.6 
(Intersection 
of THE 
Tangents at 
t 1 and t 2 ) 


The point of intersection of the tangents to the parabola y 2 = 4ax at the points (at 2 , 2at ] ) and 
(at\, 2at-, ) is [at x t 2 , a(t 1 + q)]. 
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Proof 


By Quick Look 4, the tangents at and t 0 , respectively, are given by 

t 2 y = x + at 2 

and t 2 y = x + at\ 

Solving Eqs. (4.1) and (4.2), we get x = at x t 2 and y = a(t 1 + t 2 ). 


(4.1) 

(4.2) 


\ QUICK LOOK 5 


If the tangents are at right angles, the product of their 
slopes is equal to -1. This implies 


1 1 „ 

— x — = — 1 => U t 2 = —1 
h h 


so that their point of intersection lies on the directrix 
x + a = 0 


Theorem 4.7 


Proof 1 


Condition for the line y = mx + c to touch the parabola is 


and in such case, the point of contact is 


a 

c = — 
m 


a 2 a 

2 ’ 

m m 


Suppose the line y = mx + c touches the parabola S = y 2 - 4 ax = 0 at (x p y,)■ By Theorem 4.5, the 
equation of the tangent at point (x p y : ) is .S) = v>', -2 a (x + Xj) = 0. That is, the equations y = mx + c 
and S } = yy 1 -2a (x + x t ) = 0 represent the same straight line. Hence, 

-2a y 1 -2 ax 1 
-1 c 


Therefore 


m 


c , 2 a 

x 1 = — and y 1 = — 
m ' m 


Now, (x p y x ) lies on the parabola y 2 - 4 ax. So we have 

y\ = 4 ax x 

= 4«(— 
m 


This gives 


a 2 a 

xi=—,yi=— 

m m 


That is, if the line y = mx + c touches the parabola y 2 = 4ax, then 

a 


and the point of contact is 


a 2 a 
2 ’ 

m m 
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Proof 2 


Conversely, suppose 


then the point of intersection of the line 


m 


given by the equations 


y = mx H and y 2 = 4 ax 

m 


2 , \2 

mx H = 4 ax and mx -=0 


m 


m 


is a double root. Hence, the line 


y=mx-i - 

m 


intersects the parabola y 2 = 4ax at the coincident point 


a 2 a 
2 ’ 

nr m 


Thus, y = mx + — touches the parabola. 
m 


Line y - mx + c touches the parabola y 2 = 4 ax 

<=> The quadratic equation (mx + c ) 2 - 4 ax = 0 has equal roots 
<=> m 2 x 2 + 2(cm - 2a)x + c 2 = 0 has equal roots 
<=> 4(cm - 2d) 2 - 4c 2 m 2 = 0 
-4cam + 4 a 2 = 0 
a 


<=> c = 


m 


Note: Difference between Proof 1 and Proof 2: In Proof 1, we obtain both the condition and the coordinates of the 
point of contact, but in Proof 2 we obtain only the condition 


a 

c = — 
m 


a 


QUICK LOOK 6 


For all real values of m * 0, the line 


y = mx H — 
m 


touches the parabola y 2 = 4 ax at the point 


a 2 a 

2 ’ 

m m 
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Theorem 4.8 From any external point in the plane of a parabola, two tangents can be drawn to the parabola. 

Proof Let S = y 2 - 4 ax = 0 be a parabola and P(x v y 1 ) be a point located in the plane of the parabola and 
external to it. Therefore, by Theorem 4.4, we get 

Sn = y[ - 4 ax 1 > 0 

Also, by Theorem 4.7, the line 


a 

y = mx H- 

m 

touches the parabola. Now, this line passes through the point 

P{x 1 ,y 1 )<^> y t = mx 1 + — 
m 

<=> x x m 2 - y x m + a = 0 has distinct real roots 

<=> y 2 -4 ax l > 0 which is true because (x^yj is an external point. 

Flence, through (x v y j), there are two tangents whose slopes, say m ] and m 2 , are the roots of the 
quadratic equation x^m 2 - y x m + a = 0. g 


In the quadratic equation obtained in Theorem 4.8, the sum of the roots is 

Vl 

m 1 + m 2 = — 

x i 

and the product of the roots is 

a 

m l m 2 = — 

*t 

Now, the tangents through (x : , y ( ) are at right angles 


<=> —1 = = — 

Xl 

<=> x± + a = 0 

o Locus of (x ] , y,) is the directrix x + a = 0 

Theorem 4.9 provides the clear interpretation of the intersection of perpendicular tangents. 


Theorem 4.9 
(Director 
Circle) 


The locus of the point of intersection of perpendicular tangents to a parabola is the directrix of 
the parabola. This locus is called director circle even though it is a line. 


Proof 


According to Quick Look 6, the lines 


a , —x 

y = mx -i -and y =- am 

m m 


are tangents to the parabola and they intersect at right angles. Their point of intersection satisfies 
the equation 


x 




Hence, the locus of the point of intersection is the line x = -a which is the directrix. 
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Example 

Find the locus of the point of intersection of perpendicu¬ 
lar tangents to the parabola y 2 + 4.x - 2y + 3 = 0. 

Solution: The given equation is written as 

(^-i) 2 =- 4 hl) 

=>Y 2 =-4aX 


where 


a = 1, X = x + — and Y = y - 1 
2 


Directrix equation is 


1 


X = a or * + — =1 
2 

Thus, the required locus is 

2x - 1 = 0 


Example 


4.8 


Find the director circle of the parabola x 2 +2y= 4x - 3. 
Solution: The given equation is written as 
(x-2) 2 = l-2y = -2^y-^ 

Let X = x - 2 and Y = y - (1/2). Substituting in above 
equation we get 


X 2 = -4aY 

where a = 112. 

The directrix equation Y=aory-l = 0. 

Therefore, the director circle is the directrix y - 1=0. 


DEFINITION 4.10 


Normal As defined in Vol. 3, the normal to a parabola at point P is defined to be the line per¬ 
pendicular to the tangent to the parabola at point P and passing through point P (see Fig. 4.7). 



Theorem 4.10 

[N ORMAL 
Equation at 


(at 2 , 2at)] 


Equation of the normal at t is 


tx + y = 2at + at 3 


Tangent at {at 2 , 2at) is ty = x + at 2 (see Quick Look 4). Thus the slope of the tangent at t is 1 It. 
Flence, the equation of the normal at (at 2 ,2at) is 


y-2at = -t(x-at 2 ) 
tx + y = 2 at + at 3 


Proof 
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QUICK LOOK 7 


Since the slope of the normal at (at 2 ,2at) is -t, replac- slope m at the point (am 2 , - 2am) is 
ing -t by m, the equation of the normal in terms of its 

y = mx - 2 am - am 


Theorem 4.11 
(Point of 
Intersection 
of Normals 
at t 1 and t 2 ) 

The point of intersection of the normals at t l and t 2 is 

[2 a + u(q~ + qq q ), — atyt 2 (t | + 1 2 )] 

Proof 

According to Theorem 4.10, the two equations 

t A x + y = 2at] + at( (4.3) 

t 2 x + y = 2at 2 + at 2 (4.4) 

are normals at t 1 and q. Solving Eqs. (4.3) and (4.4), we get 

x = 2a + a(tf + qq +t\) and y = -at x t 2 (q + 1 2 ) a 

Theorem 4.12 

If the normal to the parabola at q meets the curve again at t 2 , then 

2 

h -~ h ~ — 

f i 

Proof 

Equation of the normal at (at 2 , 2at 2 ) is 

o 

t^x + y = 2at x + at x 

This line meets the curve again at (at 2 ,2at 2 ). So we have 

q (at\ ) + 2 at 2 = 2nq + at\ 

=> h ( f 2 - ti ) = 2(q - q ) 

=>qfe+q)=-2 (" h * h ) 

2 

h ~ _ ~ 

h ■ 

Theorem 4.13 

If the normals at P(at 2 ,2at 1 ) and Q(at\,2at 2 ) intersect at a point R on the curve again, then 

Proof 

1. qq = 2 

2. The product of the abscissa of P and Q is 4a 2 

3. The product of the ordinates of P and Q is 8 a 2 

1. Let R be (at 2 ,2at 3 ). Then, by Theorem 4.12, we have 

2 2 
^q“' 3 “'' 2 "q 

J 1 n 

=> q - q =2 - 

U h ) 

=> t 3 t 2 = 2 
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2. The product of the abscissa = (at 2 )(at\) = a 2 (qt 2 ) 2 = u 2 (2 2 ) = 4a 2 . 

3. The product of the ordinates = (2uf 1 )(2«t 2 ) = 4u 2 (f 1 t 2 ) = 8u 2 . _ 

DEFINITION 4.11 Normal Chord A chord of a parabola is called a normal chord if it is normal at one of its 
extremities. 


Theorem 4.14 
Proof 


If the line lx + my + n = 0 is a normal to the parabola y 2 = 4 ax, then aP + 2 aim 2 + m 2 n = 0. 
Suppose the line 

lx + my + n = 0 (4.5) 

is normal at (at 2 ,2at). However, at (at 2 ,2at), the equation of the normal is 

tx + y = 2 at + at 2 (4.6) 

Equations (4.5) and (4.6) represent the same straight line. Therefore 


t 1 -(2 at + at 3 ) 

I m n 


1 , —n a 

=> t = — and — = 2 at + at 
m m 

=> —m 2 n = 2 aim 2 +al 3 
=> at' + 2 aim 2 + m 2 n = 0 


f l \ 

f /3 l 

— \ + a 


\mj 

(m J 


DEFINITION 4.12 Chord of Contact Let P be an external point to a parabola and the tangents drawn from P 
to the parabola touch the curve at A and B. Then, the chord AB is called the chord of contact 
of P with respect to the given parabola. 


Th eorem 4.15 EquationofthechordofcontactofthepointP^,^)withrespecttotheparabola S = y 1 -4ax = t) 
is Sj = 0. 

Proof See Fig. 4.8. Suppose A(x 2 ,y 2 ) and B(x v y,) are the points of contact of the tangents drawn from 
P(x 1 ,y l ) to the parabola. Hence, by Theorem 4.5, the equation of the tangent at A(x 2 ,y 2 ) is 

s 2 = yy2- 2a ( x +x 2 ) = ° 

This tangent passes through the point P(x v yf). Therefore, 

yiy 2 -2a(x 1 +x 2 ) = 0 

Thus, A(x 2 ,y 2 ) satisfies the equation 

.S’, = yy 1 -2a(x + x 1 ) = Q 

Similarly, B(x 3 , y 3 ) satisfies the equation S 1 - 0. Hence, the equation of the line AB is S 1 = 0. 



FIGURE 4.8 
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Theorem 4.16 
(Pair of 
Tangents) 


The combined equation of the pair of tangents drawn from an external point P(x v y ,) to the 
parabola S = y 2 - 4ax = 0 is S\ =SS n . 


Proof 


See Fig. 4.9. Let Q(x 2 ,y 2 ) ( + P) be a point on the pair of tangents drawn through P. According to 
Theorem 4.8, two tangents can be drawn from P. Suppose point R divides the segment PQ in the 
ratio 1 :A (A* - 1). Flence, the coordinates of R are 


^ + x 2 Ay 1 + y, 

A + l ’ A + l J 


R lies on the curve. So we have 


Now 


+ y 2 V 
A + l J 


- 4 a 


Ajtj + x 2 ^ 

A + l J 


= 0 


<=> A 2 5 11 +2AS' 12 +5 22 =0 


(4.7) 


PQ touches the parabola 
Equation (4.7) has equal roots in A 

«45 1 2 2 =45 11 5 22 

<=> S12 = s u s 22 

Therefore, the locus of Q(x 2 , y 2 ) is S± = b) ] S or = 55 1X . 



QUICK LOOK 8 


Note 



s\ = ss n 

=> [yyi -2a(x + Xl )f = ( y 2 -Aax){y} -AaxQ 


Note: The equation of the pair of tangents in Quick Look 8 is generally discussed only in theory and it is not useful in 
solving problems. In most of the problems, we use that 

a 

y = mx H- 

m 


is a tangent to the parabola y 2 = Aax. 
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Theorem 4.17 
(Equation of 
the Chord 
Using its 
Midpoint) 

Proof 


The equation of the chord of S = y 2 - 4 ax = 0 whose midpoint is (x p y 3 ) is 

Si = *u 

=> yy 1 - 2a(x + x 3 ) = y 2 - 4ax 1 

Suppose A(x 2 , y 2 ) and B(x y y 3 ) are the ends of the chord whose midpoint is M(x v y,). By 
Theorem 4.5, the equation of the line AB is 

^ ^ = S 23 . 

That is, 

\yy 2 —2a(x + x 2 )] + [yy 3 -2a(x+ x 3 )\ = y 2 y 3 -2a(x 2 +x 3 ). 

y(y 2 +y 3 ) - 2a ( x i+ x 3>- 4ax =y 2 y3~ 2a ( x 2 + x 3)■ 

Since x 2 + x 3 = 2x 1 and y 9 + y 3 = 2y v we have 

2 yy 1 - 4 ax 1 - 4 ax = y 2 y 3 - 4 ax 1 

That is, 


yyt - 2ax = 2 ( 4 - 8 ^ 

Since the chord AB is passing through (x v y 3 ), from Eq. (4.8), we have 

Ml = yf-2ax 1 (4.9) 

Therefore, from Eqs. (4.8) and (4.9), the chord equation is 

yy-L — 2ax = y 2 - 2ax 3 
=> yy 3 -2 a(x + x 3 ) = y 2 — 4ax x 

Hence, ^3 = S n is the equation of the chord. — 


DEFINITION 4.14 Diameter of a Parabola A line intersecting the parabola and parallel to the axis of the 
parabola is called a diameter of the parabola. 


a 


QUICK LOOK 9 


The line y = k (i.e., a diameter) meets the parabola at the point 

fk 2 ' 


—,k 

4 a 


Theorem 4.18 
Proof 


In a parabola, the midpoints of parallel chords lie on a line which is a diameter of the parabola. 

See Fig. 4.10. Suppose M(x 1 ,y 1 ) be the midpoint of a chord which is parallel to the line lx + my + 
n = 0. By Theorem 4.17, equation of the chord whose midpoint is (x } , yf) is 


Si = S u 

=> yy 1 —2a(x + x 1 ) = y 2 - 4ax 1 
2 

=> 2 ax — y 3 y + y 3 - 2ax 1 = 0 
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This chord is parallel to the line 

lx + my + n = 0 => 2 am + ly 1 = 0 

This implies that {x v y x ) lies on the line 2 am + ly = 0, which is horizontal, and hence it is a diam¬ 
eter. 



FIGURE 4.10 ■ 

Note: If the chords are vertical, then their midpoints lie on the axis of the parabola. 

Example 

Find the coordinates of the point whose chord of contact 
with respect to the parabola y 2 = Ax is 2x - ly + 2 = 0. 

Solution: Suppose (x x , jq) is the point whose chord of 
contact with respect to y 2 = Ax is 

2x-l y + 2 = 0 (4.10) 

Flowever, the chord of contact of (x^yq) is 


S 1 =yy 1 -2(x + x 1 ) = 0 (4.11) 

Therefore, from Eqs. (4.10) and (4.11), we get 

-2 y 1 -2x 1 
-7~ 2 

Hence, x x = A and yq = 7. Thus, the required point is 
(1,7). 


Example 


4.10 


Show that the chords of contacts of points on the line 
2x-3y + 4 = 0 with respect to the parabola y 2 = Aax pass 
through a fixed point. 

Solution: Let P(x v yq) be a point on the line 2x -3y + 
4 = 0. Therefore 

2jtj - 3yq + 4 = 0 (4.12) 

Now, the chord of contact of (x v yq) with respect to 
y 2 = Aax is 


yyq -2a(x + x x ) = 0 (4-13) 

From Eqs. (4.12) and (4.13), we get 

yy x - 2ax - u(3}q — 4) = 0 

=> y 1 (y-3a)-2a(x-2) = 0 (4.14) 

By Theorem 2.20, Eq. (4.14) represents the lines passing 
through the fixed point which is the intersection of the 
lines x = 2 and y = 3a. Hence, the fixed point is (2,3a). 


Example 


4.11 


The normals at P and Q of the parabola y 2 = Aax meet at 
a point (x l ,y l ) on the curve. Show that 

( PQ ) 2 = ( x i +4a)(x 1 -8a) 


Solution: Let P = ( at 2 v 2at l ) and Q = (aff ,2at 2 ). Sup¬ 
pose (jtp yq) = (a ?3 ,2 at 3 ). Therefore, by Theorems 4.12 
and 4.13, we have 
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and f]f 2 = 2 (4-15) 

Now, 

(PQ) * 1 2 3 4 5 6 7 =a\tl-tlf + Aa\t l -t 2 f 
= a 2 (h~t 2 f [(h+t 2 ) 2 +4] 

~ a ~[ r i +t 2~ 2 * 1*2 ][<1 + f 2 + 2 * 1*2 + 4 ] 


= [a(*i + *|)-2a* 1 * 2 ][a(*i + * 2 ) + 2nf 1 * 2 + 4a] (4.16) 
Also by Theorem 4.11, we have 

X, = 2a + a(*i + *!* 2 + * 2 ) and yi = -af, f 2 (q + f 2 ) 
Therefore 

a(*^ + *2 ) = x x - 2a - aqf 2 (4-17) 

Using Eqs. (4.15) and (4.17) in Eq. (4.16), we have 

( PQ ) 2 = ( x i ~ 2a -2a -4a)(Xi - 2a - 2a + 8a) 

= {x 1 -8a)(xj +4a) 


DEFINITION 4.15 Focal Chord and Focal Radius The chord passing through the focus of a parabola is called the 
focal chord. If P is a point on a parabola with focus S, then SP is called the focal radius of P. 


Theorem 4.19 
(Properties 
of Focal 
Chords) 


Let v 2 = 4ax be a parabola with focus S(a, 0) and directrix x + a = 0. Then, the following properties 
hold good. 

1. If P{at 2 ,2at 1 ) is one end of the focal chord, then the other end is 

( T 1 

a —2a 

T’ t 
vi ? i 


That is, if t is the parameter of one end of the focal chord, then the parameter of the other end 
is -1 It. 

2. Length of the focal chord whose one end is {at 2 ,2at) is 


V t J 


3. If PSQ is a focal chord, then 

1 1 _ 1 _ 2 
~SP + ~SQ~~a~2a 

In other words, the semi-latus rectum is the harmonic mean between the focal radii of the ends 
of a focal chord. 

4. The circle described on a focal chord touches the directrix. 

5. The circle described on a focal radius of a point on the parabola touches the tangent at the 
vertex. 

6. The circle described on a focal radius of a point P(at 2 ,2at) cuts an intercept of length asjl + t 2 
on the normal at P. 

7. The tangents drawn at the extremities of a focal chord are at right angles and hence intersect 
on the directrix of the parabola. 


Proof 


See Fig. 4.11. 

1. Let Q{at\,2at 2 )be the other end of the focal chord for which P{atl,2at l ) is one end. Equa¬ 
tion of the focal chord PQ is 

2 9 

y - 2 aU — -(x — atT ) 

*l+*2 

This chord passes through S(a, 0). So we have 


2 


0 - 2 at x = 


*1 + t 2 


(a - at \) 
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2 2 

> -ati - at p 2 = a- at x 

> t x t 2 = -1 

-1 


2. Let P(at 2 ,2at) be one end of the focal chord so that by point (1), the other end is 


Therefore, 


I a -2a 
, t 2 ’ t 


(PQ) 2 = \ atl ~~t] +(2 at + ^- 


2 I 1 
= a t+- 


t— I +4 


Hence, 


z, l" 4 
= a | r+- 


PQ = a 1 1 + — 


3. Let P = (at 2 ,2at) and2 = ^-r, ——- j .Then, we know that 


SP = at 2 +a, SQ = \ + a 


Therefore, 


1 1 
- + - 


1 t 1 

- + - 


1 2 


5P 5Q a(r 2 +l) a(l+f 2 ) a 2 a 

and 2 a is the semi-latus rectum. Hence, SP, semi-latus rectum, and SQ are in HP. 

4. P(at 2 ,2at) and Q(alt 2 , - 2alt) are the ends of a focal chord. It is known that the centre of the 
circle described on PQ as diameter is 


— {at 2 +\ |,a| t-- 


and radius [by point (2)] is 


2 21 t 


Now, the distance of the centre of the circle from the directrix is 


If 2 fl i 
— I at H— 7T I + ci 
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— — a\ r H—,, + 2 


= - t + - = 


PQ 


Hence, the circle described on PQ as diameter touches the directrix. 

5. The circle with SP as diameter is (x - a)(x - at 2 ) + y(y - 2at) = 0. The centre is 


2 ^ 

a-Vat" 2 at 


and the radius is 


-| -(l + t 2 ),nt 


— SP = —J{at 2 - a) 2 + 4a 2 1 2 
2 2' y 2 

= “J(t 2 -lf+4t 2 =-(/ + !) 


Distance of the centre from the _y-axis is the radius, which is given by 

-(1 + t 2 ) 

2 


Thus, the circle described on SP as diameter touches the tangent at the vertex. 

6. Let the circle described on SP meet the normal at P in N. Draw SM perpendicular to the tan¬ 
gent at P. Since SNPM is a rectangle, we have (see Fig. 4.11) 

In —1(0) + at 2 j 

PN = SM = - -j =—- (y equation of the tangent at P is ty = x + at 2 ) 

V 1+/ 2 

= a\ll + t 2 


1. Let P(at 2 ,2at) and Q(a/t 2 , - 2alt). The tangent at P is 

ty = x + at 2 


whose slope is 1/t.The tangent at Q is 



whose slope is -t. Therefore, the tangents at P and Q intersect at right angles. 



FIGURE 4.11 
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, QUICK LOOK 10 


Extremities of focal chords are the only points where angles on the direction and conversely, 
the tangents drawn to the parabola intersect at right 


Theorem 4.20 
(Number of 
Normals from 
a Point) 


In general, three normals can be drawn through a point in the plane of a parabola to the curve. 


Proof 


Let P(h, k) be a point in the plane of y 2 = 4 ax. It is known that the normal to parabola at (at 2 ,2at) 
(see Theorem 4.10) is tx + y = 2at + at 3 . This normal passes through P(h,k) 


£=> th + k = 2 at + at 3 

<=s> at 3 + (2a -h)t- k = 0 (4-18) 

Equation (4.18) is a cubic equation in t and hence, in general, it has three roots and hence, there are 
three points on the curve at which normals drawn to the parabola are concurrent at P(h, k). H 


QUICK LOOK 11 


If t v t 2 and L are the roots of Eq. (4.18), then we have 

1. q + t 2 + t 3 = 0 

_ 2a —h 

2. qq + t 2 t 3 + qq = 


k 

3. qqq - — 

a 

Also note that all the three roots q, t 2 and q need not 
necessarily be real and distinct. 


DEFINITION 4.16 Conormal Points Points on a parabola are called conormal points if the normals drawn at 
them are concurrent. 

Section 4.2.2 provides a procedure to determine the number of normals from a given point to a parabola. Since the 
proof involves Cardon’s method of solving a cubic equation, generally, the proof is avoided. Students are advised to 
adopt only the procedure. 


4.2.2 Procedure to Determine Number of Normals 

Let P(x v >q) be a point in the plane of the parabola. From Theorem 4.20, the normal at (at 2 , 2at) passes through 
P(x 1 ,y 1 ) if and only if 

tx l +y 1 =2at + at 2 (4-19) 

so that the number of normals through is equal to the number of real roots of Eq. (4.19). Therefore, Eq. (4.19) is written as 


a a 

Let 


H = 2a Xl , G = and A = G 2 + 4H 3 
3 a a 

Then we have 

1. Only one normal if A > 0. 

2. Two normals if A = 0. 

3. Three normals if A < 0. 
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Example 


4.12 


Find the number of normals to the parabola y 2 = 4 ax from 
the point ( 6 a, 0 ) and also find the feet of the normals. 

Solution: Normal tx + y = 2at + at 3 passes through 
(6a, 0). So we have 

6at = 2 at + at 3 


Flence, there are three normals to the parabola from the 
point (6a, 0 ) and the feet of the normals are ( 0 , 0 ), (4 a, 
4a) and (4a, -4a). Also, according to the procedure given 
in Section 4.2.2, we have 


x 1 = 6a, y 1 =0, H = 


2a-x 1 
3 a 


2 a - 6a -4 
3 a 3 


=> t 3 - 4t = 0 
=>t(t 2 - 4) = 0 
=s> t = 0 , + 2 


and 


G = 


-yi 


= 0and A = G z + 4// J =0+4| — I <0 


Hence, there are three normals to the given parabola. 


Example 


4.13 


Find the number of normals to y 2 = 4ax from the point Hence, from (a, a), there is only one normal. Also it is clear 

(a, a). that the cubic equation in t is 


Solution: We have 


x 1 = a, y 1 = a, H = 


2 a — x 1 
3 a 


2a —a 1 
3 a 3 


and G - = — = -1 

a a 

Now 

A = G 2 + 4H 3 =(-l) z +4^j >0 


P(t)=t 3 +t-l = 0 

which has only one real root because if it has two real 
roots, then by Rolle’s theorem (Theorem 3.4, Vol. 3) 

F(t) = 3f 2 + 1 = 0 

has a root in between them which is absurd. Thus, the 
cubic equation 

P(t)=t 3 +t-l = 0 

has only one real root and hence it has only one normal 
through (a, a). 


Example 


4.14 


Let (at z , 2at r ) for r= 1,2 and 3 be conormal points on the 
parabola y 2 = 4ax. If the normals at those points to the 
curve meet the axis of the parabola in points whose dis¬ 
tances from the vertex are in AP, then prove that the point 
of concurrence of the three normals lies on the curve. 
21 ay 2 = 2(x-2a) 3 . 


Solution: Let P(x v y x ) be the point where the normals 
at q, t 2 and + are concurrent. Hence, by Theorem 4.20, f p 
t 2 and ? 3 are roots of the equation 

at 3 +(2a- x x )t-yi = 0 (4.20) 

Therefore, by Quick Look 11, we have 

^ 3 = 0 (4.20a) 


hh + hh + hh — 


2 a-x 1 


* 1 * 2*3 =~ (4.20c) 

a 

The normal at t v namely, t x x + y- 2at\ + at] meets the 
axis at the point (2a + at\,ti) and similarly the normals at 
t 2 and t 3 meet the axis at (2n + nf|,0) and (2a + at 2 ,0). By 
hypothesis, 

(2a + at [) + (2a + at 3 ) = 4a + 2 at) 

=> t\ + 1\ = 2 1\ (4.20d) 

Also, from Eq. (4.20a), we have 

(h + h) 2 = t\ => t\ + 2 qt 3 + 1 2 = t\ 

Therefore, from Eq. (4.20d), we get 
2q+2t^ = tl 


a 


(4.20b) 
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and from Eq. (4.20c), we get 


t 2 - -2 qf 3 - -2 


,3 _ ~2 yi 

h ~ - 


( \ 

yi 

\ a h ) 


Since t 2 is a root of Eq. (4.20), we have 


—2y 1 +(2 a — Xi) 


-2.Vi 


1/3 


-yi = o 


3 y 1 =-(2a-x 1 )\ — 


1/3 


Taking cube on both sides of Eq. (4.21), we get 


27y?=-(2a-x 1 ) 3 ^ L 

a 


21ay\ = 2(/r 1 - 2a) 3 


Hence, the point (jq, jq) lies on the curve 
21 ay 2 = 2(x — 2 a) J 


(4.21) 


Theorem 4.21 In general, a circle and parabola will intersect in four points such that the algebraic sum of the 
ordinates of the common points is zero. 

Proof Suppose S = x 2 + y 1 + 2gx+2fy + c = 0 is a circle and y 2 = 4 ax is a parabola. Every point on the 
parabola is of the form (at 2 , 2 at), t e R. Substituting x = at 2 and y = 2 at in the circle equation 
S = 0, we have 

a 2 t 4 + 2a(g + 2a)t 2 +4aft + c = 0 (4.22) 

Equation (4.22), being a fourth-degree equation in t, has four real roots, at the most. If t v t 2 , t 3 and 
f 4 are the roots of Eq. (4.22), then 

t\ +t 2 +t 3 +f 4 =0 

so that 


2af 4 + 2 at 7 + 2 at 3 + 2 at 4 = 0 
or H + y 2 + + y 4 = 0 

where y r = 2 at r (r = 1, 2, 3, 4). Thus, the algebraic sum of the ordinates of the common points is 
zero. ■ 


^ QUICK LOOK 12 


If t v t 2 , t 3 and t 4 are the parameters of the common 
points of the parabola y 2 = 4 ax and the circle 
S = x 2 + y 2 + 2gx + 2 fy + c = 0, then f., where r= 1,2,3 
and 4, are roots of the equation 

a 2 f 4 + 2 a(g + 2d) t 2 + 4 aft + c = 0 

and hence by the relation between the roots and the 
coefficients, we have 

q + 1 3 + 1 2 +1 4 = 0 (4.23a) 


X ^ 1?2 = 

^jhhh = 
hhhU = 


2(g + 2a) 
a 

-4/ 


a 

c 



(4.23b) 

(4.23c) 

(4.23d) 


Subjective Problems 

1. Prove that the foot of the perpendicular drawn from tangent at the vertex (see Fig. 4.12). 

the focus onto any tangent to a parabola falls on the 
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Solution: Let y 2 = 4 ax be a parabola and P(at 2 ,2at) be 
a point on the curve. The tangent at P(at 2 , 2at) is given 
by 


ty = x + at 2 


This meets the tangent at the vertex (i.e., y-axis) in the 
point T( 0, at). Since the focus is S(a, 0), the slope of ST is 
given by 


Now, 


Slopeof SQ x Slope of SP 


\a(t 2 -l)li\-0' 


2nf-0^ 
at 2 - a ) 


-(f 2 -l) „ 2 1 

21 t 2 -1 


= -l 


Hence, ^ PSQ = 90°. 


3. Prove that the circumcircle of a triangle formed by 
three tangents to a parabola passes through the focus 
of the parabola. 

Solution: Let the tangents be 

7 

t r y = x + at r 

where r = 1, 2 and 3. By Problem 1, the feet of the per¬ 
pendiculars drawn from the focus of the parabola onto 
the three tangents (which are the sides of a triangle) are 
collinear on the tangent at the vertex. Hence, from the 
section ‘Pedal Line (or Simson’s Line)’, Chapter 1, the 
circumcircle of the triangle passes through the focus. 


at- 0 

-= -t 

0 — a 

However, the slope of the tangent at P= lit. So 
Slope of ST x Slope of the tangent at P = -f j = — 1 

Therefore, ST is perpendicular to the tangent at P. 


4. Prove that the orthocentre of a triangle formed by 
three tangents to a parabola lies on the directrix. 

Solution: Let t r y = x + at 2 , r = 1, 2, 3 be three tangents 
to a parabola so that, from Theorem 4.6, the vertices of 
the triangle formed by the three are given by 

A\atyt 2 , a(t\ +t 2 )] 


2. Prove that the portion of the tangent to a parabola in¬ 
tercepted between the point of contact and the direc¬ 
trix subtends a right angle at the focus of the parabola 
(see Fig. 4.13). So 


B[at 2 t 3 ,a{t 2 + t 3 )] 
C[af 3 q, a(t 2 + f|)] 



FIGURE 4.13 


Slope of BC = 


*(h~h) _ 1 


a h(h h) h 


Therefore, the equation of the altitude through A of 
A ABC is 


y-a(t 1 +t 2 ) = -t 3 (x-at 1 t 2 ) (4.24) 

Similarly, the equation of the altitude through B is 

y ~ a (t 2 +h)~ -t\( x - at 2 t 3 ) (4.25) 

Subtracting Eq. (4.25) from Eq. (4.24), we get 
a(t 3 -t l ) = (t l -t 3 )x 
=> x = -a 


Solution: The tangent at P(at 2 ,2at) is ty = x + at 2 . This 
meets the directrix at the point 


That is, the abscissa of the orthocentre is -a and hence 
the orthocentre lies on the directrix. 


Q 


-a. 


a{t 2 - 1) A 


5. If P{x l ,y 1 ),Q{x 2 ,y 2 ) and R(x 3 ,y 3 ) are the three 
points on the parabola y 2 = 4 ax, then show that the 
area of the triangle PQR is the absolute value of 
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-^(yi-yiKyi-yiKyi-yi) 

8 a 


Solution: The area of A PQR is 


*1 

3b 

1 

1 

8 a 

( 

4flx 1 

3h 

l 

\ 

*2 

3b 

1 

absolute value of 

4 ax 2 

y 2 

l 


*3 

3b 

1 


V 

4ax 3 

3b 

l 

7 


= Absolute value of — 
8 a 


y\ yi 1 

y\ y 2 i 

y\ 3b i 


= 8 -\^~ y2 ^ y 2~yi>(y-i~y^\ 


QUICK LOOK 13 


If we replace y x , y 2 and y 3 , respectively, by 2at v 2at 2 
and 2at 3 , then the area of the triangle is equal to 

a ~ (b — ^ 2 )( ? 2 ~b)(b ~b)| 


6 . Prove that the area of the triangle formed by three 
tangents to a parabola is half of the area of the tri¬ 
angle whose vertices are the points of contact of the 
tangents. (IIT-JEE 1996) 


Solution: Let P{at 2 ,2at l ),Q{at\,2at 2 ) and R(at 2 ,2at 3 ) 
be the three points on y 2 = 4 ax and the three points A, 
B, and C be the points of intersection of the tangents 
drawn at points P, Q and R of the triangle. Therefore, by 
Theorem 4.6, we have 


A[at 3 t 2 , a(t 1 + f 2 )] 
B[at 2 t 3 , a(t 2 +%)] 
C[«bb , a(t 3 + b )] 


Therefore 
Area of A ABC 


= Absolute value of the determinant — 

2 


at l t 2 a(t 1 +t 2 ) 1 
at 2 t 3 a(t 2 + t 3 ) 1 
at 3 f| a(t 3 +1 1 ) 1 


= Absolute value of — (f 3 — q ) (q — 1 2 ) 


at x t 2 fl(q+t 2 ) 1 


(By R 3 - R 2 and then R., ■ 


Ri) 


- _ b)(b _ b)(b _ b)| 


= - (Area of A PQR) 


(By Quick Look 13) 


7. Prove that the area of the triangle formed by the three 
normals to the parabola _y 2 =4fl.v at the points q ,f 2 and 


f 3 1S 

\a 2 |(b - t 2 )(t 2 - f 3 )(q - q) | (b +h+ t 3 f 

Solution: By Theorem 4.11, the vertices of the triangle 
are 

[2a + a(t 2 + qt 2 + 1 2 ), - at x t 2 (b + 1 2 )] 

[2 a + a(t 2 + t 2 t 3 +1 3 ), — at 2 t 3 (f 2 +t 3 )] 

and [2 a + a(t 2 + qq + q), -af 3 q(/ 3 +b)] 

Let these points be. A, B and C, respectively. Therefore 

Area of the A ABC 
= Absolute value of 

2a + a{t{ + qq + ff) -fl bb(b + b) 1 
-2 a + a(t 2 +t 2 t 3 + t 3 ) -at 2 t 3 (t 2 +t 3 ) 1 
2 a + a(t 3 + f 3 q +q) —af 3 q(t 3 +q) 1 


= Absolute value of 


-a 


2 + q +q t 2 + 1 2 


bb(b+b) 


(b b)(b + b + b) b(b b)(b + b + b) 0 
(b _ b)(b + b + b) b(b - b)(b + b + b) 0 

(By R, - Rj and R 3 - R 3 ) 


= Absolute value of 


2 (b b)(b b)(b + b + b) 
2+fj+qq + ff bb(b + b) 1 


= y|(b ~bXb ~b)(b -b)|(b + h + b) 2 


8 . Show that the length of the side of an equilateral tri¬ 
angle inscribed in the parabola y 2 = 4 ax with one ver¬ 
tex at the vertex of the parabola is 8nV3. 


Solution: Let OPQ be the equilateral triangle in¬ 
scribed in the parabola (see Fig. 4.14), where 0(0, 0) is 
the vertex so that ZPOM = ZQOM = 30°. Let OP = 
OQ = r. Therefore 


P = (rcos30°, r sin 30°) 



\ 


7 
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Now, P lies on the parabola. So 


— = 4 a 

4 


rV3 


• = 8«V3 



Therefore, the equation of the chord PQ is 
y = mx — 4am 
=> m(x — 4a) —y = 0 

Certainly, this line passes through the fixed point (4 a, 0). 



9. Show that the locus of the midpoints of chords of a 
parabola passing through the vertex is in turn a pa¬ 
rabola whose latus rectum is half of the latus rectum 
of the original. 

Solution: By Theorem 4.17, the equation of the chord 
in terms of its midpoint M(x 1 ,y 1 ) is 

Si = Sir 

=> yy 1 - 2a(x + x 1 ) = y 2 - 4ax x 

=> yy x - 2ax — y\- 2ax x which passes through (0,0) 

=> yl - 2 ax x = 0 

Hence, the locus of M(x v y ,) is the parabola y 2 = 2ax. 


11. Show that the intersection of two perpendicular nor¬ 
mals to the parabola lies on the curve y 2 = a(x - 3a). 

Solution: The normals at P(at 2 ,2at x ) and Q{at 2 ,2at 2 ) 
are 

q x + y = 2 at x + at x 

and t 2 x + y = 2 at 2 + at 2 

respectively. Therefore, their point of intersection is 

[2a + a(t 2 + t\t 2 + t 2 ),-at l t 2 (t l +/ 2 )] 

Suppose this point of intersection is R. Since the normals 
are at right angles, we have (-q)(-t 2 ) = -1 or qq = -1. 

Let 


10. Prove that the chords of a parabola subtending right 
angle at the vertex pass through a fixed on the axis. 

(IIT-JEE 1994) 


Solution: See Fig. 4.15. Let y = mx + c be a chord (say, 
PQ) subtending a right angle at the vertex. Therefore, by 
Theorem 2.33 , the combined equation of the pair of lines 
OP and OQ is 


y 2 - 4ax 


y-mx j = Q 


Since ZPOQ = 90°, in the above equation, 

Coefficient of x 2 + Coefficient of y 2 = 0 
4 am 

=> 1 +-= 0 


■ c = -4am 


x x — 2a + «(/, + /] I 2 + 1 2 ) — 2a + a f (/] ~ t 2 ) — /j l 2 1 
and y x = -at x t 2 (q + 1 2 ) = —a(—l)(q + 1 2 ) or q + 1 2 

Therefore, from Eq. (4.26), we have 

x x = 2a + a [\q + 1 2 ) 2 — qt 2 ] 


= 2 a + a 


4+1 

a 


= 3 a+^~ 


or 


y\ — a(x 1 — 3a) 


Hence, i?(x l5 y x ) lies on y 2 = a{x - 3a). 


(4.26) 

a 


12. Let P be a point on the parabola y 2 = 4ax and N be the 
foot of the perpendicular drawn from point P onto 
the axis. If T is the intersection of the tangent at P with 
the axis of the parabola, then show that vertex is the 
midpoint of 77V and SP = ST, where S is the focus. 
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Solution: Let P be {at 2 .2at) so that the equation of the 
tangent at P is ty = x + at 2 and it meets the axis ( y = 0) at 
point T{— at 2 , 0). However ,N = {at 2 , 0). Hence, the vertex 
is the midpoint of TN Also, 

ST= SO + OT=a{ 1 + t 2 ) = SP 

13. Prove that the locus of the midpoints of chords of a 
parabola which subtend right angle at the vertex is 
another parabola whose latus rectum is half that of 
the original parabola. Further, all such chords pass 
through a fixed point on the axis of the parabola. 

Solution: See Fig. 4. 16. Let M(x v yq) be the midpoint 
of a chord of S = y 2 - 4 ax = 0 which subtends a right 
angle at the vertex. Hence, by Theorem 4. 17, equation of 
the chord is 


14. Prove that the area of the triangle formed by pair 
of tangents drawn from (vq, yq) to the parabola 
S = y 2 - 4ax = 0 and the chord of contact of (vq, yq) 
is 

^2 

2 a 

Solution: See Fig. 4.17. The equation of the chord of 
contact of point P(x 1 ,y 1 ) is 

S 1 = 0 

=> yy 1 -2a(x + x 1 ) = 0 (4.29) 

Suppose Q{h, k) and R{1 , m ) are the ends of the chord of 
contact of P Hence, k and m are the roots of the equa¬ 
tion. By Eq. (4.29), and y 2 = 4 ax, we have 


^ = Sir 


yy 1 — 2a(x + x 1 ) = y 2 - 4ax l 
yyq — 2 ax = y 1 — 2ax 1 
yy 1 - 2 ax 


y{ — 2ax 1 


= 1 


(4.27) 


Suppose the chord provided in Eq. (4.27) cuts the parab¬ 
ola at points P and Q. Therefore, by Theorem 2.33 , the 
combined equation of the pair of lines OP and OQ is 


y 2 -4a 


^ yy 1 —2ax^ 


= 0 


yq -2ax ] 

Since ZPOQ = 90°, in Eq. (4.28) 

Coefficient of x 2 + Coefficient of y 2 = 0 


(4.28) 


8 a 1 


yq - 2ax 1 


-+ 1=0 


>yl=2a{x l -4a) 


yyi = 2a 


V 

4 a 


+ X\ 


so that 

k + m = 2y 1 (4.30) 

and km = 4ax 1 (4.31) 

Also, Q and R lie on the line provided in Eq. (4.29). So 
ky 1 = 2ah + 2ax ] and my l = 2 al + 2<x\q 
=> (k - m)y ] = 2 a{h -1) 

h -1 yi 


k — m 2 a 


(4.32) 


Therefore 


RQ = yl(h-l) 2 +{k-mf = J^L {k - mf + {k- m) 


4a 


\k-m\^jy 2 +4 a 2 ■Jlk + m) 2 -4km^y 2 +4a 2 


2 a 


2 a 


Hence, the locus of {x v yP) is the parabola y 2 = 2a(x-4a). 
If we put y\ = 2 ax x -8a 2 in Eq. (4.27), we get the equa¬ 
tion of the chord as yy 1 - 2ax = -8a 2 which passes 
through (4u,0). 



Therefore, from Eqs. (4.30) and (4.31), we get 


RQ 


^4yq 2 -16ax 1 ^ 

ly 2 + 4a 2 

2 a 

1 —:- t 



^\Iyi~ 4ax i yjyi +4a 2 


(4.33) 


Now, 

PM = Perpendicular distance from P onto the chord QR 


\yl -2a{x x + x x )\ 

y\ 

Vh 2 + 4a 2 

sjy 2 + 4 a 1 


[•: (jcj , y 1 ) lies outside] (4.34) 
Hence, from Eqs. (4.33) and (4.34), the area of A PQR is 


FIGURE 4.16 
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| ft QR){PM)J (y i 4flXl) 


3/2 \ 


2/7 


r-3/2 

^11 

2/z 



15. Show that the locus of the midpoint of chords of 
a parabola which pass through a fixed point is in 
turn a parabola. 

Solution: Let M(x v y^) be the midpoint of a chord of 
S = y - 4 ax = 0 which passes through a fixed point, say, 

(/z, k). So 

yy 1 -2a(x + x 1 ) — (y 2 — 4ax 1 ) = 0 
(.S'! = .S’j : ) passes through ( h , A:).Therefore we have 
ky 1 - 2a(h+ x 1 ) — y\ + 4ax x = 0 

=> ky 1 — 2ah-yl + 2ax l = 0 

=> y\ - ky l = 2a(x 1 - h) 

k\ 2 k 2 

yi ~2) + ^ 


x , - h H- 

1 8 a 


yi~2> =2a 


Therefore, the locus of (x p y,) is the parabola 
\2 f ,2 \ 


y— 2 \ 


/ k 

x - h H- 

8 a 


16. Show that the locus of the midpoints of chords of the 
parabola y 2 = Aax which are of constant length 21 is 
(4 ax-y 2 )(y 2 +4a 2 ) = 4a 2 l 2 . 

Solution: Let P(at 2 ,2at l ) and Q(atl,2at 2 ) be the 
extremities of a chord of length 21 and M(x v y,) be the 
midpoint of PQ so that 


*t = 


a{tl+t\) 


(4.35) 


2a(t, +t 2 ) . . 

yi= \ =a(h+t 2 ) 


By hypothesis, the length of the segment PQ is 

a \h ~ h | Vfti + f 2)“ + 4 = 2/ 

Thus, 

(PQ) 2 = a 2 (f, - 1 2 f [(t, +t 2 f + 4] = 4 1 2 

=> « 2 [(fi+f 2 ) 2 -4fit 2 ][(b + f2) 2 +4] = 4/ 2 (4.37) 

Now, from Eqs. (4.35) and (4.36), we get 


and 

which imply that 

y\ 


2 2 2Xi 

b+f 2 = — 


2x, 


T _ ( f i + ) ~h +Q + 2qt 2 -12fp 2 

a a 


Thus, 


V2 ~ 


y 1 — 2ax 1 
2a 1 


(4.38) 


Substituting the value of t 1 1 2 from Eq. (4.38) and 
t\+t 2 = y x !a in Eq. (4.37), we have 


y 1 4 Qq -2flX t ) 

.2 


4+4 

a 


- 41 


a" 2a “ 

=> (4ax, -y 2 )(yi +4u z ) = 4u z / z 
Hence, the locus of (x p t : ) is 

(4u.r - y 2 )(y 2 +4u 2 ) = 4a 2 / 2 

17. Find the locus of the midpoints of focal chords of 
S = y 2 - 4ax = 0. 

Solution: Let M(x v yQ be the midpoint of a focal 
chord. Then 

yy 1 - 2a(x + xQ = y 2 - 4ax 1 
It passes through (a, 0). So 

0-2 a(a + xQ = y 2 - 4ax 1 
=> y 2 = 2ax 1 — 2/z 2 
=> y 2 = 2u(x 1 - a) 

Thus, the locus of M(x v y 1 ) is the parabola y 2 = 2 a(x - a) 
whose vertex is S (a, 0) and latus rectum is 2a. 

18. Show that the midpoints of normal chords of the pa¬ 
rabola S=y 2 -4ax = 0 lies on the curve 

y 2 4a 3 

-—l— w- = x — 2a 
2 a y 2 


and 


2 


(4.36) 
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Solution: Let M(x v y t ) be the midpoint of a normal 
chord, which is normal at the point (at 2 ,2at). Hence, the 
two equations yy x - 2ax = y\- 2 ax x and tx + y = 2at + at 3 
represent the same normal. Therefore, 


t 1 2 at+at 3 

-2a y 1 y\ - 2ax 1 

—2 a 3 

=>t= - and 2 at + at 

yi 


y 2 - 2 ax 1 

yi 


■ 2 a 


-2a 

yi) 


+ a 


-2a 

yi) 


■\ 3 2 ~ 

y-L —2ax 1 


y\ 


-4a 2 8 a 4 y 2 - 2ax x 

yi yi 


y i 


„ 2 8 a 4 2 

• —4a- — = y 1 - 2 ax 1 

y i 


2 4 a ^ 


yi 

,3 


-zL* 

2 _ n _ X 1 


2 a 


Vi 4a 
-— + —— = x, -2a 
2a y\ 


Hence, (x v y x ) lies on the curve 

-= x —2 a 


y 2 4 a 3 


2 a 


y 


19. Prove that tangent to a parabola bisects the angle 
between its focal radius and the line drawn parallel 
to the axis through the point of contact. 

Solution: See Fig. 4.18. Suppose the tangent at point P 
meets the axis at point T. Tangent at P(at 2 ,2at) is 

ty = x + at 2 

so that 

T = (—at 2 , 0) 

Hence, ST = a + at 2 = SP. Therefore, A SPT is isosceles 
and hence 

ZSPT = ZSTP = ZTPT' 


y 



20 . P(at{,2at l ) and Q(atl,2at 2 ) are two points on the 
parabola S = y 2 - 4a.v = 0 such that |f, -f 2 | = 4. Show 
that the circle described on PQ as diameter touches 
the parabola. 

Solution: The equation of the circle described as PQ 
as diameter is 

( x - atf) (x - at 2 ) + (y - 2at 1 ) (y - 2at 2 ) = 0 (4.39) 

and the equation of the parabola y 2 = 4ax in parametric 
form is 

x = at 2 and y = 2 at 

The circle provided in Eq. (4.39) touches the parabola if 
the equation obtained by substituting x = at 2 and y = 2at 
in the circle has equal roots. The common points of circle 
and the parabola are given by 

(at 2 -atj)(at 2 —at\) + (2at- 2at l )(2at- 2at 2 ) = 0 
=> (f+f 1 )(f + f 2 ) + 4 = 0 
=> r + (f, + t 2 )t ++ 4 = 0 
whose discriminant is 

(h + *1 f ~ 4( V 2 + 4) = (h -1 2 f -16 

= 4 2 -16 (by hypothesis |q - 1 2 1 = 4) 

= 0 

Hence, the circle touches the parabola. 


QUICK LOOK 14 


Problem 20 is also stated as follows: Prove that the 
circle described on a chord of a parabola as diameter, 
such that the difference of the ordinates of the ends 
of the chord is equal to twice the latus rectum, 
touches the parabola. 


21. Prove that the locus of the point, through which only 
two normals can be drawn to the parabola y 2 = 4ax, 
is the curve 21 ay 2 = 4(x - 2a) 3 . 

Solution: Let P(x v yQ be a point through which the 
two normals are drawn to the parabola. Therefore, if t v t 2 
and f 3 are the parameters of the feet of the normals, then 
by Theorem 4.20, t v t 2 and f 3 are the roots of the cubic 
equation 

at 3 + (2a -x l )t-y 1 =0 
and hence we have 

+ ?2 + t 3 = 0 (4.40) 

2a-jfi ... 

hh + hh + hh = - (4-41) 


FIGURE 4.18 


a 
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tt t -K 

hhh ~ 


(4.42) 


From point (xq, y x ), only two normals exist <=> two of the 
parameters q, t 2 and q are equal. Suppose q = q. There¬ 
fore, from Eq. (4.40), 

2h = - h (4-43) 

From Eqs. (4.42) and (4.43), we get 


-2t\ = — 


(4.44) 


Also from Eq. (4.41), 


2a-x 


n+2 hh=- 


O s-t _ y 

t\ + 2 q(- 2 q) =-1 (v 2 q=-q) 

a 


3 tf = 


x 1 - 2a 


(4.45) 


From Eqs. (4.44) and (4.45), we get 


2 a ) l 3a 


y\ _{x l -2af 


4a 2 21 a 3 

=> 21ay\ = 4(xj - 2a) 3 
Flence, the locus of the point is 

27ny 2 = 4 (x-2a) 3 

22. Show that the locus of the point through which two 
of the three normals drawn to the parabola y 2 = 4 ax 
are at right angles to the curve is y 2 = a(x - 3fl). 

Solution: Suppose qq = -1 so that 


yi 

a 


-y i 

a 


Since t 1 is a root of the cubic equation at 3 + (2 a-x 1 )t + 
y 1 = 0, we have 

a [—— ] +(2fl-x 1 )f^^-l-y 1 = 0 


—y 1 2a — Xi 


-1 = 0 


a a 

,,2 


yf +fl(3fl-x 1 ) = 0 
Flence, the locus of (x 1 ,y 1 ) is 

y 2 = a(x — 3a) 


23. There are three points A , B and C on a parabola at 
which the normals drawn are concurrent at a point 
(h, k). Show that the circumcircle of the triangle 
ABC passes through the vertex of the parabola and 
also find its equation. 

Solution: Suppose A = (fl 2 ,2flq), B = (at 2 ,2at 2 ) and 

A 


C - (at 2 ,2at 2 ). Therefore, by Theorem 4.20, q, t 2 and t 3 

(4.46) 


are the roots of the cubic equation 

at 3 + (2a -h)t-k = 0 

where 

t 3 +t 2 +t 3 = 0 (4.46a) 

2 a-h 

— (4.46b) 


hhh ~ ~ 


k 

a 


(4.46c) 


Suppose the equation of the circumcircle of A ABC is 

x 2 +y 2 +2gx + 2fy + c = 0 (4.47) 

Since A, B and C are the common points of the circle 
provided in Eq. (4.46) and the parabola, let D(flf 2 ,2fl/ 4 ) 
be the fourth point (by Theorem 4.21). Further, q, t 2 , q 
and q are roots of the equation 


a 2 / 4 + 2 fl(g + 2a)t > + 4 aft + c = 0 


So we have 


q + 1 2 + q +1 4 — 0 


S'. 


tl — 


2(g + 2fl) 

a 

4/ 

a 


hhhU ~ — 

a 

Now, q + f 2 + q + q = 0 and q + q + q = 0 [from Eq. (4.46a)] 
imply that q = 0. Flence, the fourth point D is the vertex. 
Also 

2(g + 2fl) 

-- y,hh ~ hh + hh + hh + hh + hh + hh 

a x—i 

- hh+hh + hh ('■' h = °) 

Therefore, from Eq. (4.46b), we get 

2(g+2fl) 2a —h 


a a 

2 g = —2a - h 


(4.48) 


Further, 


-4/ 


- ^ hhh - hhh ('•' h ~ 
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Therefore, from Eq. (4.46c), we have 

—4/^i k 

—=Yhhh = hhh = ~ 

a ^ a 


■ 2 / = — 

2 


Moreover, 


(4.49) 


0 = 6 hUt A = — => c = 0 
a 


(4.50) 


Substituting the values of 2g, 2/and c from Eqs. (4.48), 
(4.49) and (4.50), respectively, in Eq. (4.47), the equation 
of the circumcircle of AABC is obtained as 


x~+y -(2a + h)x-^— |y = 0 
■ 2x 2 + 2y 2 - 2(2 a + h)x — ky = 0 


24. Suppose QR is the chord of contact of a point P with 
respect to the parabola S = y 2 - 4 ax = 0. If QR is a 
normal chord, normal at Q , then show that the direc¬ 
trix bisects PQ. 

Solution: Let Q = (at 2 , 2 at 1 ) and R = (at |, 2at 2 ) so that 
P = [at 1 t 2 ,a(t 1 + t 2 )\. Since QR is normal at Q, from The¬ 
orem 4.8, we have 


The equation of the chord QR is 

2 , 

y-2at x = - (x-at() (4.55) 

h + h 

Substituting y = 2 at in Eq. (4.55), we get 
A = (att 1 + att 2 - at^Q , 2 at) 

Substituting y = 2 at in Eqs. (4.53) and (4.54), we get 
B = (2 att x -at 2 ,2at) 
and C = (2 att 2 - at \, 2 at) 

Therefore 

PB = | at 2 - 2att l +at 2 | = a(t-q) 2 (4.56) 

and PC = a(t — t 2 ) 2 (4.57) 

Also 

(PA) 2 = (att 1 + att 2 - at x t 2 - at 2 ) 2 
= a 2 [t(t l -t)-t 2 (t 1 -t)f 
= a 2 (t 1 -1) 2 (t 2 -1) 2 

Therefore, from Eqs. (4.56) and (4.57), we have 
(PA) 2 = PB- PC 



-2 

or h +t 2 = — (4-51) 

h 

Let (x, y) be the midpoint of PQ so that, from Eq. (4.51), 
we get 


x = 


atl+at l t 2 at x (ti+t 2 ) at x 


-2 


\ h 


2 2 2 
That is, x = -a and hence the directrix bisects PQ. 



FIGURE 4.19 


25. A diameter, which is through the point P on a pa¬ 
rabola, meets a chord QR of the parabola in point A. 
The tangents at Q and R meet the diameter through 
P in B and C. Show that PA is geometric mean be¬ 
tween PB and PC. 

Solution: See Fig. 4.19. Let E= (at 2 ,2at), Q=(at\,2at l ), 
R = (at 2 ,2at 2 ). The diameter through P is 

y = 2at (4.52) 

Tangents at points Q and R. respectively, are 

t x y = x + at\ (4.53) 

t 2 y = x + at 2 (4.54) 


26. The normal at point P of a parabola meets the same 
curve at Q. Show that the tangents at P and Q inter¬ 
sect on the diameter passing through the other end 
of the focal chord passing through P. 

Solution: See Fig. 4.20. PQ is a normal chord normal at 
P. Let P— (at 2 , 2 at 1 ) and Q = (at 2 , 2at 2 ) so that by Theo¬ 
rem 4.12, we get 

h=~h-T (4-58) 

h 

Let R be the point of intersection of the tangents at P 
and Q so that by Theorem 4.6, we have 


and 
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R = [(at l t 2 ,a(t 1 +t 2 )\ 
Therefore, from Eq. (4.58), we get 


R = 


at^2 j ^ 


\h J 


at ^2 •) 


-2 a 


(4.59) 


h 7 


Now, if P' is the other end of the focal chord through P, 
then by Theorem 4.19, part (1), we have 


P' = 




Therefore, from Eq. (4.59), it is clear that the point R lies 
on the diameter passing through P'. 



27. If the normals at three points P, Q and R on the pa¬ 
rabola y 2 = 4ax meet at point A, then show that 

SP ■ SQ ■ SR = a(AS) 2 

where S is the focus. 

Solution: Let A = (h, k) and P = (atf,2at 1 ), 
Q = {at 2 ,2at 2 ) and R = (at\ ,2at 3 ) so that t v t 2 and f 3 
are roots of the equation 

at 3 + (2 a -h)t-k = 0 

Since t v t 2 and f 3 are the roots, we have 

+ t 2 + ? 3 = 0 

2a —h 


k 


hhh ~ ~ 

a 


Now, 


SP ■ SQ-SR = (a + at 2 )(a + at\)(a + at 2 ) 

= n 3 (l+/f )(l + t 2 )(l + tl) 

= a 3 [l + (tl +tl+t 2 ) + (qtj + qtj + tjtl) 

+tlqtl] 

- fl3 [l + (fi +t 2 +qy - 2^t l q + (^ j t 1 t 2 y 


- 2 qt 2 t 3 (q +1 2 + q) + t 2 t 2 tj\ 


= a 


1 + 0-2 


2a-h 


2a-h 


- 0 P- 

a 


— a[a — 4a + 2 ah + 4a~ — 4 ah + h + k ] 


— a[a —2ahh + /c~] 
= a[(a-h) 2 + k 2 ] 

= a(AS) 2 


28. Show that the locus of the point from which the pair 
of tangents drawn to the parabola y 2 = 4 ax including 
constant angle a is cot 2 a(y 2 - 4 ax) = (x + a) 2 . 


Solution: Let P(x v y,) be the point of intersection of 
tangents drawn at Q{atl,2at l ) and R(at\,2at 2 ) so that 

x 3 = at^t 2 (4.60a) 

and y 1 = a{t x + t 2 ) (4.60b) 

It is known that 1/q and l/f 2 are the slopes of the tangent 
at Q and R so that by hypothesis, we have 


((Vh)-(Vt 2 )) 

2 

(h-h] 

(h + hf-4qq 

v 1 +(l/tlt 2 ) , 


V f 1 f 2 + 1 a 

(1 + ht 2 ) 


iUeretore, trom nqs. (4.6Ua) and (4.bUb), we get 


tan 2 g= fa 2; " 2 )-( 4 V°> 


1 + (x 1 /n) / 


y 2 - 4nx 1 
(x x +a) 2 


Therefore, the locus of (x^yj) is 

(x + a) 2 = cot 2 a (y 2 - 4ax) 


QUICK LOOK 15 


If a = 90°, then the tangents from (x p y 3 ) are at 
right angles so that x 1 + a = 0 and hence (x 1 ,y 1 ) lies 
on the directrix. 


and 
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29. A straight line touches both x 2 + y 2 = 2 a 2 and y 2 = 
8 ax. Show that its equation is y = ±(x + 2a). 

Solution: We have 


2 a 

y = mx H- 

m 

is a tangent to y 2 = 8 ax for all m ^ 0. This line also touches 
the circle x 2 + y 2 = 2a 2 . So 

= (y/2a) 2 (1 + m 2 ) 
m 

=> -== = 2 ( 1 + m 2 ) 
m 

=> m 4 + m 2 -2 = 0 
=> (m 1 + 2)(m 2 -1) = 0 
=> m 2 = 1 or m = +1 

Therefore, the tangent equation is y = ±(x + 2a). 

30. If two tangents to a parabola make complementary 
angles with the axis, then show that their point of in¬ 
tersection lies on the line x = a. 

Solution: Let the tangents at t l and t 2 make comple¬ 
mentary angles, say a and /?, with the axis of the pa¬ 
rabola. Therefore 


1 

tan a = — 

h 

and tan /? = — 

h 

and suppose a + ft = 90° =s> q t 2 = 1. Since the abscissa of 
the point of intersection of the tangent at q and t 2 is 
at ] t 2 = a, the point of intersection lies on the line x = a. 

31. A pair of tangents is drawn to a parabola such that 
the sum of the angles made by them with the x-axis is 
constant. Prove that the point lies on a line through 
the focus. 

Solution: Let the tangents at q and t 2 intersect at (x p 
yQ so that 

jq = at ] t 2 (4.61a) 

and y x = a(q + 1 2 ) (4.61b) 

Let tan a = — at tan = — and suppose a+ f3= #, where 

h h 

0 is constant, we have 


Therefore, from Eqs. (4.61a) and (4.61b), we get 

tan 0 = — => (xj - a) tan 0 - y 1 =0 

x 1 —a 

This implies that (jq y x ) lies on the line (x - a) tan#- y = 0 
which passes through the focus (a, 0). 

32. Show that the point from which a tangent to y 2 = 
4 a(x + a) and a tangent to y 2 = 4 b(x + a ) are at right 
angles lies on the line x + a + b = 0. 

Solution: The parabola y 2 = 4a(x + a) is written as Y 2 = 
4 aX where Y = y and X = x + a. For Y 2 = 4aX. a tangent is 
of the form 


Y=mX+— 
m 

/ x a 

=> y= m{x + a)~ I— 
m 

Therefore 


a 

y = ni] (x + a )-1- 

m 1 

is a tangent to y 2 = 4 a(x + a) and 
y = m 2 (x + b) + 

m 2 

is a tangent to y 2 = 4 b(x + b). These tangents are perpen¬ 
dicular to each other, which implies that m 1 m 2 = —1. Now, 
the abscissa of the point of intersection satisfies the 
equation 

m 1 (x + a )-1- m 2 (x + b) -= 0 

m x m 2 

=> (m l - m 2 )x + am l + —— bm 2 —— = 0 
m 1 m 2 

=> (m 1 - m 2 )x + am 1 - am 2 - bm 2 + bm 1 (v m^n-, = — 1) 

=> ( m 1 — m 2 )x + a(ni\ -m 2 )+ b(m,\ -m 2 ) = 0 

Therefore, the point of intersection of the tangent lies on 
the line x + a + b = 0. 


33. In a parabola, prove that the tangents drawn at the 
extremities of a chord intersect on the diameter bi¬ 
secting the chord. 


Solution: Let P(at 2 ,2at 1 ) and Q(at 2 ,2at 2 ) be two 
points on the parabola y 2 = 4 ax. Therefore, the point of 
the intersection of these tangents is [aqq> a (h + L)] and 
the midpoint of the chord PQ is 



2a(t\ + f 2 ) j 


2 (h + h)> a (h + h) 


tan0=tan(a + p) 


(Vh) + (Vt 2 ) 
l-[(l/q)x(l It 2 )\ 


h +t 2 


y\!a Hence, the point of intersection of the tangents at P and 
(x|/u)-l Q lies on the diameter y = a(t 1 + t 2 ) which bisects the 
chord PQ. 
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34. If r 1 and r ? are the lengths of two perpendicular 
chords passing through the vertex of the parabola 
y 2 = 4 ax, then show that 

16n 2 (r 1 2/3 + r 2 2/3 ) = (r 1 r 2 ) 4/3 


Solution: See Fig. 4.21. Let OP and OQ be perpendicu¬ 
lar chords such that OP = r x and OQ = r 7 . Suppose OP 
makes angle 0 with the axis so that OQ makes 90° - 
0 with the axis. Therefore, P = (r,cos 6. r 1 sin 6) and Q = 
(r 2 sin 6\ r,cos #). Therefore, 

r 2 sin 2 9 = 4a(r x cos 6) 


Similarly, 

4 a sin 9 
2 cos 2 9 


■ h = 


4 a cos 9 
sin 2 9 


5 + r 2/3 =(4n) 2 


cos 2/3 0 sin 2/3 0 

+ 


sin 4/3 0 


cos 4/3 0 


(4a) 


2/3 


(sin 9 cos 9) 


4/3 


=> 16a 2 (r 2/3 + r 2/3 ) 


(16a 2 )(16a 2 ) 1/3 
(sin 9 cos 0) 4/3 


(16a 2 ) 4/3 
(sin0cos0) 4/3 


Also 


(V 2 ) 413 = 


4a cos 9 4a sin 0' 
x- 


sin0 


cos 2 9 


\4/3 

16a 2 " 

j ' 

sin0cos0^ 


4/3 


16a / (r 1 2/3 +r 2 2, - , ) = (r 1 r 2 ) 


2/3', 


\4/3 



35. The tangent at a point P to the parabola y 2 - 
2y - 4x + 5 = 0 intersects the directrix at Q. Find 
the locus of the point R which divides the chord PQ 
externally in the ratio 1/2 :1. (IIT-JEE 2004) 


Solution: The given parabola equation can be written as 


(y-l) 2 =4(*-l) 


which is of the form Y 2 = 4X where X = x - 1 and Y = 
y - 1 and a = 1. Therefore, the vertex is (1,1), focus at 
(X=l, Y=0) is 

(x-l = l,y-l = 0) = (2,0) 

The directrix equation is X + 1 = 0 or x = 0. Every point 
on the given parabola is of the form 

(X = t 2 , Y=2t)=(l + t 2 ,l + 2t) 

Flence, the equation of the tangent at P(l+ f 2 ,l+ 2f) is 

t(y-l) = (x-l) + t 2 (4-62) 

Since the directrix is x = 0, by substituting x = 0 in Eq. 
(4.62), we have 


Q = 




Therefore, we have 

P = (l + f 2 ,l + 2f) and Q = 


r o,‘^ 


Let R be (x 1 ,y 1 ) and PR.RQ = 1:—2 (see Fig. 4.22.) There¬ 
fore 


Xi = ~2(1 + * ) + l(0) =2(l + t 2 ) 


and 


yi = 


-2 + 1 

—2(1+2t) + [(t“ + / — 1)// j 


- 2+1 


3 1 +1 +1 
t 

From Eq. (4.64), we have 


ty^ — 3 1 1 1 — 3(1 +1 ) +1 — 2 


From Eq. (4.63), we get 


3x, 

ty i = —- + t-2 
- 1 2 




3x 1 -4 


t = 


3x 1 -4 


(4.63) 


(4.64) 


2(yi-l) 

Substituting the value of t in Eq. (4.63), we have 

Xl =2[l + t 2 ] = 2 1 + f 3Xl ~ 4 ^ 
U(Fr-l), 

=> 4-t,^ -1) 2 = 2[4(y x -l) 2 + (3x, - 4) 2 ] 
^2x 1 (y 1 -l) 2 = 4(y 1 -l) 2 +(3x 1 -4) 2 
=> 2(xj - 2)(yj -1) 2 = (3x x - 4) 2 
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Therefore, the locus of R(x 1 ,x 1 ) is 

2(x — 2)(y — l) 2 = (3x - 4) 2 

1-2 
P Q R 




8 

H— 

9 


FIGURE 4.22 

36. Show that the locus of the point that divides a chord, 
whose slope is 2, of the parabola y 2 = 4x internally 
in the ratio 1:2 is a parabola. Find the vertex of this 
parabola. (IIT-JEE 1995) 

Solution: Let / > (f 2 ,2t 1 ) and Q(t 2 ,2t 2 ) be the ends of 
a chord whose slope is 2. Therefore 


h + t 2 



4 

9 


(+i - 2) 


Flence, the locus of (x^yj is the parabola 



= -(x-2) 
9 v ' 


whose vertex is (2,8/9). 

1 2 
PRO 


FIGURE 4.23 


=>q + f 2 =l (4.65) 

Let 7? (jtj, jv x ) divide PQ internally in the ratio 1:2 (see 
Fig. 4.23). Hence 

3x 1 = 2t{ + t 2 (4.66) 

and 3y 1 = 4q + 2f 2 = 2(f 1 +f 2 ) + 2q 

Therefore, from Eq. (4.65), we get 
3y : = 2 + 2q 

Therefore, 


3l,-2 


and 


^2 — 1 b — 1 


3yi-2 

2 


4~3y t 

2 


37. The angle between a pair of tangents drawn from 
point P to the parabola y 2 = 4ax is 45°. Show that 
the locus of point P is a hyperbola. (IIT-JEE 1998) 


Solution: From Problem 28, the locus of the point P is 
cot 2 45°(y 2 - 4 ax) = (x + a) 2 

=> (y 2 - 4 ax) = {x + a) 2 
=> x 1 + 6 ax + a 2 -y 2 = 0 


=> (x + 3a) 2 - 8 a 2 - y 2 = 0 
^ (x + 3a) 2 y 2 _ 1 

8u 2 8u 2 

which is a hyperbola, in fact, a rectangular hyperbola. 


Substituting the values of t x and £, in Eq. (4.66), we have 


3xi = 2 


3y 1 -2 


4-3 yi 


9yf-12y 1+ 4 | 16-24y 1 + 9 yi 2 


27^-48^+24 


12x, =27yi-48y, +24 
4x, = 9y 2 - 16y 2 + 8 


, 2 16 8 

4+i = 91 y x - — y 2 + - 


4x, = 9 


8 64 


yi~n + T- 


9 81 


38. Suppose the normals at three different points on the 
parabola y 2 =4x pass through the point (h, 0). Show that 

h > 2. (IIT-JEE 1984) 

Solution: Let t v t 2 and t 3 be the parameters of the feet of 
the normals drawn from (h, 0). Hence, q. t 2 and t 3 are the 
roots of the cubic equation t 3 + (2-h)t=0 (see Theorem 
4.20).That is, q, t 2 and t 3 are the roots of t(t 2 +2-/j)= 0. 
Since the equation has three roots, h must be greater 
than 2. 

39. Three normals with slopes m v m 2 and m 3 are drawn 
from point P, which is not located on the axis of the 
parabola y 2 = 4x. If m x m 2 = or results in the locus of P 
being part of the parabola, then find the value of or. 

(IIT-JEE 2003) 

Solution: Let P = (h, k),where(k?=()), and (t 2 ,2t r ), 
where r = 1, 2 and 3, be the points on the parabola at 
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which the normals pass through P(h, k). Since the equa¬ 
tion of normal at (at 2 ,2at) to the parabola y 2 = 4 ax is tx + 
y = 2 at + at 2 , the slope of the normal is -t. We have m 1 = 
-t v m 2 = -t 2 and m 3 = -L, so by hypothesis we get 


m l m 1 =a 
=>qq = a 

Since t v t 2 and t 3 are the roots of 

t 2 + (2 - h)t -k = 0 


we have 


and 


V2 


q + +> +q — 0 
+ qq + qq = 2 —h 

t 1 t 2 t 2 = k 


(4.67) 

(4.68) 


-4 , 1 4 + 2 f- 

■ t = — and -1 = 


yi x l -i 

■ ~~( x i - 1 ) = 4 + 2 


^ 16 ^ 


y\) 

~ _ 32 
=> x i 3 — 2 

h 

=> y\ (x 2 + 3) + 32 = 0 
Hence, the locus of (x^yj) is 

y 2 (x + 3) + 32 = 0 

41. Find the locus of the point of intersection of perpen¬ 
dicular normals drawn to the parabola x 2 = 8y. 


Since qq = a [from Eq. (4.67)], we have 



Since q is a root of Eq. (4.68), we have 

(-) + (2-h)--k=0 
\aj a 

=> k 2 +a 1 (2-h)-a i =0 
=> k 2 =a 2 (a-2 + h) 

Hence, the locus of ( h, k) is the curve y 2 = a 2 (x + a - 2) 
and this is identical with y 2 = 4x only when a= 2. 

40. Show that the locus of the point of intersection of tan¬ 
gents drawn attheends of normalchords to the parabola 
y 2 = 8(jc - 1) is y 2 (x + 3) + 32 = 0. 

Solution: The given parabola equation is Y 2 = 8Xwhere 
Y = y and X= x - 1. Every point on this parabola is 

(x = 21 2 , y = At) = (21 2 + 1, At) 

Normal at (2 1 2 + \,4t) is 

tX+ Y = 2(2t) + 2t 2 

=$t(x-l) + y=4t + 2t 2 (4.69) 

Suppose the tangents at the ends of normal chord inter¬ 
sect at P(x v y 3 ). Then, the normal chord is the chord of 
contact of P(x 1 ,y^) and hence its equation is 

Yy l -A(X + x l ) = Q 

=> yy x -4(.v-l+x 1 ) = 0 

=+ yy x - Ax + A - Ax 1 = 0 (4.70) 

Equations (4.69) and (4.70) represent the same straight 
line. Therefore 


t 1 At + 2t 3 
-4 y 3 4x x - A 


Solution: Let P(4t 1 ,2t 2 ) and Q(4t 2 ,2t 2 ) be the points 
on x 2 = 8y. Equation of the normals at P and Q are 


y - 2r 2 = — (x — At 2 ) 

(4.71) 

h 

y-2t 2 - —(x- At |) 
h 

(4.72) 


and 

Since the normals are at right angles, we have 

= -l 


fdl 

'-i N 

l h) 



qr 2 - 1 


(4.73) 


Solving Eqs. (4.71) and (4.72) and from Eq. (4.73), we 
have 


x = -2qf 2 (q + q) = 2(q +t 2 ) 
and y = 2(q 2 + qq+ff+ 2)=2(q 2 + ff + 1) (•■• qq =-l) 


- 2[(q + q) z -2qq + l]-2 


—+3 
4 


qq =- 1 and q + q =— 


=> 2y = x 2 +12 

which is the required locus. 


42. Two tangents of the parabola y 2 = 8x meet the tan¬ 
gent at the vertex in P and Q. If PQ = A, prove that 
the locus of the point of intersections of the tangents 
is y 2 = 8(x + 2). 


Solution: Let the two tangents be 


qy = x + 2q 2 

t z y = x + 2tl 


and 
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so that their point of intersection is [2t 1 t 1 ,2(t 1 + f 2 )]. 
Now, P = (0,2tj) and Q = (0,2t 2 ). Since PQ = 4, we have 

\h ~h\ = 2 

Suppose Xj = 2f 1 f 0 and v x = 2(r 1 + f 2 ). Therefore 

2 

y = (h + f 2 ) 2 = (h - h ) 2 + 4 V 2 = 4 + 2x x 

Thus, the locus of (x v y^) is 

y 2 = 8(x + 2) 


43. A chord of the parabola y 2 = 4 ax subtends right angle 
at the vertex. Show that the locus of the point of in¬ 
tersection of the normals drawn at the extremities of 
the chords is y 2 = 16 a(x - 6a). 


Solution: Suppose Q(at\,2at{) at R(at\,2at 2 ) are the 
extremities of a chord subtending right angle at the ver¬ 
tex. Therefore 

Slope of QO x Slope of RO = - 1 (where O is the vertex) 



2at 1 

2 at 2 


{ ati J 

l at 2 J 


=> hh = -4 (4.74) 

Suppose (x v yq) is the point of intersection of the nor¬ 
mals drawn at points Q and R so that 

xi = 2 a + u(tj" + qt 2 +1 2 ) 

and yi =-af 1 t 2 (f 1 +t 2 ) 

Therefore, from Eq. (4.74), we get 

Xi = 2a + a(tj +t\ -4) (4.75a) 

and y x = -a(-4)(q +t 2 ) (4.75b) 

which implies that 


X, + 2a 
a 


11 +1\ and — = q + 1 2 
4 a 


Therefore 


yi 

16 a" 


- (h + h ) 2 - + f 2 + ^-hh ~ 


Xi +2 a 


-8 


('•' hh ~ _ 4) 


=> y\ = 16a(x 1 - 6a) 

Hence, the locus of the point of intersection of the nor¬ 
mals drawn at the extremities of the chords subtending 
right angle at the vertex is 

y 2 = 16u(x-6u) 


44. From the vertex of a parabola if a pair of chords 
is drawn at right angles to one another and with 
these chords as adjacent sides a rectangle be 
formed, prove that the locus of the fourth vertex is 
y 2 = 4u(v-8fl). 

Solution: Let y 2 = 4ax be the parabola, P = (at 2 ,2at ] ) 
and Q = (at 2 ,2at 2 ) such that Z.POQ = 90° (see Fig. 4.24). 
Now 


2 at 2 'j 

—r =-i 

v - 1 sK a h J 

=> hh = -4 (4.76) 

Let R = (h, k) be the fourth vertex of the rectangle 
POQR. Therefore (by Worked-Out Problem 10, 
Chapter 1), we have 

h = at\ + at\ - 0 

and k = 2at x + 2at 2 - 0 

Therefore 

/ ^ \ 2 i 

hr =i.h + hf=tl + tl+2t l t 2 =— 8 ('•' hh =_ 4) 

\2a) a 

=$ k 2 = 4a(h-8a) 

Hence, the locus of ( h , k) is 

y 2 = 4a(x-8a) 



ZPOQ = 90° 


2at 1 
at r 


45. Let PSP' and QSQ' be two local chords of the parab¬ 
ola y 2 = 4ax where S is the focus. If the line PQ passes 
through a fixed point (a, fJ). then show that P'Q' also 
passes through the fixed point (a 2 la, - afila) 


Solution: Let P = (at 2 ,2atQ and Q = (at 2 ,2at 2 ) so that 
by Theorem 4.19, part (1), we have 


P' = 


( o ^ 

a —2a 

{T~l 
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and Q '= 

Equation of PQ is 


/ a —2ci^ 

7 p, ~T~ 

\h h ) 


-(x-at{) 


y — 2aU = - 

h+h 

=> y(q + 1 2 ) = 2x + 2at x t 2 
Since this chord passes through (a, /3), we have 
/3(f, + f 2 ) = 2a + 2uqr 2 
The equation of line P'S' is 


-f l' 


= 2x + 2n 


' A' 

\ hj 


- y 


^>-(ii+t 2 )y = (2fit 2 )x + 2n 
Now, P'Q' passes through {a 1 !a, -aft!a) 

»-(*!+* 2 ) 


[—)=(.2 ht 2 ) 

A 2 ' 

y a ) 



+ 2# 


(4.77) 


<=> (t 1 +t 2 )ap=2a 1 t 1 t 2 +2aa 
<=> P(t 1 + t 2 ) = 2a/ 1 f 2 + 2a 

which is true according to Eq. (4.77). Thus P'Q' passes 
through (a 2 / a, -a/3!a). 


46. Circle with centre at the focus of the parabola y 2 = 
2px touches the directrix of the parabola. Show that 
the points of intersection of the circle and the pa¬ 
rabola are (p/2, p) and (p/2, -p). (IIT-JEE 1995) 


Solution: Focus S = (pi2, 0). Let the radius be r so 
that the equation of the circle is 



This touches the directrix. So 


<=> r = p 

Hence, the equation of the circle is 

*-§) +y 2 = p 2 (4-78) 

The abscissa of the point of intersection of the circle Q 
with the parabola are the roots of 


( X_ f) +2px = pl 

=> x 2 + px —— = 0 

4 

=> 4x 2 +4px-3p 2 = 0 

=> 4.r 2 + 6px - 2p„r - 3p 2 =0 

=> 2x(2x + 3p) - p(2x + 3p) = 0 

P -3 p 
=> x = —,—— 

2 2 

Since p > 0 and (x,_y) a point on the parabola, x cannot be 
negative. Hence 

x = — and y = ± p 
2 

Thus, the points of intersection are (p/2, p) and (p/2, - p). 

47. The normals at P and Q on a parabola y 2 = 4ax inter¬ 
sect at a point R on the curve. If M is the midpoint of 
PQ and N is the midpoint of MR, then show that the 
locus of the point N is a parabola. 

Solution: Let P = (at 2 ,2at 1 ), Q=(at 2 ,2at 2 ) andR = (at 2 , 
2at 3 ). Hence, by Theorem 4.12, we have 



=>V2=2 (4.79) 

Let M(x v y 1 ) be the midpoint of PQ. Therefore 

2x x = a(t 2 +t 2 ) (4.80a) 

and y 1 = a(t x +t 2 ) (4.80b) 

By Theorem 4.11, if R = (h, k), then 

h = 2 n + u(t-j" + q/'? +) 

and k = ~ a hh (*1 + *2 ) 

Therefore, from Eq. (4.79), we get 

h = 4a + a(t 2 + 1 2 ) (4.81a) 

and k = -2a(t l +1 2 ) (4.81b) 

Let ( a , /3) be the midpoint of MR. Therefore, 

2 a = Xi + h and 2(5= y x +k 

which are written [from Eqs. (4.80a), (4.80b), (4.81a) and 
(4.81c)] as follows: 
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and 


Now 


d(tf + TV) 2 2\ 

2cr = - ———— h 4a + ( 7(1 - + t 3 ) 

3u , 2 2. „ 

=> a = — (q + f 2 ) + 2rz 

2/i = a(t 1 + t 1 )-2a{t l + t 2 ) 


P = -^h+h) 

2 9 r 

r .2 a . 2 a \(x — 8a 

B z = —(q + qf =- 

P 4 v 1 1 4 3a 


+ 4 


= - [a + a] (v! 1 ( 2 =2) 


^ / \ 

= — (x + a) 
3 V ’ 


Therefore, the locus of the midpoint (a, j3) of MR is y 2 = 

a , „ . 

— (a+ 2a). 


49. If P(x 1; y 3 ), <2(x„ y 0 ) and f?(.r 3 , y 3 ) are three points 
on y 2 = 4ax and the normals at P, Q and R meet at a 
point, then prove that 


*1~*2 , *2 ~*3 , x 3~ x l 


= 0 


y3 h yi 


Solution: Suppose x r = at 2 and y r = 2 at r , for r = 1,2 
and 3. The normals at P, Q and R meet at point A(h, k). 
Hence, by Theorem 4.20 and Quick Look 11, q, t 2 and t 3 
are the roots of the equation 

at 3 + (2a — h)t — k = 0 

Also q + 1 2 + t 3 = 0 

2a —h 

hh + hh + hh- - 

a 

_k 

hhh ~ ~ 


Now, 


48. Prove that the locus of the midpoint of the portion of 
a normal to y 2 = 4 ax intercepted between the curve 
and the axis is another parabola. 

Solution: Normal at P(at 2 ,2at) is 
tx + y = 2 at + at 3 

Substituting y = 0 in the above equation, we have 
x = 2a + at 2 

Hence, the normal meets the axis at N(2a + «/ 2 ,0). Let ( a, 
j3) be the midpoint of PN so that a= a + at 2 and fi= at. 
Therefore 

£-£ = (2 
a \a) 

=> /3 2 = a(a - a) 

Hence, the locus of the midpoint of PN is 
y 2 = a(x - a) 

which is a parabola. 


*i -* 2 ajti-tj) (h + hKh-h) 

y 3 2 at 3 2t 3 2 

('•' h +t 2 +t 3 = 0) 


Similarly, 

x 2 ~ x 3 _ ~h(h ~ t i) 

yi 2 

and x 3 ~ x i _ ~h ( ? 3 ~ h ) 

^2 2 

Hence 


X 1 ~ x 2 | x 2 x 3 | x 3_% 

iq yi yi 


-1 

~2 


Mh-t 2 )+h(t 2 


~h) 


+ t 2(h- t i)] 

y(0) = 0 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

1. L is the normal to the parabola y 2 = Ax and passes 
through the point (9, 6). If the slope of the normal is 
positive, then its equation is 

(A) y - x + 3 = 0 (B) y + 3x —33 = 0 

(C) y — 2x + 12 = 0 (D) y + x-15 = 0 

(IIT-JEE 2011) 


Solution: Observe that (9, 6) lies on the parabola 
y 2 = 4,v. Normal at (t 2 ,21) is tx + y = 2t + f 3 which passes 
through (9,6)(f = 3); therefore, we have 

3x + y = 6 + 27 
=> 3x + y - 33 = 0 
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Aliter (Using Calculus): Differentiating y 2 = Ax with 
respect to x, we get 

dy 2 
dx y 

Therefore 

dy 't 2 1 

dx )(9,6) 6 3 


(A) 1 (B) 2 (C) | (D) 4 

Solution: According to Problem 18 of the section ‘Sub¬ 
jective Problems’, the midpoints lie on a parabola whose 
latus rectum is half of the latus rectum of the original 
parabola. Here, the latus rectum of the original parabola is 
8 and hence the latus rectum of the required parabola is 4. 

Answer: (D) 


Hence, equation of the normal at (9,6) is 
y -6 = -3(>-9) 

=> y + 3x — 33 = 0 

Answer: (B) 

2. Let S be the focus of the parabola y 2 = 8x and PQ be 

y y 

the common chord of the circle x + y - 2x - 4y = 0 
and the given parabola. Then the area of A PQS is 

(A) 8 (B) 5 (C) 4 (D) 10 

(IIT-JEE 2012) 

Solution: Every point on y 2 = 8x is of the form (2f 2 , 
At). Substituting x = 21 2 and y = At in the equation of the 
circle, we have 


5. If x + y = k is a normal to the parabola y 2 = 12x, then 
the value of k is 

(A) 3 (B) (C) 9 (D) -3 

(IIT-JEE 2000) 

Solution: We have y 2 = 12x = 4(3), x = Aax where a = 

3. Every point on the parabola is of the form (3f 2 , 6 1). 
Suppose x + y = k is normal at (3f 2 , 6/). Equation of the 
normal at (3 1 2 ,6 1) is tx + y = 6t + 3t 3 . Therefore 

t 1 6 1 + 3 1 

1~1~ k 

=> t = 1 and k = 6 + 3 = 9 

Answer: (C) 


At 4 + 16t 2 - At 2 - 16f = 0 
=> t(t 3 + 3t — A) = 0 
=> f(f-l)(f 2 + t+4) = 0 

Since t z + t + A = 0 has normal roots, the values of t are 0 
and 1. Hence, the common chord end points are P( 0, 0) 
and <2(2, 4) and the focus is S( 2, 0). Hence, the area of 
A PQS is 

i|4x2-0| = 4 

Answer: (C) 

3. The orthocentre of a triangle formed by three tan¬ 
gents to a parabola y 2 = 8.r lies on 

(A) x + 1 = 0 (B) x + 2 = 0 

(C) x +4 = 0 (D) x-1 = 0 

Solution: Orthocentre of a triangle formed by three 
tangents to the parabola y 2 = Aax lies on the directrix x + 
a = 0 (see Problem 4 in the section ‘Subjective Problems’). 
Here, a = 2 gives that the orthocentre lies on the line x + 
2 = 0 . 

Answer: (B) 

4. The midpoints of the chords of the parabola y 2 = 8x 
which subtend right angle at the vertex lie on the 
curve y 2 = kx, where k is equal to 


6 . If the line x - 1 = 0 is the directrix of the parabola 
y 2 - kx+ 8 = 0, then one of the values of k is 


(A) | (B) 8 (C) 4 (D) 1 

(IIT-JEE 2000) 

Solution: The given parabola equation can be written 
as 


where 


Therefore 



A = * 


l\ Yl - km 


— and y=y 
k 


Y 2 =kX = A^jx 

so that a = klA. The equation of the directrix is 
X + a = 0=>x-(—- —] = 0 

U 4 ) 


Now x -1 = 0 is the directrix. This implies 


8 

k 





251 


Worked-Out Problems 


=$32-k 2 = 4k 
=> k 2 + Ak-32 = 0 
=>(k + 8)(k-4) = 0 
=> k = 4 or - 8 

Therefore, one of the values of k is 4. 

Answer: (C) 

7. A normal at P(at 2 , 2at l ) meets the curve again at 
Q(at 2 ,2at 2 ). If PQ subtends a right angle at the 
vertex, then 

(A) t 2 = 2 (B) t\=2 

(C) q=2 1 2 (D) t 2 = 2q 


x = 3-2^2 => y = 2- 2^2 

Let A = (3 + 2j2,2 + 2j2) and B=(3-2^2,2-2^2). By 
hypothesis, the normals at A, B and D meet at C. Hence, 
by Quick Look 11, the algebraic sum of the ordinates of 
A, B and D is zero. This implies 

2 + 2^2 + 2 — 2\l2 + y 3 = 0 

Here D = (x 3 ,y 3 ). 

Now 


4.r = 16 => jc = 4 
Hence, the required point is (4,-4). 


Answer: (B) 


Solution: From Theorem 4.12, we have 

2 

to — —U 


or 


-2 


Also ZPOQ = 90°. This implies 


2at x 

2 at 2 

2 

>. a h y 

v at 2 y 


= -l 


=> t]t 2 -4 

From Eq. (4.82), we have 


t[ + t x t 2 = -2 


9. Let 9 be the angle of intersection of the parabolas 
y 2 = 8 ax and x 2 = 21 ay at the point other than the 
origin. Then, tan 9 is equal to 

... 8 13 13 9 

(4.82) 13 8 9 13 

Solution: 

y 4 = 64n 2 x 2 = 64fl 2 (27ny) = 64x27n 3 y 
=t>y(y 3 -64x27xn 3 ) = 0 

(4 83) =>y = 0,y = 12a 

The point of intersection of the parabolas other than the 
origin is (18a, 12a). The equation of the tangent to y 2 = 
8 ax at (18a, 12a) is 


which can written as [from Eq. (4.83)] 


y(12a) - 4 a(x + 18a) = 0 


t 2 - 4 = -2 
=> t\ = 2 

Answer: (A) 

8 . The line x — y — 1 = 0 meets the parabola y 2 = Ax at 
A and B. Normals at A and B meet at C. If D is a point 
on the curve such that CD is normal at D , then the 
coordinates of D are 

(A) (4,4) (B) (4,-4) 

(C) (2,-4) (D) (2,4) 


=> 3 y — x — 18a = 0 

The slope is 1/3. The equation of the tangent to x 2 - 27 ay 
at (18a, 12a) is 


x(18a) - — a(y + 12a) = 0 

=> Ax -3 y — 12a = 0 
whose slope is 4/3. Hence 


tan0 = 


4/3-1/3 

1+4/9 


9_ 

13 


Solution: Substituting y = x - 1 in y 2 = Ax we get 
x 2 - 6x + 1 = 0 

whose roots are 

6 + V36-4 „ „ /- 

---= 3 + 2V2 

2 

Now 

x = 3 + 2V2 => y = x-l = 2+ 2^2 


Aliter (Using Calculus): Differentiating y 2 = 8c/.r on both 
sides with respect to x, we get 

dy Aa 
dx y 

so that 


dy\ 4a 1 

dxJ(i8a,i2a) 12a 3 


(say) 
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When x 2 = 27 ay, we have 

dy 
dx 

Hence 


2 x18a 4 


( 18 a, 12 a) 


21a 


- = r W2 


tan# = 


m 1 — m 2 


113-All, 

1 + 


1+4/4 


_9_ 

13 

Answer: (D) 


10. From the point (15, 12), three normals are drawn 
to the parabola y 2 = Ax. The centroid of the triangle 
formed by the feet of the normals is 


Relying upon Quick Look 11 is always useful in this 
case. 

11. The length of the normal chord of the parabola y 2 = 4x 
which makes an angle n/A with the positive direction 
of the axis is 

(A) 4V2 (B) 8V2 (C) 8 (D) 4 

Solution: Slope m of the chord is tan7r/4 = l. By 
Quick Look 7, the normal chord equation is y = x — 2 — 1. 
That is, y = x - 3. Substituting this value in y 2 = Ax we get 

(x - 3) 2 = Ax 

=> xr - lOx + 9 = 0 


(A) (y,o) (B) (4,-0) 

(C) (y,o) (D) (16,0) 

Solution: Let F , (f 2 ,2q),<2(t2,2t 2 ) and R(t 2 ,2t 3 ) be the 
feet of the normals drawn from (15,12). Hence, by Theo¬ 
rem 4.2 and Quick Look 11, t v t 2 , t 3 are the roots of 

t 3 - 13f- 12 = 0 (4.84) 


so that t 1 + t 2 + t 3 = 0, fp 2 + t 2 t 2 + t 3 q = -13, and t 1 t 1 t 3 = 

12. Let G(x v y x ) be the centroid of A PQR. Therefore 

_ t 1 2 +t 2 2 + t 3 2 
' 1 3 


and 


yi = 


2 q + 2t 2 + 2t 3 
3 


Solving this, we get x = 1 and 9 and so y = -2 and 6. That 
is, the ends of the normal chord are (1, - 2) and (9, 6). 
Hence, the length of the normal chord is 

V(9-l) 2 +(6 + 2) 2 = 8\/2 

Answer: (B) 

12. If 2x + y + k = 0 is a normal to the parabola y 2 = - 8x, 
then the value of k is 

(A) 12 (B) 24 (C) -12 (D) -24 

Solution: Suppose 2x+y + k = 0 is normal at (-2r,-4t). 
However, the normal at {-2t 2 .-At) is 

tx + y — —At — 2 1 

=s> tx + y + At + 2t 3 = 0 

Therefore 


Clearly, 

ki = 0 (’•' h +t 2 + f 3 = 0) 

Now, 

x i = ^ [(b + t 2 + h) — 

= l[0-2(-13)]=^ 

Thus G is 

(-HAi) = (y,oj 

Answer: (A) 

Note: 

1. It can be observed that t = — 1,-3 and 4 are the roots 
of Eq. (4.84) so that the feet of the normals are (1,-2), 
(9, -6), (16,8) and hence the centroid is (26/3,0). 

2. In general, the cubic equation in t similar to the 
one provided in Eq. (4.84) is not so easy to solve. 


t _ 1_ 4f + 2t 3 
2 ~ 1 ~ k 
=> t = 2 and k = 24 

Answer: (B) 

13. The centre of the circle which cuts the parabola y 2 = 
4.r orthogonally at the point (1,2) passes through the 
point 

(A) (5,3), (B) (3,4), (C) (2,4) (D) (4,3) 

Solution: Since the circle cuts the parabola y 2 = Ax or¬ 
thogonally at (1, 2), the tangent to the parabola at (1, 2) 
should pass through the centre of the circle. That is, 
y(2) - 2(x + 1) = 0 passes through the centre. That is, y = 
x + 1 passes through (3,4). 

Answer: (B) 

14. If a normal chord of y 2 = Aax subtends a right angle 
at the vertex, then its slope is 

(A) V2 (B) (C) (D) 2 
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Solution: The equation of the normal with slope m is 

y - mx = - 2am - am 3 (4.85) 

Suppose this chord meets the parabola at P and Q. There¬ 
fore, by Theorem 2.33, the combined equation of the pair 
of lines OP and OQ is 

2 , ( mx-y . 

y - 4 ax -- | = 0 


Therefore 


Now 


2 am+am 


ZPOQ = 90° 


Coefficient of x 2 + Coefficient y 2 

(in the above equation ) = 0 


1 -- 


4 ma 


2 am + am 

• m 2 + 2-4 = 0 

• m = ±V2 


= 0 


Answer: (A) 

15. If the line lx + my + n = 0 touches the parabola y 2 = 4ax, 
then 


(A) In = am 
(C) Pn = am 


(B) In 2 = am 
(D) In = am 2 


Solution: Suppose lx + my + n = 0 touches the parabola 
y 2 = 4ax at (at 2 ,2at). However, ty = x + at 2 is the equation 
of the tangent at (at 2 ,2at). Therefore 

1 m n 

1 -t at 2 

m —n 

=>- = t = - 

l ma 


am = In 


Answer: (D) 


16. If (x p yj is the point of contact of the tangent paral¬ 
lel to the line 4y - x + 3 = 0 and touching the parabola 
y 2 = lx, then x l + y 1 is equal to 

(A) 40 (B) 28 (C) 42 (D) 32 

Solution: The line 


y = mx -i — 
m 

touches the parabola y 2 = 4ax at (a/m 2 ,2alm) (see Theo¬ 
rem 4.7). Here 

1 7 

m = —,a = — 

4 4 


a 1 .,, 2a 14 , 

—- = -xl6 = 28; — = —x4 = 14 

2 4 


nr + m 4 

Hence, (x v y^) = (28,14) so that x 1 +y t — 42. 

Answer: (C) 

17. If L = x + y -1 = 0 is a line and S = y-x + x 2 = 0 is 
a parabola, then which of the following is true? 

(A) L = 0 and S = 0 do not have common points 

(B) L = 0 cuts 5 = 0 in two distinct points 

(C) L = 0 touches the parabola S = 0 

(D) L = 0 is the directrix of the parabola S = 0 

Solution: Substituting y = 1 — x in the equation of the 
parabola, we get 

1 — x-x + x 2 = 0 
=> x 2 -2x +1 = 0 
=>(* — l ) 2 =0 

Hence, L = 0 touches the parabola at (1,1). 

Answer: (C) 

18. If c > 1/2, then three normals can be drawn from the 
point (c, 0) to the parabola y 2 = x out of which one 
is the x-axis. If the other two normals are at right 
angles, then the value of c is 

(A) | (B) | (C) f (D) f 

Solution: The normal at (at 2 ,2at), where a = 1/4, which 
is drawn to y 2 = x is 

tx+ y= 2 {\) t+ -/ 

=> 4tx + 4y = 2t + t 3 
This passes through (c, 0). So we get 

4tc = 2t + t i 

.2 


■ t(t +2- 4c) = 0 


1 


=> t = 0 or t = ±\/4c - 2 c > — => 4c-2 > 0 

It is clear that t = 0 gives that x-axis is the normal at (0,0). 
The other two normals are at right angles o product of 
their slopes = -1. 

That is 

-j4c-2(-yj4c — 2) = -1 

=> 4c - 2 = -1 

3 

=> c = — 

4 


Answer: (B) 
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19. If P is a variable point on the parabola y 2 = 4ax whose Solution: Let P = (at 2 , 2at), where a = 4, be a point on 

focus is S, then the locus of the midpoint of the seg- the parabola y 2 = 16x so that S = (a, 0) = (4,0) is the focus, 

ment SP is in turn a parabola whose directrix is Equation of SP is 


( A ) x = ~\ (B ) x = -a 

(C) x = 0 (D ) x = a 

Solution: P = (at 2 ,2a t), teR and S = (a, 0). Let M(x v 
y 1 ) be the midpoint of SP. Then and 

u(l+r) 

x, =- 

2 

, 2 at 

and y, =-= at 

1 2 

Therefore 




2 


a 



=> yi = 2ax 1 - a 2 
=> y 2 = 2a^x 1 -|j 


=> 2tx — (t 2 — l)y - 8r = 0 (4.86) 

It touches the circle (x - 6) 2 + y 2 = 2 which implies that 
|2f(6)-(8Q| _ ^ 

^4r + (t 2 -l) 2 
=» \4t\ = f2(t 2 + 1) 

=> P — 2 V2 ~t + 1 = 0 
=> r 2 + 2\[2t + 1 = 0 
^ = 272178^4 
2 

Hence the slope of SP is 

2 1 _ 2(V2±1) _ 2(72±1) _ +1 
t 2 -1 (3±2>/2)-l 2 + 2 V 2 


Hence, the locus of (x v yf is the parabola 

Substituting Y = y and X = x - (a 12) so that 


is given by 




That is, the chord y = + (.r - 4) touches the circle (x - 6) 2 
+ y 2 = 2. 

Aliter: Let y = m(x- 4) be a focal chord of y 2 = 16x. This 
chord touches the circle (x - 6) 2 + y 2 = 2. This implies 

\6m—4m\ r- 

V n?C +1 

=> 4/u 2 = 2 (m 2 +1) 

=> in 2 = 1 
=> m = ±l 

Answer: (A) 


whose directrix is 



a 

=> x - 


2 

=> x = 0 


—a 
~2 


21 . The equation of the common tangent touching the 
circle (x - 3) 2 + y 2 =9 and the parabola y 2 = 4x 
above the x-axis is 

(A) V3y = 3x + 1 (B) V3y = -(x + 3) 

(C) V3y = x + 3 (D) V3y = -(3x + l) 

Solution: The line 


Answer: (C) \ 

y = mx H- 

m 

20. A focal chord of the parabola y 2 = 16x touches the 

circle (x - 6) 2 + y 2 = 2. Then the possible values of touches y 2 = 4x for all values of m + 0. This line also 
the slope of this chord are touches the circle (x - 3) 2 + y 2 = 9. So we have 


(A) {-1,1} 



m( 3) + — 



(C) 


(B) {-2,2} 

<D) H 
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3 m H-= 9 (in +1) 

m, 


■ 9m 2 + 6 -i —y = 9 m 2 + 9 


2 ^ 
m 


• m = ± 


1 

73 


Since the tangent is above x-axis, we have 

1 

m = —= 

73 

Therefore, the tangent equation is given by 

=> 73 y = x + 3 

Answer: (C) 

22. The equation of a line inclined at an angle of 45° to 
the line y = 3x + 5 and touching the parabola y 2 = 8.x 
is 


(B) 2x + y + l = 0 
(D) x — 2y + 1 = 0 


(A) y = 2x + 1 
(C) x + 2y + 1 = 0 
Solution: Given 

y 2 = 8x = 4(2)x 

so that a = 2. Therefore, the line 

2 2 

y = mx H- 

m 

touches the parabola for all values of m ^ 0. The angle 
between this tangent and the line y = 3x + 5 is 45°. So 


m — 3 


= tan 45° = 1 


1 + 3 m 
=> m — 3 = +(1+3 m) 
„ 1 

=> m = —2,— 

2 

Therefore, m = -2. So the tangent is 

y = — 2x - 1 
=>2x + y + l = 0 


Answer: (B) 


23. Two equal parabolas have the same focus and their 
axes are at right angles. A normal to one parabola 
is perpendicular to a normal to the other parabola. 


Then the locus of the point of intersection of those 
normals is 

(A) (x-y) 2 = 2a(x + y) (B) (x + y) 2 = 2a(x + y) 

(C) (x + y) 2 = 4n(x-y) (D) (x-y) 2 = 4n(x + y) 

Solution: Consider the common focus as the origin and 
their axes as coordinate axes. We can suppose that the 
parabolas are y 2 = 4 a(x + a) and x 2 = 4a(y + a). Therefore, 
by Quick Look 7, their normals in terms of the slopes 
are 


y = m(x + a) - 2am - am 3 
and x = m'(y + a) — 2am' - am' 3 

Since the normals are at right angles, we have 


m 



= -1 => m' = —m 


(4.87) 

(4.88) 


Substituting the value of m' in Eq. (4.88), we have 

x = —m(y + a) + 2am + am 3 (4.89) 

Therefore, from Eqs. (4.87) and (4.89), we get 

x + y 
m = -— 

x-y 

Substituting the value of m in Eq. (4.87), we obtain the 
locus as 


y= 


'"x + y ' 1 


(x + a)-2a 


^ x + y ^ 


x+y 


yx-y) 


yx-yj 


.x-y_ 


=> y(x-y) 3 = (x + y)[(x + u)(x-y) 2 -2n(x-y) 2 
-u(x + y) 2 ] 

= (x + y)[(x-y) 2 (x-fl)-n(x + y) 2 ] 

= (x + y)[x(x - y) 2 - a[(x - y) 2 + (x + y) 2 ]] 
= (x + y) [x(x - y) 2 - 2u(x 2 + y 2 )] 

=> 2n(x + y)(x 2 +y 2 ) = x(x + y)(x-y) 2 -y(x-y) 3 


= (x-y) 2 [x 2 +xy-xy + y 2 ] 
= (x-y) 2 (x 2 +y 2 ) 


=> (x - y) = 2a(x + y) 


Answer: (A) 


24. If P is a point on the line x + 4a = 0 and QR is the 
chord of contact of P with respect to y 2 = 4«x. then 
ZQOR (where O is the vertex) is equal to 

(A) 45° (B) 60° (C) 30° (D) 90° 

Solution: Let P be (x 1; y x ) so that 

X|+ 4u = 0 (4.90) 
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Chord of contact of P{x l ,y 1 ) is 
yy 1 — 2 a(x + x 1 ) = 0 

=> yy x - 2ax + 8 a 2 = 0 [■/ x x = -4a from Eq. (4.90)] 


(A) a pair of straight lines (B) an ellipse 

(C) a parabola (D) a hyperbola 

Solution: By the two parametric equations we have 


2 ax-y x y _ 
8a 2 


Hence, the combined equation of the pair of lines OQ 
and OR is 


y - 4 ax 


2 ax — y x y 
8 a 2 


In this equation, the coefficient of x 2 + the coefficient of 
y 2 = _i + i = o. Hence, ZQOR = 90°. 

Answer: (D) 


25. Locus of the point of intersection of the tangents to 
the parabola y 2 = 4ax which include 60°angle is 

(A) y 2 = 4ux + 3(x + tf) 2 (B) y 2 - 4ax = 2(x+ a) 2 

(C) y 2 - 4ax = (x + a) 2 (D) y 2 - 4ax = 3(x + a) 3 


x - y = 2t 


=> t = 


x-y 

2 


Substituting the value of t in x = t 2 +1 + 1, we have 


x = 


x-y ) + ( x-y 


+ 1 


=> 4x = (x- y) 2 + 2{x-y) + 4 
=> (x - y) 2 = 2(x + y- 2) 


which is a parabola. 


Answer: (C) 


28. Consider the following statements: 

I: A parabola is symmetric about its axis. 


Solution: According to Problem 28 of the section ‘Subjec¬ 
tive Problems’, the locus of the point of intersection of the 
tangents to the parabola y 2 = 4ax which include angle a is 

cot 2 a(y 2 - 4ax) = (x + a) 2 

Now, substituting a= 60° the required locus is 


II: The curve 


y= —+ jr + l 
2 

is symmetric with respect to the line x = 1. 
Then which one of the following is true? 


1 , 

—(y — 4ax) = (x + a) 

=> y 2 - 4ax = 3(x + a) 2 

Answer: (A) 

26. The equation of the circle with centre at the focus of 
the parabola 8_y = (x - 1) 2 and touching the parabola 
at the vertex is 

(A) x 2 + y 2 -4y = 0 

(B) x 2 + y 2 -4y + l = 0 

(C ) x 2 + y 2 -2x-4y = 0 

(D) x 2 + y 2 -2*- 4y +1 = 0 

Solution: The parabola is X 2 = 4(2)T where 
X — x — 1, Y = y, and a = 2. Therefore, the vertex = (1, 
0) and the focus = (1,2). Also the radius of the circle is 
equal to 2. Hence, the circle equation is 


(A) Both I and II are true 

(B) Both I and II are false 

(C) I is true and II is false 

(D) I is false and II is true 

Solution: y 2 = 4 ax is symmetric about the .r-axis which 
is its axis. Therefore, I is true. Now, 

-* 2 

y =- + x + l 

2 

=> 2y = —x 2 + 2x +1 

=>2y = -(x - 1) 2 + 2(x - 1) 2 = —2(y -1) 

=> A 2 = -2Y 

where X = x - 1 and Y = y- 1. This implies that the curve 
is symmetric about X = 0 or x = 1. Therefore, II is also 
true. 

Answer: (A) 


(x -1) 2 + (y — 2) 2 = 2 2 
=> x 2 +y 2 -2x-4v+l = 0 


Answer: (D) 


27. The curve described parametrically by x = f 2 + t + 1 
and y = t 2 — t + 1 represents 


29. The point of intersection of the tangents drawn at 
the ends of the latus rectum of the parabola y 2 = 4x 
is 


(A) (-1,0) (B) (-1,1) 

(C) (-1,2) (D) (-1,-2) 
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Solution: The ends of the latus rectum are (1, 2) and 
(1, — 2). Therefore, the tangents at these points are 

2 y — 2(x + l) = 0=i>y=je+l 
—2 y - 2(x + l) = 0=>y = — x — 1 

Hence, the point of intersection is ( —1,0). 

Answer: (A) 

30. If P, Q and R are three points on the parabola y 2 = 
4 ax at which the normals intersect at the point (h. k), 
then the centroid of ZPQR is 

^(h-2a,0) 

2a — h 


(A) 

-^(/j-2a,0) 

(B) 

(C) 

^(/z-2a,0) 

(D) 


Solution: Let P=(at 2 , 2at]), Q = (at 2 , 2at 2 ) and R = 
(at 3 ,2 at 3 ). Therefore, from Theorem 4.20, q, t 2 and q are 
the roots of the equation 


at 3 + (2a-h)t-k = 0 


so that 


t \ (3 — ^ 


2a-h 


hhh ~ ' 


(4.90a) 

(4.90b) 

(4.90c) 


Let G = (x v y^) be the centroid of ZPQR .Therefore 

2 2 2 

at i + city + at* a r , i 

*i = — - f -- = 3 Wi+ti+h) -2£qq] 

Therefore, from Eqs. (4.90a) and (4.90b), we get 


0- 


2(2 a-h) 


= -(h-2a) 


and 

Hence 


2 a , 


H = y0i + * 2 + h) = ® 


G = 


— (h-2a),0 


Answer: (C) 


Solution: Let Q = (at 2 ,2at 2 ) and R = (at 2 ,2at 2 ). Since 
the normals at Q and R meet the curve again at P, we have 


Now, 


2 2 

—q-= t - —t 2 -and qf 2 = 2 (4.91) 


(PQ) 2 =a 2 (t 2 -t 2 ) 2 +Aa 2 (t-t l f 
= a 2 (t-t l ) 2 [(t+t 1 ) 2 +4] 

= a 2 [(t + t l ) 2 -4« 1 ][(f+q) 2 +4] 

2 


= a 


4 , 

—-4rq 


t 2 

L f i 


= 1 6a z 


v'l 


4+ 4 

h 


V 1 ' 

;T +1 


y 


vn y 


Therefore, 

(P0 2 =16a 2 


^ 4 ,*2,9 
0 


v i 7 

y0 y 


v-q -= ffrom Eq.(4.91) 


Similarly, 


16a 2 (1+q 2 ) 3 




Therefore, 
(PQ) 2 (PR) 2 = 


2 ,^ 16a 2 (l + q 2 ) 3 (l + q 2 ) 3 


(b f 2 ) 4 

16a 2 (1+r 2 +t 2 + q ^2 ) 3 

(V 2) 4 


2 , 2 n 3 


_ 16"n [l+(q+ t 2 )" ~2qt 2 +fj~q] 

(0) 4 

_ 16 2 a 4 [l+t 2 -4 + 4] 3 
2 4 

[from Eq. (4.91) and f+q +t 2 =0] 
= 16a 4 (1+t 2 ) 3 

Answer: (D) 


31. Let P(at 2 , 2at) be a point on the parabola y 2 = Aax 
and Q and R be the feet of the normals drawn from 
P. Then (PQ) 2 (PR) 2 is equal to 

(A) 16a 4 (1 + t 2 ) 2 (B) 16a 2 (1 + f 2 ) 3 

(C) 64a 4 (1 + f 2 ) 3 (D) 16a 4 (1 + t 2 ) 3 


32. The chords of a parabola y 2 = 6x are passing through 
the point (9, 5). Then the middle points of these 
chords lie on the curve represented by the equation 

(A) y 2 - 5y - 3 a: + 27 = 0 

(B) y 2 +5y-3x-27 = 0 
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(C) y-5y-3x-27 = 0 

(D) y 2 +5y-3x + 27 = 0 

Solution: 

/=6, = 4 (|), 

so that a = 3/2. The equation of the chord with midpoint 
(TnJh) is 

Si = S n 

=> yy\ _ 2 (f)(- r+x i) = _6xi 

=* FFi -3(x + Xi) = y\ -6x 1 
This chord passes through the point (9,5). So 
^>5y 1 -3(9 + x 1 ) = y 1 2 -6x 1 
=> y 2 - 5jq - 3xj + 27 = 0 

Therefore, (x p y p ) lies on the curve y 2 - 5y - 3x + 27 = 0. 

Answer: (A) 

33. PQ is a chord of the parabola y 2 = 4ax such that the 
normals at P and Q intersect on the parabola. Then 
the midpoint of the chord PQ lies on the curve 

(A) y 2 =2a(x-2a) (B) y 2 =2a(x + a) 

(C) y 2 =2a(x+2a) (D) y 2 =a(x + 2a) 

Solution: Let P = (atl^a^) and Q = {at\,2at 2 ) and 
let M(xj, }q) be the midpoint of PQ so that 


2x 1 = a(t 2 + t 2 ) and y, = a(q + 1 2 ) 


(4.92) 


Since the normals at P and Q meet on the parabola, by 
Theorem 4.13, we have 


t l t 1 -2 


From Eq. (4.92), 

2x-| =n[(q +t 2 ) 2 -2 t 1 t 2 ] = a 


4-4 

a 


(4.93) 

y\ -4« 2 


=> y\ - 4a 2 = 2ax 1 
=> y 1 = 2n(x 1 + 2a) 

Therefore, (x p yj lies on the curve y 2 = 2a{x + 2a). 

Answer: (C) 

34. Tangent to the parabola y 2 = - 4«x meets the parabo¬ 
la y 2 = 4nx in P and Q. Then the midpoint of PQ lies 
on the curve 


, „ 2 4 ax 

(A) y=-- 

a + b 


(B) y 2 = 


4a 2 x 
2 a + b 


9 4ux 

(C) /=- 7 

a + b 


(D) y 2 = 


4ux 
2 a + b 


Solution: Equation of the chord of y 2 = 4ux, whose 
midpoint is (x p y : ), is 


S 1 = S 


li 


=> yy 1 - 2a(x + x 1 ) = y 2 - 4ax 1 
2 

2ax y, - 2ux, 

=> y =- + — - L 

yi y i 

This chord touches the parabola y 2 = -4 ax. Therefore 


y{ - 2ax 1 


-b 


c = - — is the condition 
m 


yi 2fl/yi 
For the line y = mx +c to touch y 2 = -4/ix we have 
2u(y 2 -2ax l ) = -by 2 
=$ y\ (2 a + b) = 4a 2 x l 

Therefore, the point (x p yj) lies on the curve 




4u 2 x 
2 a + b 


Answer: (B) 

35. P is a point on the directrix of the parabola y 2 = 4c/x 
and Q is the point of contact of a tangent drawn from 
P to the parabola. Then the midpoint of PQ lies on 
the curve 

(A) y 2 (2x + u) = fl(3x + fl) 

(B) y 2 (3x + fl) = fl(2x + n) 2 

(C) y z (2x + a) = n(3x +2n) 2 

(D) y 2 (2x + u) = n(3x + fl) 2 

Solution: Let P = (-a,y) be a point on the directrix and 
Q = (at 2 ,2at) be the point of contact of the tangent from 
P. The tangent at Q is ty = x + at 2 . This cuts the directrix 
at P. So 


y= 


a(t 2 - 1) 


Therefore 


P = 


-a. 


a{t 2 - 1) 


(5.94a) 


Suppose M(x 1 ,y 1 ) is the midpoint of PQ. Therefore 
2xj = a{t 2 — 1) => 2x 1 +a = at 2 

and 

n(/ 2 -l) 

2y 1 = 2 at +- 
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_ 3at 2 -a 

a2w= -r 

2 

=> 2y x t = 3 at — a 
Now from Eq. (5.94a) 

/ 2 jci +a 

t = \ - 

V a 

Substituting this is Eq. (5.94b) we get 


Therefore, 
y 2 (2x + a) 


2yi 


2x 1 + a 


4 v 2 (2x 1 + a) 


=> y 2 (2x 1 + a) = 

( x v h) 

= a(3x + ay. 


= 6x^ +3 a-a 

= 4(3x 1 + a) 2 

- a(3x 1 + a) 2 
lies on 


(5.94b) 


the curve 

Answer: (D) 


36. If PNF is a double ordinate of the parabola y 2 = Ax, 
then the locus of intersection of the normal at P and 
a line parallel to the axis through F is 

(A) y 2 = 4{x - 2) (B) y 2 =4(*-3) 

(C) y 2 = 4(.r-4) (D) y 2 =4{x-l) 

Solution: Let P = (t 2 ,2t) and P' = (t 2 ,-2t). The nor¬ 
mal at P is 

tx + y = 2t+t i (4.95a) 

The line passing through F and parallel to the axis is 

y = -2t (4.95b) 

Intersection of the line in Eq. (4.95a) and the line in 
(4.95b) is 



=> x — 2 = +2 + —— 
4 

=>4jc-16 = y 2 
=>4(x-4 ) = y 2 


Answer: (C) 


37. From point A, common tangents are drawn to the 
circle 


x + y" = — 
2 


of point A with respect to the circle and the parabola 
is 

(A) (B) (c) 4a 2 (D) 5a 2 

Solution: See Fig. 4.25. The line 

a 

y=mx -\— 
m 

is always a tangent to y 2 = 4a.v. which is also the tangent 
to the circle 


This implies 

a 

n 

=> 2 = m 2 (l + m 2 ) 

=> m 4 + m 2 - 2 = 0 
=> ( m 2 + 2)(m 2 - 1 ) = 0 
=> m = +1 

Therefore, the tangents are y = x + a and y = -x- a which 
intersect at A( -a, 0) which lies on the directrix. The 
chord of contact of A( -a, 0) with respect to the circle 
x 2 + y 2 = a 2 12 is 

-a 
x = — 

2 

and with respect to the y 2 = 4ax is x = a. Let PQ be 
x = -a!2 and RS be x = a so that PQRS is a trapezium 
whose area is 


0-0 + 


m 


Vi 


+ m 


1 

2 

1 

2 


(PQ + RS) x (Distance betweenP<2 and RS) 


{a + 4a)(a + —) 


15 a 2 

~T~ 



and parabola y 2 = 4ax. The area of the quadrilateral 
formed by the common tangent, the chords of contact 


FIGURE 4.25 


Answer: (B) 
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38. PSQ is a focal chord of a parabola where S is the fo¬ 
cus. If SP = 3 and SQ = 2, then the length of the latus 
rectum is 

(A, f (B) | (C) | (D, f 

So I ution: By Theorem 4.19, part (3), we know that semi- 
latus rectum is the harmonic mean (HM) between SP and 
SQ. If l is the length of the semi-latus rectum, then 


/ = 


2 {SP)(SQ) _ 2(3)(2) _ 12 
(, SP) + (SQ ) 3+2 5 


Hence, 


24 

21 = — 
5 


Answer: (D) 


39. The ordinates of the points P and Q of a parabola 
y 2 = 4.r are in the ratio 1:2. Then the locus of the 
point of intersection of the normals at P and Q is 

y 2 =-(x- 2) 3 
343 V ' 

where the value of k is 

(A) 18 (B) 36 (C) 54 (D) 12 

Solution: Let P - (f(,2f,) and Q = (t 2 ,2t 2 ) so that, by 


hypothesis, we have 


(2^): (2/a) = 1:2 


t 2 — 2 tj 


(4.96) 

Let (jc 1 ,y 1 ) be the intersection of the normals at P and Q 
so that, by Theorem 4.11 and Eq. (4.96), we have 


x 1 -2 + t 2 +/ 1 / 2 +/f -2 + 7/f 


(4.97) 

and y x = -t 1 t 2 (t 1 +t 2 ) = -2t{ (3q) = -6 1\ (4.98) 

From Eqs. (4.97) and (4.98), we have 


Xj -2 


7 ) 1 l 6 

Hence, the locus of (x v y l ) is 


36 . 2 

-(x-2) 3 = y 2 

343 


\ 2 2 
Ti| _h_ 

" 36 


Answer: (B) 


40. PQ is a chord of the parabola y 2 = 4x whose perpen¬ 
dicular bisector meets the axis at M and the ordinate 
of the midpoint PQ meets the axis at N. Then the 
length MN is equal to 


(A) 2 


(B) 2.5 (C) 3 


(D) 4 


Solution: See Fig. 4.26. Let P = (t 2 ,2q) and Q = (t 2 ,2t 2 ). 
Let L be the midpoint of 

l.,2 , . 2 n 


PQ- 1 +h\h +t 2 


Slope of the chord PQ is 


h +t 2 


Hence, the equation of the perpendicular bisector of the 
chord PQ is 


y-(t 1 + t 2 ) = 


~(h + h) 


L Ai) 

- I 2 J 

Substituting y = 0 in this equation, we have 


M = 


( 2 2 \ 

2 + ^-^_,0 


Also 


N = 


6.2 2 ^ 
0 


(4.99) 


(4.100) 


V 7 

From Eqs. (4.99) and (4.100), we get 


q+t 2 


and 


OM = 2 + 


t 2 +r 

ON = t i±h_ 


so that MN = OM - ON = 2 which is also the semi-latus 
rectum. 



41. If the tangent at two points of the parabola y 2 = 4 ax 
intersect at ( h , k), then the normals at these two 
points intersect in 
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(A) 

(C) 


„ , k 2 -hk'' 

2 a — h-\ -,- 

a a 


k 2 hk ^ 

2a- h-i -,— 

a a j 


(B) 

(D) 


( , „ k 2 hk' 

h - 2a H-, — 

a a 

\ / 

( „ k 2 -hk 
h-2a-\ -,- 


an angle at the focus of the parabola which equals 

(A) 60° (B) 45° (C) 30° (D) 90° 

Solution: Let P be (at 2 ,2at) so that t = 2 because it lies 
on the line y = x. Suppose normal at P meets the curve at 
Q = (at' 2 , 2at'). So 


Solution: Let P—(at 2 ,2at 1 ) and Q = (atl,2at 2 ). 
Therefore the point of intersection of the tangent is 

T = (at x t 2 , a(q + 1 2 )) = (h, k) 

so that 

h = at ]f 2 

and k = a(t 1 + t 2 ) (4.101) 

Let N be the intersection of the normals at P and Q so 
that, say, 

N = (2 a + a(t{ +t 1 t 2 + t 2 ),-at l t 2 (t l +1 2 )) = (x,y) 
Then 


x — 2a + u(q + qt 2 + 1 2 ) — 2a + a |^(q + 1 2 ) — / ] qj 
= 2 a + a 


fc__h 

,2 


a 


a 


= 2a-h-\ - 

a 


and 


y = — «qf 2 (q + 1 2 ) = —h 



-hk 

a 


Answer: (A) 


42. The point of intersection of the normals at A and B 
of a parabola y 2 = 4 ax meet on the line y = — a. Then 
the point of intersection of the tangents at A and B 
lies on the curve 

(A) xy = a (B) x 2 = Aay 

(C) xy = a 2 (D) x 2 = 2ay 

Solution: Let A = (at 2 ,2at 1 ) and B = (at\,2at 2 ) so 
that the point of intersection N of normals drawn at A 
and B is 


N — [2 a + u(q +1 j /? + 1 2 ),—afif 2 (q + ) j 
and lies on y = -a. This implies 

—at 1 t 2 (q + 1 2 ) = —a 

=>qq(q+f 2 ) = l (4.102) 

Let T (x, y) be the intersection of the tangents at A and 
B. Hence, x = at 1 q and y = a(q + t 2 ). Therefore, from Eq. 
(4.102), we get 

xy = ( at 1 t 2 ) x (a) x (q + 1 2 ) = a 2 

Answer: (C) 

43. A point P of the parabola y 2 = 4 ax lies on the line 
y = x. The normal chord PQ, normal at P, subtends 


t' 2 =-t — = - 2-1 


(v t—2) 


Therefore, Q = (9a, - 6a) and P = (4a, 4a). Now 

Slope of SP x Slope of SQ = [ |[ 

F F \4a-a )\a-9a 




Hence, ZPSQ = 90°. 


Answer: (D) 


44. The angle between the tangents drawn from the 
point (1,4) to the parabola y 2 = 4x is 


(A) f 
6 

(B) 

- (C) - 

4 3 

(D) - 
2 




(IIT-JEE 2004) 

Solution: 

The line 

1 




y = mx H- 

m 



touches y 2 = 4,v for all m ^ 0. This passes through (1, 4). 
So 


4 = m-\ - 

m 

=>m 2 -4m + l = 0 (4.103) 

Let m, and m 2 be the roots of Eq. (4.103) so that m 1 + 
= 4 and rn^m^ = 1. If 9 is the acute angle between 
those tangents, then 


tan0 = 


m 1 — m 2 
1 + m l m 2 


yj(m 2 +m 2 ) 2 -4m l m 2 


1 + m^rth 


V16-4 

2 


s 


Hence, 0=n! 3. 


Answer: (C) 


45. If P is a point on the parabola y 2 = 8x above the axis 
and S is the focus with SP = 4, then the ordinate of P is 

(A) 4 (B) 2 (C) 8 (D) 2V2 
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Solution: Let P= (x,y) so that 

4 = SP = 2 + x (v SP = a + x) 

=> x = 2 and y 2 = 16 
=> x = 2 and y = ± 4 

Since P lies on the curve above the axis, we have y = 4. 

Answer: (A) 

46. A circle is drawn with centre at the focus S of the 
parabola y 2 = 4x so that a common chord of the pa¬ 
rabola and the circle is equidistant from the focus 
and the vertex. Then the equation of the circle is 

(A) (x-1 ) 2 +y 2 = j (B) (x-l) 2 =^-y 2 
4 16 

(C) (y-l) 2 +x 2 =j (D) (y-l) 2 + x 2 =£ 

4 16 

Solution: Since S = (a, 0) = (1, 0), the circle is of the 
form 

(x -1) 2 + y 2 = r 2 (4.104) 

Suppose AB is a common chord. Since this is equidistant 
from the focus and the vertex M(1I2, 0) lies on AB and 
AB is double ordinate of the parabola, let A =(1/2, y) so 
that 



=»y=±V2 


=> a/ 2 jand B=^,-j2 j 

Since A AMS is right-angled triangle, we have 

SA 2 = SM 2 + MA 2 = — + 2 

4 

= ^ = (Radius) 2 

Hence, the equation of the circle is 

(*-d 2 +/=j 

Answer: (A) 

47. A circle touches the parabola y 2 = 4x at the point (1,2) 
and also the directrix. The y-coordinate of the point of 
contact of the circle and the directrix is 

(A) V2 (B) 2 (C) 2V2 (D) 4 

Solution: See Fig. 4.27. Clearly, the point (1, 2) is the 
upper end of the latus rectum of the parabola 

y 2 = 4x 


The tangent at the point (1,2) to the parabola is 
y(2) - 2(x + 1) = 0 

=> y = x + 1 (4.105) 

Let ( h , k) be the centre of the circle that lies on the normal 
to the parabola at (1, 2) whose equation is x + y = 3. 
Hence 

h + k = 3 (4.106) 

Also, since the circle touches the directrix x + 1 = 0, we 
have 

{h + 1) 2 = (h -1) 2 + (k - 2) 2 = (Radius) 2 
Therefore, from Eq. (4.106), we get 

4h =(k — 2) 2 —(3 — h — 2) 1 
=$h 2 -6h +1 = 0 
=> h = 3 + 2^2 

Therefore 

A; = 3 - (3 + 2\/2) = + 2 V2 

Since the circle is above the axis, we have k = 2^2 which 
is the y-coordinate of the point of contact of the circle 
with the directrix. 



Answer: (A) 

48. The directrix of the parabola traced out by the centre 
of a moving circle which touches both the line y = - x 
and the circle (x - 3) 2 + (y - 4) 2 =9 is 

(A) x + y —3 = 0 (B) x + y + 3 = 0 

(C) x + y — 3V2 = 0 (D) x-y-V2=0 

Solution: See Fig. 4.28. The directrix is the line parallel 
tox + y = 0ata distance of 3 units from x + y = 0 to the left 
of x + y = 0. Therefore, the required line is x + y + 3 = 0. 
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Solution: The given equation is 
x 2 = — (y — 4) 

Now 

t) =~ 2 *> 


Hence, the equation of the tangent at P (x^y^ is 
y-yi =-2x 1 (x-x 1 ) 


■ 2x,x + y = y\ + 2xf 


Hence 


A = 


y l + 2-Xq 

2x , 


2 q 
,0 


49. Let L be the point (t, 2) and M be a point on the y-axis 
such that the slope of LM is -t. Then, the locus of the 
midpoint of LM is a parabola whose latus rectum is 

(A) 2 (B) | (C) 4 (D) A - 

Solution: Let M = (0, k) so that the slope of LM is 
2-k 

- = -t 

t- 0 

=>2 -k = -t 2 (4.107) 

Let (x, y) be the midpoint of LM. Therefore 

t 2 + k 

x = — and y =- 

2 2 

Hence, from Eq. (4.107), we have 

2y=2 + k = 2 + (2 + t 2 ) 

= 4 + t 2 
= 4 + 4x 2 
=>y=2 + 2x 2 

^>x z =\(y-2) 

Hence, the latus rectum is 1/2. 

Answer: (B) 


and 5 = (0,y 1 +2x 2 ) 

Thus, the area of AOAB is given by 


So 


2 ^ 

AOAB = —(OA)(OB) = ( ' Vl+2Xl) 

2 4x 1 

_ (4-x 2 + 2x 2 ) 2 _ (x^ + 4f 


4x, 


4x 1 


dA 

dx 1 

Therefore 


4x\ (x 2 +4)-(x 2 +4) 2 

4 


^-=0 

dx\ 

o 2 A 2 

?>x 1 =4 or x 1 =—= 
V3 


X \ +4 / o ..2 


4 xf 


(3xf-4) 


We can see easily that dAldx 1 changes sign from - to + 
when x 1 = 2/V3. Hence A is minimum at x 1 = 2/^3 and 
the minimum value of A is given by 

A [(2/3) + 4] 2 256 ;; V3 32 

4(2/V3) 9 8 3^3 

Answer: (B) 


50. Let P be a point on the parabola y = 4-x 2 lying in 
the first quadrant (i.e., x > 0, y > 0). Tangent to the 
parabola at P meets the x- and y-axis at A and B , 
respectively. The minimum possible area of AOAB 
(where O is the origin) is 


64 


(A) 3V3 

(C) 96^3 


32 


(B) 3V3 

(D) 192V3 




Try it out Solve Worked-Out Problem 50 
using parametric equation of the tangent. 


51. Let P be the point (-3,0) and Q be a moving point 
(0, 3 1). Suppose PQ is trisected at R so that R is 
nearer to Q. The line RN which is drawn perpen¬ 
dicular to PQ meets the x-axis at N. The locus of the 
midpoint of PN is a parabola whose directrix is 
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(A) x = 2 (B) y = 2 

(C) x = -2 (D) y = -2 

Solution: Point R is nearer to Q implies that PR.RQ = 
2:1 so that R = (-1, 2f). Equation of the line through R 
and perpendicular to PQ is 

1 , 
y-2t = —(v + l) or x + ty = 2t -1 

and hence N = (21 2 - 1,0). Let M (x, y) be the midpoint 
of RN so that 

2f 2 -1-1 2t 

x = -, y=— = t 

2 2 

Therefore, 

2x = 2t 2 -2 = 2y 2 -2 
=> y 2 = x + 1 

Hence, the directrix is x + 2 = 0. 

Answer: (C) 

52. A circle of radius r touches the parabola y 2 = 4 ax ( a > 
0) at the vertex and the centre lies on the axis of the 
parabola. Further, the circle completely lies within 
the parabola. Then the largest possible value of r is 

(A) 2 a (B) 3 a (C) 4 a (D) a 

Solution: Equation of the circle is (x-y) 2 + y 2 = r 2 . 
See Fig. 4.29. If P(at 2 , 2at) is any point on the parabola, 
then 

(r-at 2 ) 2 +4a 2 t 2 > r 2 
(equality holds when t = 0).This implies 
a 2 t 4 - 2art 2 +4 a 2 t 2 > 0 
=> at 2 - 2r + 4a > 0 

=>r<^(f 2 +4)<2u 

where the equality holds when t = 0. Hence the maxi¬ 
mum value of r is 2a. 



Answer: (A) 


53. If the line y = x touches the parabola y = x 2 + bx + c 
at the point (1,1), then 

(A) b = 0,c = -l (B) b = -1, cel 

(C) b = —1, c = —1 (D) b = -1, c = 1 

Solution: The point (1,1) lies on the parabola, which 
implies that 

b + c = 0 (4.108) 

Also, y = x touches the parabola <=> the quadratic 
x 2 +(b-l)x + c = 0 has equal roots <=>(h-l) 2 -4c=0. 
Therefore, from Eq. (4.108), we get 

(b-1) 2 +4b = 0 
=>(b + l) 2 =0 
=> b = —l and c = l 

Answer: (D) 

54. If P(x v y : ) and Q(x 2 , y 2 ) are two points on the pa¬ 
rabola y 2 = 8ax, at which the normal meets in (18,12), 
then the length of the chord PQ is 

(A) 2Vl5 (B) 4VI5 

(C) 2Vl3 (D) 4Vl3 

Solution: Observe that (18,12) lies on the parabola. 
Let 

P = (at 2 ,2at 2 ) = (2r,4t) (" a = 2 ) 

If the normal at P meets the circle at (18,12) = (2 1\, 4 
where t x = 3, by Theorem 4.12, we have 



f 2 + 3f + 2 = 0 

Hence, t=- 1,-2.Therefore ,P = (2,-4) and Q = (8,-8). 
Thus 

PQ = 7(8-2) 2 +(-8 + 4) 2 = V52 = 2Vl3 

Answer: (C) 

55. P is one end of the latus rectum of the parabola 
y 2 = 4 ax. If the normal at P to the parabola meets the 
circle again in Q then the length of the chord PQ is 

(A) 8uV2 (B) 4uV2 

(C) 2uV2 (D) 8a 

Solution: Let P= (a, 2a) so that the value of the param¬ 
eter t is 1. Suppose normal at P to the parabola meets the 
curve again at (at 2 ,2at 1 ). Therefore, 
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Hence, Q = (9 a - 6a)and 

( PQ ) 2 - (9a - a) 2 + (- 6a - 2a) 2 = 2 x 64a 2 
=> PQ = 8a 72 

Answer: (A) 

56. In the parabola y 2 = Ax, the tangent at the point P 
whose abscissa is equal to the latus rectum, meets 
the axis at T and the normal at P cuts the curve 
again at Q. Then the ratio PT.PQ is 

(A) 5:4 (B) 4:5 (C) 2:3 (D) 3:2 

Solution: We have 

y 2 = Aax{a = 1) 

By hypothesis, at P = (4,4) so that the tangent equation 
at P (4,4) is 2y = x + 4 which implies that 

T=(-4,0) (4.109) 

Also the normal at P( 4,4) meets the curve again at Q (f 2 , 
It). So 

t = -2- — = -3 
2 

so that Q = (9,-6). Now 

PT = \I 8 2 + 4 2 = 4^5 
and PQ=A 9-4) 2 +(-6-4) 2 

= Vl25 = 5V5 

Hence 

PT : PQ = AS : 5^5 = 4 : 5 


Now 


Answer: (B) 


57. For the parabola y 2 = 4 ax, let T = (-a, 0). If PP' is a 
double ordinate of the parabola at PT and meets the 
curve again at Q, then P'Q passes through the point 

(A) (4a, 0) (B) (3a, 0) (C) (2a, 0) (D) (a,0) 

Solution: Let P = {at 2 ,2at), so that P' = (at 2 , -2at). Let 
Q = {atl, 2ct 1 ) so that the equation of the line PQ is 

2 

y —2 at = - (x — at") 

t+q 

The line PQ passes through T {-a, 0). So 

1 


t = ^—(l + P) 


t + t 


■tu =1 


(4.110) 


Now, the equation of P'Q is 


2 9 \ 

y + 2 at = -(x - at ") 


P'Q passes through S{a, 0) 

<=> t = —(l-r) 
q -1 

<=> tt 1 = 1 

which is true according to Eq. (4.110). Hence, P'Q passes 
through S(a, 0). 

Answer: (D) 

58. P is a point on the parabola y 2 = 4x and M is the foot 
of the perpendicular drawn from P onto the direc¬ 
trix. S is the focus. If A PSM is an equilateral triangle, 
then the area of the triangle is 

(A) 3^3 (B) 4V3 

(C) 2V3 (D) 8V3 

Solution: It is clear that the focus S is (1,0) and M= (-1, 
2 1) where p = (t 2 , 21). Since A PSM is equilateral, we have 

SM = SP 

=> 4 + 4r = (f 2 +1) 2 
=>f 2 +l = 4orf = +V3 

Now P = (3,2^3) implies 

R 

Area of A PSM = (16) = 473 


Answer: (B) 


59. The tangents at P and Q on a parabola y 2 = 4ax meet 
at point T. If the chord PQ passes through the fixed 
point (-a, b) then the point T lies on the curve 

(A) bx = 2a{y — a) (B) ay = 2b{x-b) 

(C) ax = 2b(y—b) (D) by = 2a{x — a) 

Solution: Let P = {at\,2at x ) and Q = {at\,2at 2 ) so 
that 

T = (at 1 t 2 ,a(t 1 +t 2 )) 

The equation of the chord PQ is 

2 . 2 

y — 2at-, = -( x-aU ) 

h+h 

The chord PQ passes through the point (-a, b). So 

2 


b - 2aq = - 


- (—a - afj") 


q -t 


=> b(q + q)-2aqq +2a = 0 (4.111) 

Suppose (x, y)=T= [aqq,a(q + q)]. Then 
x = aqq and y = a(q + 1 2 ) 

Substituting the values of x and y in Eq. (4.111), we 
have 
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6^-J-2* + 2a = 0 

by = 2a(x - a) 


Answer: (D) 


60. The distance between a tangent to the parabola 
y 2 = 8x and a parallel normal which is inclined at 
an angle of 30° with the axis is 

(A) (B) - (C) — (D) 

S 3 V 3 V 1 3V3 

Solution: The slope of the normal is 

tan 30° = —1= 

V3 

The line with slope 1A/3 is 


y = — i=x + c 

S 


This line touches the parabola. So 

2 


c = 


= 2^3 


(1A/3) 

Therefore, the tangent equation is 

V3y = x+ 2 

=> x-j3y +6 = 0 

Equation of the normal with slope iq/3 (see Quick 
Look 7) is 

2 

V3 r 


(4.112) 


1 4 

y = -x- 


%/3 3V3 


, X ^^AA = o 


(4.113) 


Hence, the distance between the lines provided in Eq. 
(4.112) and (4.113) is 


6 + 14/3 


v/l 2 +3 


32 _ 16 
3(2) “T 


Answer: (C) 


Multiple Correct Choice Type Questions 

1. If C is a circle described on the focal chord of the pa¬ 
rabola y 2 = 4x as diameter which is inclined at an angle 
of 45° with the axis, then the 

(A) radius of the circle is 2. 

(B) the centre of the circle is (3,2). 

(C) the line x + 1 = 0 touches the circle. 

(D) the circle x 2 +y 2 + 2x-6y + 3 = 0 is orthogonal 
to C. 

Solution: Let 


P = (q,2q) and Q = 


1 -2 
yh f t 


be the extremities of the focal chord. By Theorem 4.19, 
part (4), the circle touches the directrix x + 1 = 0. The 
equation of the circle is 


( 


(x-t 2 ) 
( 


1 


V hj 


■x 2 - 


2 1 
r 


i 7 


+ (y-2h)| y + — =0 

h) 

x + l + y" -2| q - — 

hj 


y-4 = 0 (4.114) 


The slope of the focal chord PQ is equal to 1. So we have 
2(q + l/q) 


ff - lit 2 


= 1 


q - 1/q 

1 „ 
q — = 2 

h 

=> t 2 — 2q + 1 = 0 
q = 1 

Therefore, P = (1,2) and g = (1, - 2). From Eq. (4.114), 
the equation of the circle is x 2 + y 2 - 2x - 3 = 0. Hence, 
the radius is 2 and the centre is (1,0). 

Answer: (A), (C) 

2. For the parabola y 2 - 2x - 6y + 5 = 0, which of the fol¬ 
lowing are true? 

(A) Vertex is ( - 2,3) 

(B) Focus is 3 j 

(C) Directrix is 2x + 5 = 0 

(D) Latus rectum is 2 

Solution: Given equation is (y-3) 2 = 2(x + 2) which 
represents parabola whose 
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Vertex = (-2,3) 

Focu S =(. l + 2 = i, y -3 = 0] = (|,3] 

Directrix = x + 2 +— = 0 or 2x + 5 = 0 
2 

Latus rectum = 4 

Answer: (A), (B), (C) 


3. If (x v y |) and (x 2 , y 2 ) are two points on the parabola 
y 2 = 8x, at which the normals to the curve intersect on 
the curve, then 

(A) x 1 x 2 = 8 (B) y ! y 2 = 16 

(C) y 1 y 2 = 32 (D) x 1 x 2 = 16 

Answer: (C), (D) 

Solution: If the normals at (atf ,2at{) and (at 2 ,2at 2 ) 
meet again on the curve, then by Theorem 4.13, 
x x x 2 = 4a 2 and y 1 y 2 = 8 a 2 . Here, a = 2. 


4. PQ is a double ordinate of the parabola y 2 = 
4 ax. If the normal at P intersects the line passing 
through Q and is parallel to the axis at G, then the 
locus of G is a parabola with 

(A) vertex at (4 a, 0) 

(B) directrix x = 3a 

(C) focus (5a, 0) 

(D) latus rectum 4a 

Solution: Let P = (at 2 ,2at) and Q = (at 2 ,-2at). The 
normal at P is 

tx + y- 2at+at' (4.115) 

The line passing through Q and parallel to the axis (i.e., 
.r-axis) is 

y=-2at (4.116) 

From Eqs. (4.115) and (4.116), we have 

G = (Aa + at 2 , -2at) = (h, k) (say) 
Therefore 


h = 4a + at~ and k = -2at 


h-4a = i 




v 4 a j 


4 a 


=> k 2 = 4a(h-4a ) 

=> y 2 = 4a(x - 4a) 

Hence, the vertex is (4a, 0), latus rectum is 4a, the 
directrix is x - 4a = -a or x - 3a = 0 and the focus = 
(x-4 a = a, 0) = (5u,0). 



Answer: (A), (B), (C), (D) 


5. Let A and B be two distinct points on the parabola 
y 2 = 4x. If the axis of the parabola touches a circle of 
radius r and AB is its diameter, then the slope of the 
line AB is 

(A) - (B) 1 (C) - (D) - 

r r r r 


(IIT-JEE 2010) 

Solution: LetA = (t 2 ,2t 1 )and5 = (t|,2t 2 ) (b,^t 2 ).There¬ 
fore, the slope of AB is 


(4.117) 


Now, C is the centre of the circle described on AB as 
diameter (see Fig. 4.30), which is given by 


/ 2 2 
t 2 +1 2 


,h + t 2 


Therefore, the radius is 

q +t 2 \-r (v the circle touches the axis) 

So, the slope of AB = ±2/r. 

Answer: (C), (D) 



6. The tangent PT and the normal PN to the parabola 
y 2 - 4fl.v at a point P on it meet its axis at points T 
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and N, respectively. The locus of the centroid of the 
APTNis a parabola whose 


(A) vertex is | — ,0 


(C) latus rectum is ^ 


(B) direction is x = 0 


(D) focus is (a, 0) 

(IIT-JEE 2009) 


Solution: See Fig. 4.32. P = (at 2 ,2at). Tangent at P is 
ty = x + at 2 

so that T = (-at 2 , 0). Normal at P is 

tx + y = 2at + at 3 

and hence N = (2a + at 2 , 0). 

Now P = (at 2 , 2at), T = (-at 2 , 0) and N = (2a + at 2 , 0). 
Let G(x,y ) be the centroid of APTN. Therefore 

*2 


2 a + at 


x = 


, 2 at 

and y =- 

3 


Flence 


2>x-2 a = {2 f 3y 
a \2a 

■3x-2a = —y^ 

4 a 

• / =y( 3 ^-2«) 


2 4 at 2 a 

y = T U- 


Therefore, 

Vertex = (2a/3, 0) 

Focus= ^x-^ = ^,y = oj = (a,0) 

. 2a -a a 

Directrix = x -= — => x = — 

3 3 3 


Latus rectum = 4a!3 



7. The equation of the common tangents to the parabo¬ 
las x 2 = y and (x - 2) 2 = - y are 

(A) y = 4(x - 1) (B) y = 0 

(C) y = —4(x — 1) (D) y = - 30 x - 50 

(IIT-JEE 2006) 

Solution: We have 



Hence, any tangents to x 2 = y are of the form 


x = my -\ -Vm ^ 0 

4m 


This line meets the parabola y = - (x - 2) 2 at the point 
whose ordinates are the roots of the equation 


y = - 


-i2 


my-I-2 

4m 


=>m 2 y 2 +( — 4m]y-t-y+4-= 0 (4.118) 

v2 J 16m m 

This line touches the parabola y = —(x - 2) 2 

» The roots of Eq. (4.118) are equal 

<=>(--4ml -4m 2 f —+ 4- —1 = 0 

12 ) v 16m 2 m) 

9 , 1 , 

<=>—12m + 16m-16m +4m = 0 

4 4 

<=> 2 - 8 m = 0 
1 

<=> m = — 

4 


Hence, 


x- —+ 1 => y = 4x-4 
4 7 

Also the line y = 0 (i.e., x-axis) touches y = x 2 at (0,0) and 
also y = -(x-2) 2 at (2,0). 

Answer: (A), (B) 

8 . Consider the parabola with its vertex at origin and the 
axis along the x-axis. The line y = 2x + c, where c > 0, is 
a common tangent to the parabola and the circle x 2 + 
y 2 = 5.Thenthe 

(A) directrix is x = - 10 

(B) focus is (10,0) 

(C) latus rectum is 20 

(D) directrix is x = 10 

Solution: The line y = 2x + c touches the circle. This 
implies 


Answer: (A), (D) 


c 2 = 5(l+2 2 ) = 25 











269 


Worked-Out Problems 


=> c = 5 (v c > 0) 

Let y 2 = 4 ax be the parabola. Since the line y = 2x + 5 
touches the parabola we have 

5 = — or a = 10. 

2 


Therefore, the vertex is (all, 0), the latus rectum is la 
and the directrix equation is 


a a 

x -= — => x = 0 

2 2 


Answer: (A), (B), (D) 


Therefore, the parabola is y 2 = 40x. Hence, the focus is 

( 10 , 0 ). 

Answer: (A), (B) 


9. Let P be the parabola which is the locus of the 
midpoints of focal radii of the parabola y 2 = 4 ax. 
For P, which of the following are true? 


(A) 

(B) 

(C) 

(D) 


Vertex is 



Latus rectum is 2a 


Directrix is x 


a 

2 


Directrix x = 0 


10. Consider the circle C: x 2 +y 2 -6y + 4 = 0 and the 
parabola P: y 2 = x. Then 

(A) the number of common tangents to C and P is 3. 

(B) the number of common tangents to C and P is 2. 

(C) x - 2y + 1 = 0 is one of the common tangents. 

(D) x + 2y + 1 = 0 is also one of the common tan¬ 
gents. 

Solution: C: x 2 + (y- 3) 2 =5. Let Q(t 2 ,t) be any point 
on the parabola y 2 = x so that the equation of the tangent 
at Q is x - 2ty +1 2 = 0 which touches the circle C. So 


0-2t(3) + r 
Vl + 4f 2 


V5 


Solution: Let Q (at 2 , 2at) be a point on the parabola 
and S = (a, 0). M(x,y) is the midpoint of SQ.This implies 

at 2 + a 

x = -and y = at 

2 


Now 


=> (t 2 -6t) 2 = 5(1+4f 2 ) 
=$t A - 12t i + 16t 2 -5 = 0 
=> (f-l) 2 (t 2 -10f-5) = 0 
=> t = 1,5 + V30 


2 x — a j 

- -t 

a 



y = a(2x-a) = 2a\ x- — 


Hence, the number of common tangents is 3 and 
x-2y + l = 0 is a common tangent when t = 1. 

Answer: (A), (C) 


Matrix-Match Type Questions 


1. Match the items of Column I with those of Column II. 


Column I 


Column II 


Column I Column II 

(A) If the line x — 1 = 0 is (p) 2 
the directrix of the 
parabola y 2 -kx + 8 = 0, 

then the value of k is 

(B) If / is the length of one (q) 4 
side of an equilateral 
triangle inscribed in 

the parabola y 2 = Ax 
with one vertex at the 
origin, then l/2y/3 = 


(C) The latus rectum of a 

(r) 8 

parabola having (3, 5) 


and (3,-3) as extremi- 


ties of the latus rectum 

(s) -4 

(D) If (2, 0) is the vertex 


and y-axis as the direc- 

(t) -8 

trix, then its focus is (a. 


0) when a equals 



Solution: 

(A) The parabola y 2 -kx + 8 = 0 is written as 



( Continued) 
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■•'iH 


Hence, the directrix is 


8 _-k 
X ~k~ ~4 
k 8 

• XH-= 0 

4 k 


■ x - 


k 2 -32 


4/c 


= 0 


By hypothesis, x = 1 is the directrix. Therefore 
k z -32__ ] 


4k 

=> k 2 + 4k-32 = 0 
=> (k + 8)(k-4) = 0 
=> k = 4,-8 

Answer: (A) -> (q), (t) 

(B) From Problem 8 of the section ‘Subjective Prob¬ 
lems’, we have l = 8nV3, where a = 1. Therefore 


= 4 


2V3 


Answer: (B) -> (q) 

(C) The length of the latus rectum is ^/(3-3) + (5 + 3) 2 =8 

Answer: (C) -> (r) 

(D) Distance of the vertex from the directrix (i.e., y-axis) 
is 2 and it is equal to half the distance of the focus 
from the directrix so that the focus is (4,0). There¬ 
fore, a = 4. 

Answer: (D) —> (q) 

2. Match the items of Column I with those of Column II. 


Column I Column II 

(A) If point P is on the circle x 2 + y 2 = (p) (9, -6) 
5, then the equation of the chord 
of contact with respect to the 
parabola y 2 = 4x is y = 2 (x - 2). (q) (1,2) 
The coordinates of P are 


(B) Tangents are drawn from the 

point (2,3) to a parabola y 2 = 4x. (r) (-2,1) 
Then, the points of contact are 

(C) The common chord of the circle 

x 2 + y 2 = 5 and the parabola (s) (4,4) 

6 y = 5x 2 + lx passes through 


Column I 

Column II 

(D) Two points P(4, -4) and Q are 
on the parabola y 2 = 4x such that 
the area of A POQ ( O is the 
vertex) is 6 sq. unit. Then, the 
coordinates of Q are 

(0 (2,1) 

Solution: 


(A) Let P (x^yj) be on the circle x 2 + y 2 

= 5. Then 

xi 2 +y 2 =5 

(4.119) 


The equation of the chord of contact of P(x v yq) 
with the parabola y 2 = 4x is 

yy\ - 2(x + Xi) = 0 

=> 2x - y x y + 2xy = 0 

However, 

2x —y —4 = 0 (4.120) 

is the chord of contact. Therefore, from Eqs. (4.119) 
and (4.120), we get 

2 — y 1 2x 1 

2~^1~^4 
=> x 1 = -2, y = 1 

=> P = (-2,1) 

Answer: (A) -> (r) 

(B) Tangent to the parabola y 2 = 4xat(f z ,2f) is ty = 
x + t 2 . This passes through the point (2,3). So 

3t = 2 + f 2 
=s> f 2 — 3t + 2 = 0 
=>(t-l)(f-2) = 0 
=>f= 1,2 


Therefore, the points of contact are (1,2) and (4,4). 

Answer: (B) -> (q), (s) 

(C) Substituting 


y = - 


5x 2 + lx 
~6 


in the circle equation x 2 + y 2 = 5, we get 

= 5 


x 2 + 


^5x 2 +7x^ 2 


6 


2 25x + 70x + 49x ^ 

■ x- +-= 5 

36 

■ 25x 4 + 70x 3 + 85x 2 -180 = 0 


( Continued) 
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which clearly implies that x = 1 is a root. So Solution: 


(jt -1) [25x 3 + 95x 2 +180* +180] = 0 
=> (x - \)(x + 2)[25jt + 45x + 90] = 0 
=> (x - l)(x + 2)(5x 2 + 9 jc +18) = 0 
=> x = 1,— 2 


Therefore, the points of intersection are (1,2) and 

(- 2 , 1 )- 

Answer: (C) -> (q), (r) 

(D) Let Q = ( t 2 ,2t). Therefore 


6 = Area of A POQ 


4 



-4 1 
0 1 
2t 1 


=» 12 = |8r+4r 2 1 
=> t 2 + 2t = +3 

Case 1: When t 2 + 2t + 3 = 0, we have 

(t — l)(f + 3) =0 
=> t = 1,-3 

So 2 = (1,2), (9,-6). 

Case 2: When t 2 + 2t +3 = 0, it has no real roots. 

Answer: (D) -> (p), (q) 


3. Match the items of Column I with those of Column II. 


Column I Column II 

(A) The point from which (p) (-2,1) 
perpendicular tangents can 
be drawn to the parabola y 2 
= 8x is 


(B) 

The line x + y + 3 = 

= 0 touches 

(q) 

(4,6) 


the parabola y 2 = 

12x at the 




point 



(3,-6) 

(C) 

4x + 3y - 34 = 0 is 

i normal to 

(s) 

(28,14) 

the parabola y 2 = 

= 9x at the 


point 




(D) 

The line parallel to 4 y - x + 

(t) 

(-2,5) 


3 = 0 touches the parabola 
y 2 = lx at the point 


(A) It is known that the locus of the point from which 
perpendicular tangents is drawn to a parabola is 
the directrix of the parabola. For the parabola y 2 = 
8.r, the directrix is x + 2 = 0 on which the points 
(-2,1) and (-2,5) lie. 

Answer: (A) -> (p), (t) 

(B) The line 


y = mx H- 

m 


touches y 2 = 4ax at 


a 2 a 
2 ’ 

m m 


The given line is y = -x-3(a = 3,m = -1) and 
hence it touches the parabola y 2 = 12x at 

a 2 a\ . 

—=(3,-6) 

m m J 

Answer: (B) ^ (r) 

(C) It is known that the line y = mx - 2am - am 3 
is a normal to the parabola y 2 = 4 ax at the point 
(am 2 ,- 2am). In the present case, m = - 4/3 and 
a = 9/4. Therefore 


9 16 


-4 


(am-, - 2 am) = ^ - x — , -2 ^ - J ^ —j J = (4,6) 

Answer: (C) -> (q) 

(D) The line parallel to 4y - x + 3 = 0 is 4y - x + c = 0. 
The line with slope m touches the parabola y 2 = 4 ax 
at the point 

a 2 a 

2 ’ 

m m 

1 1 

Here, a = — and m = —. Therefore, the point of 


contact is 


a 2 a 


m 2 m 


-r,— = -xl6,2 - x4 


= (28,14) 

Answer: (D) (s) 


Comprehension Type Questions 


1. Passage: For the parabola y 2 = 4 ax, the vertex is (0,0), 
the focus is (a, 0) and the directrix is x + a = 0. Answer 
the following three questions. 


(i) The vertex of the parabola (y— l) z = 2(x - 1) is 
(A) (1,0) (B) (2,0) 

(C) (1,1) (D) (0,1) 
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(ii) Focus of the parabola y 2 = 4(x -1) is 

(A) (1,0) (B) (2,0) 

(C) (1,1) (D) (2,2) 

(«i) The directrix of the parabola ( y-2 ) 2 = 4(x -1) 
is 

(A) x = l (B) x = -l 

(C) x = 2 (D) x = 0 

Solution: 

(i) The parabola is 

y2 =# J ° 

where X = x — 1 and Y = y — 1. Therefore, the 
vertex is 

(X = 0, Y = 0) = (x - 1 = 0, y - 1 = 0) = (1,1) 

Answer: (C) 


(A) x + 2y = 4 (B) x-2y = 4 

(C) 2y = x + 4 (D) x + 2y + 4 = 0 

Solution: 

(i) The tangent at P is 

ty=x + 2t 2 (4.121) 

which passes through Q(h, A:). This implies 

tk = h + 2fi (4.122) 

The equation of the chord of contact of Q(h , k) 
with respect to the circle x 2 + y 2 = 8 is 

hx + ky- 8 = 0 (4.123) 

From Eqs. (4.122) and (4.123), we have 


hx + y 


(h + 2t 2 ) 


-8 = 0 


■ 2(ty-4) + h\ x + 2- | = 0 


(ii) y 2 = 4(x - 1) is Y 2 = 4X where X= x -1 and Y = y 
and a = 1. The focus is 

(X= 1, Y= 0) = (x — 1 = l,y = 0) = (2,0) 

Answer: (B) 

(iii) (y-2) 2 = 4(x-l)=> Y 2 =4X where X = x - 1 
and Y=y — 2 .The directrix equation is 

X=-a=- 1 
=> x - 1 = - 1 
=> x = 0 

Answer: (D) 

2. Passage: P(2t 2 , 4t) is a point on the parabola y 2 = 8x 
and Q(h, k) is a point on the tangent at P and external 
to the circle x 2 + y 2 = 8. Answer the following ques¬ 
tions. 

(i) As Q moves on the tangent at P, the locus of the 
point of intersection of the chord of contact of Q 
with respect to the circle at the tangent at P is 

(A) y 2 -x 2 = 4 (B) y 2 = 2x 

(C) y 2 -2x 2 = 4 (D) y 2 = -4x 

(ii) The point in the second quadrant from which 
perpendicular tangents can be drawn to both the 
parabola and the circle is 

(A) (-2,273) (B) (-1,72) 

(C) (-72,72) (D) (-3,273) 


This line passes through the point 



Therefore, the locus is 

y = zl 

4 y 
=> y 2 = —4x 

Answer: (D) 

(ii) The required point lies on the director circle of the 
circle and directrix of the parabola. The directrix of 
the parabola is x + 2 = 0 and the director circle of the 
given circle is x 2 + y 2 = (272 x 72) 2 = 16. Now 

x = -2=>4 + y 2 =16 
=> y = +273 

Therefore, the required point = (-2,273). 

Answer: (A) 

(iii) The equation of the circumcircle of A AQB is 

(x 2 + y 2 - 8) + A(hx + ky - 8) = 0 

This should pass through (0,0) (centre of the circle) 
which implies that A, = —1. Therefore, the circumcir¬ 
cle of A AQB is 

x 2 + y 2 - hx — ky = 0 


(iii) If AB is the chord of contact of Q(h, k) with re¬ 
spect to the circle x 2 + y 2 = 8, then the circumcen- 
tre of AAQB lies on the curve (when t = 2) 


so that (hi 2, A72) is its centre. If (x,y) is the circum- 
centre of AAQB, then x-h/2,y-k/2. Substitut¬ 
ing the values of h and k in Eq. (4.122), when t = 2, 
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we have 


The area of APQS is given by 


2(2 y) = 2x + 8 
=> x-2y + 4 = 0 

Answer: (C) 

3. Passage: Consider the circle x 2 + y 2 = 9 and the parab¬ 
ola y 2 = 8x. They intersect at P and Q in the first and 
the fourth quadrants, respectively. The tangents to the 
circle at P and Q intersect x-axis at R and tangents to 
the parabola at P and Q intersect x-axis at S. Answer 
the following questions. 

(i) The ratio of the areas of APQS and A PQR is 

(A) 1:72 (B) 1:2 (C) 1:4 (D) 1:8 

(ii) The radius of the circumcircle of APRS is 

(A) 5 (B) 373 (C) 3>/2 (D) 2V3 

(Hi) The radius of the incircle of A PQR is 

(A) 4 (B) 3 (C) | (D) 2 

Solution: Solving the two equations x 2 + y 2 = 9 and 
y 2 = 8x, we get P = ( 1,272) and <2 = (1,-272) (see 
Fig. 4.33). Tangents to the parabola at P and Q, respec¬ 
tively, are 

y(2V2)=4(x + l) 
and y(-2%/2) = 4(x +1) 

Hence, S = (-1,0). The tangent to the circle at P is 
x(l) + y(2V2) = 9 

Hence, R = (9, 0). Therefore, we have P = (1,272), Q = 
(1,-272), /? = (9,0) and 5= (-1,0). 

(i) The area of A PQR is given by 

^|l(-2V2 - 0) +1(0 - 2V2) + 9(272 + 272 )| 

= —1-472 + 36721 = 1672 
2 ' 1 


| |l(—272 - 0) +1(0 - 272) -1(272 + 272 )| = 472 


Therefore, APQS : A PQR = 4 :16 = 1: 4. 

Answer: (C) 


(ii) The area of APRS is given by 


|11(0 - 0) + 9(0 - 272) -1(272 - 0)| = 1072 

Now PS = 2s[S,RS = 10, PR = 672. Therefore, the 
circumradius of APQS is 

(PR){PS)(RS) (672)(273)(10) ^ 

4 APRS 4(1072) 

Answer: (B) 

(iii) For A PQR, the area = 1672. Now 

PQ = 472, PR = 672, QR = 672 


Therefore, the inradius of A PQR is given by 


Area 1672 

Semi-perimeter 872 



Integer Answer Type Questions 

1. The number of points at which the parabola y 2 = 4x 
and the circle x 2 + y 2 - 6x +1 = 0 touch each other is 


Solution: Substituting y 2 = 4x in the given circle equa¬ 
tion, we have x 2 - 2x +1 = 0 and hence (1, ± 2) are com¬ 
mon points of the two curves. Also at P(l, 2), equation of 
the tangent to the parabola is 

y(2) - 2(x + 1) = 0 
=>y —x-l=0 


The centre and the radius of the circle are (3,0) and 272, 
respectively. Now, the distance of the centre (3, 0) from 
Eq. (4.124) is 


|3-0 + l| 

~w~ 


^ = 272 
72 


Hence, the line provided in Eq. (4.124) also touches the 
circle in a similar manner as the two curves touch at Q. 

Answer: 2 


(4.124) 
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2. Slope of the common tangent of the curves y 2 = 8x and 
xy = -1 is_. 

Solution: We have 


y — 8x = 4(2)x => y = mx + — 

m 

is a tangent of y 2 = 8x. Substituting 


in xy = — 1 , we get 


y = mx H- 

m 


x | mx h— | = — 1 
m, 

• m 2 x~ + 2x + m = 0 


(4.125) 

The line touches the parabola <=> the discriminant of the 
quadratic equation provided in Eq. (4.125) is equal to zero 


GN = ON -OG= (2a + at 2 )- at 2 = 2a 


Hence, sub-normal = 2a = 4 (v a = 2) 


Answer: 4 



=> 4 - 4/77 3 = 0 => m = 1 

Hence, the common tangent is y = x + 1. 

Answer: 1 

3. If x + y = a is normal to the parabola y 2 = 12x, then the 
value of a is equal to_. 


5. The locus of the midpoint of chord of y 2 = 4 ax which 
subtends right angle at the vertex is another parable 
with latus rectum ka, where the integral part of k is 
equal to_. 

Solution: See Problem 13 in the section ‘Subjective 
Problems’. 


Solution: We have 


Answer: 2 


y 2 = 12x = 4(3)x 

which implies that every point on the parabola is of the 
form (3t 2 , 6t). The normal at (3/, 6 1) is 

tx + y = 6t + 3f 3 (4.126) 


6. If the normals at q and q, of the parabola y 2 = 4 ax 
meet again on the curve, then the value of q t 2 is equal 
to_. 

Solution: See Theorem 4.13. 


However, 


x + y = a 


(4.127) 


is the normal. That is, Eqs. (4.126) and (4.127) represent 
the same line. Therefore 


Answer: 2 

7. The normals at P^x^y^) and Q(x 2 ,y 2 ) of the parabola 
y 2 = 4x meet on the curve again. Then x 1 x 2 is equal to 


t _ 1 
1~1 


6f+3r 


t = 1 and <7 = 9 


Answer: 9 


4. Length of the sub-normal to the parabola y 2 = 8x at 
any point is_. 

Solution: In fact, we show that the length of the sub¬ 
normal to the curve y 2 = 4ax at any point on the curve 
is equal to 2a. Suppose that the tangent and normal to 
y 2 = 4ax at P(at 2 ,2at) meet axis of the curve at T and N, 
respectively. Draw PG perpendicular to the axis (see Fig. 
4.34). Hence, TG = sub-tangent and GN = sub-normal 
(see Definition 3.4, Chapter 3, Vol. 3, pg 225). 

The tangent at P(at 2 ,2at) is ty = x + at 2 . This meets axis 
at T(-at 2 , 0) Normal at P(at 2 ,2at ) is tx + y = 2at + at 2 . This 
meets the axis at N (2 a +at 2 , 0). Therefore, the semi-latus 
rectum is 


Solution: By Theorem 4.13, we have 
x 1 x 2 = 4a 2 = 4 (v a = 1) 

Answer: 4 

8. The equation of the parabola with focus (-1, -1) and 
directrix 2x - 3y + 6 - 0 is ax 2 + 2hxy + by 2 + 2 gx + 
2fy + c = 0. Then, |<7 - b\ is equal to_. 

Solution: By definition, 

17 

v2 2 + 3 2 

=>(2x-3y + 6) 2 = 13[x 2 +y 2 +2x + 2y + 2] 

=$■ 9x 2 + 12xy + 4v 2 +2x + 62 y — 10 = 0 
Therefore, \a - b\ = 9 - 4 = 5. 

Answer: 5 
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9. The latus rectum of the parabola whose vertex is at 
(3,2) and focus at (5,2) is_. 

Solution: The vertex is A = (3,2) and the focus is S = (5, 
2). Therefore, AS = 2 (which is equal to a) and AS is hori¬ 
zontal. Hence, the equation is of the form 

(y — k ) 2 = 4a(x-h) 

=>(y- 2) 2 =8(x-3) 

Thus, the latus rectum is 8 . 

Answer: 8 

10. The locus of the midpoints of chords of the parabola 

y 2 = 16x which passes through the vertex is a parabo¬ 
la whose length of latus rectum is_. 

Solution: Let M(x v y 1 ) be the midpoint of a chord of y 2 
= 16 a. Hence, the equation of the chord is 

yyi —8(x + x 1 ) = y\ — 16*1 

This chord passes through the vertex (0,0).This implies 
— 8 jq = y 1 — 16x 1 
<=> y 2 = 8x x 

Therefore, the locus of M(x v y ] ) is the parabola y 2 = 8 x. 
Hence, the length of latus rectum is 8 . 

Answer: 8 

11 . The locus of the midpoints of the chords of the pa¬ 
rabola 2 y 2 = lx which are parallel to the line 3x-2y = 
0 is the line px + qy + r = 0 , where \p + q + r\ equals 


Solution: M(x v y x ) is the midpoint of a chord so that 

its equation is 


Solution: Consider y 2 = 4ax. The normal at (at 2 ,2at) is 
tx + y = 2at + at 2 (4.128) 

Suppose y = mx + c is normal at (at 2 ,2at) . We have 

m —1 c 

t 1 - 2 at - at 2 

=> t = — m and c = 2at + at 3 = - 2 am - am 2 
=> c + 2am + am = 0 

Here, a = 2. Hence ,p = 4, q = 2 so that p + q = 6 . 

Answer: 6 

13. If V3y = bx + 3, b > 0 is the equation of a common 
tangent of the circle (x - 3 ) 2 + v 2 = 9 and the parab¬ 
ola y 2 = 4x, then the value of b is_. 

Solution: We know that 

1 

y = mx — 
m 

touches y 2 = 4x for all m ^ 0. This also touches the given 
circle. So 

|3/n-0 + (1/ m) | 

V 1 + m 2 

=>^3m+—j =9(l+m 2 ) 

=> 6+ = 9 

m 

=> -\ = 3 
m 

1 

=> m = ±—;= 

V3 


7 , , , 7 

yyi--(x+ x i) = yi-~ x i 

=> lx - 4ypy = lx 1 - 4y\ 
which is parallel to 

3x - 2y = 0 

This again implies 


Therefore, the equation of the common tangents is 

y = ±^ + \l 3 


V3 

yV3 = (+x) + 3 


Hence, b = 1 (■.■ b > 0). 


Answer: 1 


3 

2 


7 

4yi 


=^6 y x =l 


The locus of point M(x p y x ) is the line 6 y - 1 = 0. Hence, 
p = 0, q = 6 , r = - 1. Thus, 


14. Through the vertex O of the parabola y 2 = 4a\ the 
chords OP at OQ are drawn at right angles to each 
other. Then, the equation of the locus of the midpoint 
of chord PQ is y 2 = k (x + b) where |k + b\ is equal to 


\p + q + r\ = 1 


Solution: Let P = (t 2 ,2q) and Q = (tl,2t 2 ). Now 
Answer: 1 ZPOQ = 90°. So 


1 2. If the line y = mx + c is normal to the parabola y 2 = 8 .r, 
then c + pm + qm 2 = 0 where p + q is equal to_. 


( 2t A 

[ 2 h\ 

U 2 J 

c 2 J 
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=> tf 2 = -4 

Let M(x, y ) be the midpoint of PQ so that 


2 

and y -1\+1 2 


(4.129) Therefore 

y 2 = (t l +t 2 ) 2 = t 2 +t\+ 2t] t 2 = 2x - 8 = 2(x - 4) 

So, |fc + 6| = |2-4| = 2. 

Answer: 2 


SUMMARY 


4.1 Definition: Let L be a straight line and 5 be a point 
on the plane of the line L and not on L. Then, the lo¬ 
cus of the point which is equidistant from the point S 
and the line L is called a parabola. For this parabola, 
S is called focus and L is called directrix. 

4.2 Theorem: Standard equation of a parabola is y 2 = 
4 ax (a > 0). The focus is (a, 0) and the directrix equa¬ 
tion is x + a = 0. 

4.3 The other standard forms of parabola are as fol¬ 
lows: 

1. y 2 = -4ax [focus is (-a, 0) and directrix is 
x - a = 0] 

2. x 2 = 4ay [focus is (0, a) and directrix is y + a = 0] 

3. x 2 = -4 ay [focus is (0, -a) and directrix is 
y - a = 0] 

4. (y - k) 2 = 4a(x - h) [vertex is (h, k), focus is (h + 
a, k) and directrix is x = h - a\ 

5. (y — k ) 2 =-4 a(x-h) 2 [vertex is (h, k), focus is 
(h - a, k) and directrix is x = h + a\ 

6. (x - h) 2 = 4a(y - k) [vertex is ( h, k), focus is 
(h,k + a) and directrix is y = k - a] 

7. (x-h) 2 =-4a(y-k) [vertex is (h, k ), focus 
is (h, k - a) and directrix is y = k + a\ 

4.4 The line about which the parabola is symmetric is 
called the axis of the parabola. 

4.5 Note: 

1. x-axis is the axis of y 2 = 4ax and y 2 = —4 ax. 

2. y-axis is the axis of x 2 = 4ay and x 2 = -4ay. 

3. The line y = k is the axis of (y -k) 2 =± 4a(x -h). 

4. The line x = h is the equation of the axis of 
(a - h) 2 = ± 4u(y - k). 

4.6 Double ordinate and latus rectum: If a line 
perpendicular to the axis meets the curve at P and 
P', then PP' is called double ordinate. A double 
ordinate passing through the focus is called latus 
rectum. 


4.7 Length of the latus rectum of the parabola y 2 = 4 ax 
is 4u (i.e., the coefficient of jc). 

4.8 Parametric equations: x = at 2 , y = 2at, t e R are 
called the parametric equations of the parabola y 2 = 
4 ax. That is, for all real values of t, the point (at 2 ,2at) 
lies on the parabola y 2 = 4 «a\ 

4.9 Notation: 

S = y 2 - 4ax 
S 1 = yi -2a(x + xf) 
s n = S u = y<y2 - 2a ( x i + x 2) 

Skk = yl~ ^ ax k 

4.10 Theorem: Point (jq, y x ) lies outside or inside the 
parabola S = y 2 -4ax according as S n > 0 or 
S n <0. 

4.11 Theorem (Equation of chord joining two points): 

If P(x 1 ,y 1 ) and Q(x 2 ,y 2 ) are points on the parabola 
y 2 = 4 c/a. then the equation of the chord PQ is 

^1 + *^2 = ^12 

=>[yy 1 -2a(x + x 1 )\ + [yy 2 -2a(x + x 2 )] = 

y,y 2 -2 a(a, + x 2 ) 

4.12. Theorem (Tangent): The equation of the tangent to 

S = y 2 - 4 ax = 0 at (x v y t ) is 

^ = yy 1 - 2 a(x + x 1 ) = 0 

Tangent (Parametricform): Equation of the tangent 

at (at 2 ,2at) isty = x + at 2 . 

4.13 Point of intersection of tangents to y 2 = 4 ax at the 
points t 1 and t 2 is 

[at l t 2 ,a(t l + t 2 j] 

Note: 

1. The tangents at t 1 and t 2 are at right angles 

tf 2 = —1. 

2. The locus of the point of intersection of perpen¬ 
dicular tangents is the directrix. 
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4.14. Theorem: The line y = mx + c (m ^ 0) touches the 
parabola 


0 , a 

y~ = 4 ax <=> c = — 
m 

and in the case of tangency, the point of contact is 

fa 2rA 

V m 2 ’ m j 

4.15. Theorem (Normal): Equation of the normal at (at 2 , 
2 at) is tx + y = 2at + at 3 . The normal in terms of its 
slope m is y = mx — 2 am — am 3 at the point (am 2 , 
—2 am). 

4.16. Theorem: Point of intersection of normals at t 3 and 

t 2 is 

(2a + a(t 3 + t\t 2 + t 2 ), — at ^2 (q -t- to)] 

Note: The normals at t ] and t 2 are at right angles 
<=> t]t 2 = -1. 

4.17. (1) If the normal at t 1 meets the parabola again at 

t 2 then 


2 



(2) If the normals at q and t 2 intersect on the 
parabola, then tf 2 = 2 and in such a case prod¬ 
uct of the abscissa = 4a 2 and product of the 
ordinates = 8a 2 . 


4.18. Theorem (Number of normals): From any point in 
the plane of a parabola, in general, three normals 
can be drawn such that the algebraic sum of the 
ordinates of the feat of the normals is zero. 

Note: If f p t 2 and t 3 are the parameters of the feet 
of normals drawn from the point (h, k), then q, t 2 
and t 3 are the roots of the cubic equation 

at 3 + (2a - h)t -k = 0 

and hence 


q + t 2 + 1 3 — 0 


and 



2a-h 
a 


k 


hhh ~ 

a 


4.19. Definition (Conormalpoints): Points on a parabola 
are called conormal points if the nomals at those 
points are concurrent at a point. 

4.20. Procedure to determine the number of normals 
from a given point: Let (h, k) be a given point in 


the plane of the parabola y 1 = 4a.r. Let 

G = —,h = and A = G 2 + AH 3 
a 3 a 

Then we have 

1. only one normal from (h, k) if A > 0. 

2. only two normals from ( h , k) if .A = 0. 

3. three normals from (h, k) if A < 0. 

4.21. Definition (Focal chord and focal radius): If 

a chord of a parabola passes through the focus, 
then it is called the focal chord. If P is a point on 
a parabola having focus S, then SP is called focal 
radius of P with respect to the parabola. 

4.22. Theorem (Properties of focal chords): Let PSQ be 

a focal chord of y 2 = 4 ax. Then 

(i) If P = (at 2 ,2at 3 ) and Q = (at\, 2at 2 ), then t 2 = 
-1 If. Equivalently, for all t ^ 0, (at 2 ,2 at) and 
(alt 2 ,- 2 alt) are the ends of a focal chord. 

.... 1112 

(u) — +-= - = — 

SP SQ a 2 a 

In fact, semi-latus rectum is HM between the 
focal radii of a focal chord. 

(iii) If PQ is a focal chord and P = (at 2 ,2at), then 
the length PQ is equal to a[t + (1/r)] 2 . 

(iv) The tangents drawn at the extremities of focal 
chords intersect on the directrix and they are 
at right angles to each other. 

(v) The circle described on a focal chord as diam¬ 
eter touches the directrix. 

(vi) The circle described on a focal radius of a 
point as diameter touches the tangent at the 
vertex. 

(vii) The circle described on a focal radius S P of a 
point P makes an intercept of length a\J\ + 1 2 
on the normal at P(at 2 ,2at). 

4.23. Theorem: The orthocentre of a triangle formed by 
three tangents to a parabola lies on the directrix 
of the parabola. Also the circumcircle of a triangle 
formed by three tangents to a parabola passes 
through the focus. 

4.24. Theorem: In general, parabola and a circle intersect 
in four points. If t v t 2 , t 3 and t 4 are the points of 
intersection of the parabola y 2 = 4 ax and the circle 
x 1 +y 2 + 2gx + 2fy + c = 0, then f p t 2 , t 3 and f 4 are 
roots of the equation. 

a 2 t 4 + 2a(g + 2a)t 2 +4aft+c = 0 
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so that 

Sfj-0 

2 (g + 2 «) 

^ hh ~ 

a 


and 


£* 1 * 2*3 - 

hhhh ~ 


-4/ 


a 


c 



EXERCISES 


Single Correct Choice Type Questions 

1. The point of intersection of the tangents drawn at the 
ends of the latus rectum of the parabola y 2 = 4x is 

(A) (-1,1) (B) (-1,-1) 

(C) (-1,2) (D) (-1,0) 


8 . A parabola has origin as its focus and the line x = 2 as 
the directrix. Then, the vertex of the parabola is at 

(A) (0,2) (B) (1,0) 

(C) (0,1) (D) (2,0) 


2. The equation of the directrix of the parabola y 2 + 4 y + 
4x + 2 = 0 is 

(A) x = —1 (B) x = l 

(C) * = -| (D) x =| 

3. Two common tangents to the circle x 2 +y 2 — 2a 2 and 
the parabola y 2 = 8 ax are 

(A) x = ±(y+2a) (B) y = ±(x + 2a) 

(C) x = ±(y + a) (D) y = ±(x + a) 

4. The line 2 bx + 3 cy + 4d = 0 passes through the 
points of intersection of the parabolas x 2 = 4ay and 
y 2 = 4ax (a ^ 0). Then 

(A) a 2 + (3b - 2c) 2 = 0 (B) d 2 + (36 + 2c) 2 = 0 
(C) d 2 + (2b - 3c) 2 = 0 (D) d 2 + (2b + 3c) 2 = 0 

5. Let P be the point (1,0) and Q be a variable point on 
the parabola y 2 = 8 x. Then, the locus of the midpoint 
of the segment PQ is 

(A) y 2 - 4x + 2 = 0 (B) y 2 + 4x + 2 = 0 

(C) x 2 + 4y + 2 = 0 (D) x 2 -4y + 2 = 0 

6. The equation of a tangent to the parabola y 2 = 8x is 
y = x + 2. The point on this line from which we can 
draw the other tangent to the parabola which is per¬ 
pendicular to the given tangent is 

(A) (2,4) (B) (-2,0) 

(C) (-1,-1) (D) (2,0) 


9. The locus of the vertices of the family of parabolas 

y=- 


3 2 2 

ax a x _ 

-+-2 a 

3 2 


is 


(A) xy 
(C) xy 


3 

4 

105 

"64" 


(B) xy 
(D) xy 


35 

16 

64 

105 


10. Suppose the normals at three distinct points on the 
parabola y 2 = 4«x are concurrent at point (/;. k). 
Then 

(A) 0</z<l (B) \<h<2 

(C) h >2 (D) h <-L 


11. If normals are drawn from the point P(h, k) to the pa¬ 
rabola y 2 = 4 ax, then the sum of the intercepts which 
the normals cut off from the axis of the parabola is 

(A) h + a (B) 3 (h + a) 

(C) 2 (h + a) (D) 0 


12. P,Q and R are the feet of the normals drawn to the 
parabola (y-3) 2 = 8(x-2). Then, the circumcircle 
of A PQR passes through the point 

(A) (2,3) (B) (3,2) 

(C) (0,3) (D) (2,0) 


13. If the normals at the extremities of the latus rectum 
of the parabola y 2 = 4 ax meet the parabola at N and 
N', then the length AW' is 


7. The angle between the tangents drawn to the curve 
y = x 2 - 5x + 6 at the points (2,0) and (3,0) is 

(A) (B) | (C) ^ (D) ^ 


(A) 10a (B) 20a (C) 4a (D) 12a 

14. A line having slope m, and passing through the focus 
of the parabola y 2 = 4(x — 1) intersects the curve in 
two distinct points. Then 
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(A) \m\ > 1 

(B) |m|<l 

(C) m can be real number ^ 0 

(D) m must be rational 

15. The maximum value of a such that the circle x 2 + y 2 = 
a 2 completely lies within the parabola y 2 = 4 (x + 4) is 

(A) 2V3 (B) 4 

(C) 4^3 (D) 4^6 

16. The length of the shortest normal chord of the pa¬ 
rabola y 2 = 4 ax is 

(A) 9 a (B) cisj 54 

(C) nV3 (D) 6n 

17. Tangent and normal are drawn at the point P(16,16) 
to the parabola y 2 = 16x, which cut the axis of the pa¬ 
rabola at A and B, respectively. Then, the line joining 
the point P and the circumcentre of A PAB makes the 
angle with the axis of the parabola whose value is 

(A) Tan- 1 2 (B) Tan 1 - 

(C) Tan^gj (D) Tan" 1 ^ 

18. The normals at the points (x^yj) and (x 2 ,y 2 ) to the 
parabola y 2 = 4x meet at a point on the curve. If x 1 
+ x 2 = 4, then the value of \y 1 +y 2 \ is equal to 

(A) 2 (B) 2V2 (C) 4 (D) 4V2 

19. PQ and PQ' are normal chords of the parabola y 2 = 
4 ax. If the four points P, (Q. P' and Q' are concyclic, 
then the tangents at Q and Q' intersect on the 

(A) tangent at the vertex 

(B) axis of the parabola 

(C) directrix 

(D) latus rectum 

20. The locus of the centre of the circle which cuts the 
parabola y 2 = Ax orthogonally at (1,2) is the 

(A) line y = x + 1 

(B) liney = 2x+l 

(C) parabola y 2 = 2x 

(D) circle (x - 1) 2 + (y - 2) 2 =5 

21 . Let P be a point on the curve y 2 = 8 ax and T be the 
foot of the perpendicular drawn from the focus onto 
the tangent at P. Then, the locus of the midpoint of 


TP is a parabola whose equation is 
(A) y 2 = 4ax (B) y 2 = 9ax 

(C) y 2 = 16 ax (D) y 2 = 12 ax 

22 . A tangent at P(h, k) (1 < h < 4) to the parabola 
y 2 = 4 ax meets the axis at T. The line PN is drawn 
perpendicular to the axis. Then, the maximum pos¬ 
sible area of A PTN is 

(A) 16 (B) 24 (C) 8 (D) 32 

23 . If y + 3 = m(x + 2) touches the parabola y 2 = 8x, then 
m has two values m 1 and m 2 such that 

(A) m 1 + m 2 = 0 (B) m 1 m 2 = 2 

(C) m 1 m 2 = —1 (D) m 1 + = 2 

24 . y 2 = 4 ax is a variable parabola (i.e., a is a parame¬ 
ter) with focus S a is such that for any point P on the 
parabola, the distance PS a is equal to a constant k. 
Then, the locus of point P is 

(A) 4.r 2 - y 2 + 4kx = 0 (B) 4x 2 + y 2 - 4kx = 0 

(C) x 2 + y 2 - 4kx = 0 (D) x 2 + 2y 2 - 4kx = 0 

(Hint: SP = x + a) 

25 . The line lx + my + n = 0 meets the parabola at points 
P and Q. The lines joining the points P and Q to the 
focus meet the parabola at P' and Q'. Then, the equa¬ 
tion of the line P'Q' is 

(A) nx — ly + ma = 0 (B) nx-my + la = 0 

(C) nx + my + la = 0 (D) nx - my — la = 0 

26 . If (x 1 ,y 1 ) and (x 2 ,y 2 ) are extremities of a local chord 
of the parabola y 2 = 4x, then x x x 9 + y 1 y 2 is equal to 

(A) 3n 2 (B) 2 a 2 (C) -2a 2 (D) -3a 2 

27 . The locus of the foot of the perpendicular from 
the vertex onto a chord of the parabola y 2 = 4x 
subtending an angle 45° at the vertex is the curve 
(x 2 + y 2 - 4x) 2 = A:(x 3 + xy 2 + y 2 ) where the value 
of k is 

(A) 4 (B) 8 (C) 16 (D) 2 

28 . Slope of a chord PQ of the parabola y 2 = 4 ax is m 
(constant).Then, the normals at P and Q intersect on 
a normal to the parabola y 2 = 4 ax at a point whose 
coordinates are 
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29. The normals at P and Q on y 2 = 4 ax meet again on 
the parabola at R. Then, the locus of the orthocentre 
of A PQR is 

(A) y 2 = a(x + 6a) (B) y 2 = a(x — 6a) 

(C) y 2 = a(x + 4a) (D) x 2 + y 2 = 2a 2 


30. If two different tangents of y 2 = 4x are normals to the 


1 


parabola x 2 = 4 ay, then 


(A) \a\<± 

(B) \a\< 

(C) H>^j 

(D) a > 


2V2 

1 

2V2 


(A) 1 (B) 2 (C) 8 (D) i 

35. PQ is a variable focal chord of the parabola y 2 = 8x 
and 0(0, 0) is its vertex. Then the locus of the cen¬ 
troid of A OPQ is a parabola whose latus rectum is 

(A) | (B) 3 (C) | (D) | 

36. Which of the following equations represent a common 
tangent to the parabolas y 2 = 4ax and x 2 = 32 ayl 

(A) x + 2y + 4a = 0 (B) x + 2y-4a = 0 

(C) x - 2y - 4a = 0 (D) x-2y + 4a = 0 


31. The length of the normal chord of y 2 = 4x which sub¬ 
tends a right angle at the vertex is 

(A) 8>/2 (B) 8^3 (C) 6^3 (D) 4V2 

32. Consider the following two statements: 

Sp The curve y = - x 2 /2 + x + l is symmetric about 
the line x = 1. 

S 2 : A parabola is always symmetric about its axis. 
Then, which one of the following is true? 

(A) Both Sj and S 7 are true. 

(B) Both S 1 and S 2 are false. 

(C) is true and S 2 is false. 

(D) A 1 is false and S 2 is true. 

33. If the normals to y 2 = 4ax at points P and Q intersect 
at a point R(h, k) on the parabola, then the ordinates 
of the point P and Q are roots of the equation 

(A) y 2 +ky-8a 2 = 0 (B) y 2 + ky + 8a 2 =0 

(C) y 2 -ky + 8a 2 = 0 (D) y 2 + ky + 4a 2 =0 

34. The normal at point A on the parabola y 2 = 4ax cuts 
the parabola again at point B. If the chord AB sub¬ 
tends a right angle at the vertex of the parabola, then 
the square of the slope of the chord AB is 


37. Image of the directrix of the parabola y 2 = 4 (x +1) in 
the line x + 2y - 3 = 0 is 

(A) 3x + 4y —16 = 0 (B) 3x - 4y + 16 = 0 

(C) jc + 2 = 0 (D) jc - 2 = 0 

38. Let PSP' be a focal chord, M be the foot of the per¬ 
pendicular drawn from P onto the directrix of the 
parabola y 2 = 4ax and R be the midpoint of SM. 
Then, the angle between PR and SM is 

(A) 90° (B) 60° (C) 45° (D) 30° 

39. PSQ is the focal chord of the parabola y 2 = 4ax, where 
S is the focus. If SP = 4, SQ = 5, then the latus rectum 
of the parabola is 

(A) 80 (B) 9 (C) ^ (D) ^ 

40. The parabola y = (a-b)x 2 +(b-c)x + (c-a) = 0 is 
having the line x - 1 = 0 as a tangent. Then the equa¬ 
tion ax + by + c = 0 represents 

(A) a family of lines passing through a fixed point. 

(B) a family of parallel lines. 

(C) a family of lines concurrent on the directrix. 

(D) a family of lines concurrent at the focus of the 
parabola. 


Multiple Correct Choice Type Questions 

1. PQ is a normal chord (normal at P) of the parabola 
y 2 = 4x such that PQ subtends right angle at the 
vertex. Then the co-ordinates of P are 

(A) (2,2V2) (B) (2,—2>/2) 

(C) (3,273) (D) (3,-273) 

2. Consider the parabola y 2 = 8x. Then which of the fol¬ 
lowing are true? 

(A) The length of the focal chord having (2,4) as one 
extremity is 8. 


(B) Common tangent to all the circles described on 
focal chords as diameters is x + 2 = 0. 

(C) Focus of the parabola is (2,0). 

(D) Directrix of the parabola is x - 2 = 0. 

3. For the parabola having (2,0) as its vertex and y-axis 
as directrix, which of the following are true? 

(A) Focus is (4,0) (B) Focus is (-4,0) 

(C) Focus (8,0) (D) Focus (-8,0) 
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4. If the circle x 2 + y 2 + 2bx = 0 touches the parabola 
y 2 = 4 ax, then 

(A) a>0,b>0 (B) a<0, b<0 

(C) a>0,b<0 (D) a<0,b>0 


5. The straight line x + y — 1=0 touches the parabola 

(A) x 2 =-4 v 
\2 


1 


=- y -t 


i 


(B) 


(C) (x-l) z =-2|^-- 

(D) 4x 2 -3x + y = 0 


(A) PQ makes angle Tan 1 V2 with the axis 

(B) PQ makes angle Tam 1 2 with the axis 

(C) Length of the chord PQ is 6aV3 

(D) Length of the chord PQ is 4a ^2 

8 . The locus of the point of intersection of perpendicu¬ 
lar normals to the parabola y 2 = 4ax is another pa¬ 
rabola with 

(A) Vertex at (2a, 0) (B) Vertex at (3a, 0) 

(C) Latus rectum a (D) Directrix as x = 3a 

9. PQ is a normal chord of y 2 = 4ax. normal at P If the 
point P lies on the line y = x, then 


6. PQ is a double ordinate of the parabola y 2 = 4x. If 
the normal at P meets the line passing through Q 
and parallel to the axis at G, then the locus of G is a 
parabola with 

(A) Latus rectum 4 

(B) Vertex at (4,0) 

(C) Directrix as x - 3 = 0 

(D) Focus (5,0) 

7. If PQ is the shortest normal chord of the parabola 
y 2 = 4ax, then 


(A) P=(4a, 4a) 

(B) Q = (9a, 6a) 

(C) 2 = (9a,-6a) 

(D) PQ subtends right angle at the focus 

10. A square has one vertex at the vertex of the pa¬ 
rabola y 2 = 4ax and the diagonal through this vertex 
lies along the axis of the parabola. If the ends of the 
other diagonal lie on the parabola, then these two 
vertices are 

(A) (0,0) (B) (8a, a) 

(C) (4a, 4a) (D) (4a,-4a) 


Matrix-Match Type Questions 

In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
column I are labeled as (A), (B), (C) and (D), while those 
in column II are labeled as (p), (q), (r), (s) and (t). Any 
given statement in column / can have correct matching with 
one or more statements in column II. The appropriate bub¬ 
bles corresponding to the answers to these questions have 
to be darkened as illustrated in the following example. 

Example: If the correct matches are (A) —»(p), (s), (B) —» 
(q), (s), (t), (C) —> (r), (D) —> (r), (t),that is if the matches 
are (A) -» (p) and (s); (B) -» (q), (s) and (t); (C) -» (r); 
and (D) —» (r),then the correct darkening of bubbles will 
look as follows: 



P 

q 

r 

s 

t 

A 

I 

o 

O 

'Ml 

o 

B 

O 

M 

O 

fm! 

I 

C 

o 

o 


O 

o 

D 

o 

o 

WL 

O 

I 


1. PQ is a double ordinate of the parabola y 2 = 4x. If 
the normal at P meets the line passing through Q and 


parallel to axis at G, then the locus of G is a parabola. 
For this parabola, match the items of Column I with 
those of Column II. 


Column I 

Column II 

(A) Length of the latus rectum of the (p) 5 

locus of G 

(q) 3 

(B) Abscissa of the vertex 

(C) Abscissa of the focus 

(r) 4 

(D) The directrix is j c = a where a is 

(s) 6 

equal to 

(t) 2 

The focus of the parabola x 2 - Ay+ 3 

= 0 is (0, 2). 

Match the items of Column I with those of Column II. 

Column I 

Column II 

(A) The value of A is 

(P) 2 

(B) Latus rectum of the parabola is 

(q) i 


(Continued) 
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Column I 

Column II 

Column I 

Column II 

(C) If k is the ordinate of the vertex, 
then 2k is equal to 

(D) The directrix equation is y = b, 
where 3 b is equal to 

(r) 4 

(s) 3 

(t) 6 

(A) LL' is the latus rectum of the 
parabola. The tangent and 
normal at L meet the axis at T 
and N, respectively. Then, the 
coordinates of the midpoint of 

(P) (2,0) 




3. Suppose the line y = 2 is the directrix and the point 
(0, 1) is the vertex of the parabola x 2 + by + c = 0. 
Match the items of Column I with those of Column II. 

TN is 

(B) All variable chords of the parab¬ 
ola subtending right angle at the 

(q) (2,1) 



vertex are concurrent at the 


Column I 

Column II 

point 


(A) Value of b is 

(B) Value of c is 

(p) 0 

(q) ~4 

(C) If variable chords of the parab¬ 
ola pass through a fixed point Q 
on the axis such that the sum of 

(r) (12,0) 

(C) Length of the latus rectum is 

(D) The ordinate of the focus is 

(r) 2 

(s) -2 

the squares of the reciprocals of 
the two parts of chords through 
Q is constant then the coordi- 

(s) (6,0) 


(t) 4 

nates of point Q are 

(t) (3,0) 

4. Consider the parabola y 2 = 12x and match the items of 

(D) Focus of the parabola is 


Column I with those of Column II. 


Comprehension Type Questions 

1. Passage: Consider the parabola y 2 = 8x and answer 
the following questions. 

(i) TP and TQ are tangents to the parabola and the 
normals at points P and Q meet at a point R on 
the curve. Then, the circumcentre of A TPQ lies 
on the parabola whose equation is 

(A) y 2 = 2(x-2) (B) y 2 =x-2 

(C) y 2 = 4(x - 2) (D) y 2 = 2(x-4) 

(ii) If t 1 and t 2 are the parameters of points P and Q, 
then the sum of the products of their abscissae 
and ordinates is equal to 

(A) 48 (B) 32 (C) 16 (D) 64 

(«i) The abscissa of the point of intersection of the 
tangents at points P and Q is 

(A) 2 (B) 6 (C) 8 (D) 4 

2. Passage: Consider the parabola y 2 = 4x and answer 
the following questions: 

(i) PQ is a double ordinate of length 8 units. If O is 
the vertex of the parabola, then ZPOQ is 

(A) 45° (B) 65° (C) 90° (D) 105° 

(ii) The length of the side of an equilateral triangle 
inscribed in the parabola with one vertex at 
(0,0) is 


(A) 2V2 (B) 2V3 (C) 4V2 (D) 8V2 

(iii) The radius of the maximum circle touching the 
parabola at the vertex which is having centre 
on the axis of the parabola and lies completely 
within the parabola is 

(A) 2 (B) 4 (C) 4.5 (D) 2.5 

3. Passage: Consider the parabola y 2 = 16x. Answer the 
following questions. 

(i) Let P(l, 4), <2(1/4, 2) and R( 4,8) be three points 
on a parabola. Then the area of the triangle 
formed by the tangents to the parabola at points 
P, Q and R is 

(A) | (B) | (C)l (D) 2 

(ii) The locus of the midpoints of chords of the pa¬ 
rabola which subtend right angle at the vertex is 

(A) y 2 = 4(jc-16) (B) y 2 = 8(x-4) 

(C) y 2 = 8(x-16) (D) y 2 = 8(x-8) 

(iii) P is a point on a parabola, M is the foot of the 
perpendicular drawn from P onto the directrix 
and S is the focus. If A SPM is equilateral, then 
the focal radius SP is equal to 

(A) 16 (B) 32 (C) 48 (D) 4 
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Integer Answer Type Questions 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2,4,6 are to be darkened. 
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1. If the normal to a parabola at P meets the curve 

again at Q and if PQ and the normal at Q make 
angles a and /?, respectively, with the axis, then 
tan 2 a + tan a tan p+k = 0 where k is equal to_. 

2. In the parabola y 2 = 4 ax, the tangent at P whose abscis¬ 

sa is equal to the latus rectum meets the axis at T and 
the normal at P meets the curve again at Q. Then the 
ratio PT:PQ = m:n, where m + n is equal to_. 

3. A chord PQ is normal to the parabola y 2 = 4ax at P 

and subtends a right angle at the vertex. If S is the 
focus, then the ratio SQ/SP is_. 


4. PQ is a focal chord of a parabola y 2 = 4 ax. The nor¬ 

mals at P and Q meet the curve again at P' and O', 
respectively. Then P'Q' is parallel to PQ and k times 
PQ where k is equal to_. 

5. The length of the normal chord of y 2 = 4 ax which 

subtends a right angle at the focus is kci\l 5, where k 
is_. 

6 . For the parabola y 2 = 6x, chords are drawn through 
the fixed point (9,5). Then the locus of the midpoints 
of these chords is a parabola whose latus rectum is 


7. QR is a chord of y 2 = 4 ax and is bisected by a diam¬ 
eter through a point P at V. Then 

QV 2 

SPPV 

where S is the focus. 

8 . The locus of the midpoints of system of parallel 

chords having slope m of the parabola y 2 = 4ax is the 
straight line y = ka/m, where k is_. 

9. The number of normals to y 2 = 4x drawn from the 

point (1,2) is_. 

10. The tangents to the parabola y 2 = 4x at the points 
(1, 2) and (4, 4) meet on the line y = k, where k is 


ANSWERS 


Single Correct Choice Type Questions 


1. (D) 

11. (C) 

2. (D) 
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21. (B) 

22. (A) 

23. (C) 

24. (B) 

25. (B) 

26. (D) 

27. (C) 

28. (A) 

29. (A) 

30. (A) 

Multiple Correct Choice Type Questions 

1. (A), (B) 

2. (A), (B), (C) 

3. (A), (B) 

4. (A), (B) 

5. (A), (B), (D) 

Matrix-Match Type Questions 

1. (A) -> (r); (B) -> (r); (C) (p); (D) (q) 

2. (A) -> (p), (t); (B) (p); (C) -> (s); (D) -> (s) 

Comprehension Type Questions 

1. (i) (B); (ii) (A); (iii) (D) 

2. (i) (C); (ii) (D); (iii) (A) 

Integer Answer Type Questions 

1 . 2 

2 . 9 

3. 3 

4. 3 

5. 5 


31. (C) 

32. (A) 

33. (B) 

34. (B) 

35. (A) 

36. (A) 

37. (B) 

38. (A) 

39. (D) 

40. (A) 


6. (A), (B), (C), (D) 

7. (A), (C) 

8. (B), (C) 

9. (A), (C), (D) 

10. (C), (D) 


3. (A) -> (t); (B) -> (q); (C) (t); (D) -> (p) 

4. (A) -> (t); (B) (r); (C) -> (s); (D) -> (t) 


3. (i) (B); (ii) (C); (iii) (A) 


6 . 3 

7. 4 

8 . 2 
9. 1 

10. 3 



Ellipse and Hyperbola 
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Worked-Out Problems 

Summary 

Exercises 

Answers 


An ellipse is a section of a cone by a 
plane such that the plane parallel to 
it through the vertex meets the plane 
of the base in a line external to it. 

A conic whose eccentricity is greater 
than unity is known as hyperbola. 
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Chapter 5 I Ellipse and Hyperbola 


In this chapter, we discuss about ellipse, hyperbola and their properties. ‘Subjective Problems’ sections provide worked-out 
subjective problems for the preceding sections. Students are advised to solve each and every problem to grasp the topics. 


5.1 Ellipse 

An ellipse is a section of a cone by a plane such that the plane parallel to it through the vertex meets the plane of the 
base in a line external to it. Definition 5.1 is the plane geometrical definition. 

DEFINITION 5.1 Let / be a line and S' be a point on the plane of /, but not on l. Let 0 < e < 1 be a fixed number. 

Then the locus of the point whose distance from the point S is e times the distance of the point 
from the line / is called ellipse. The point S is called the focus and l is called the directrix cor¬ 
responding to S. 


Theorem 5.1 


The standard equation of an ellipse is 



Proof 


See Fig. 5.1. Let / be the directrix and S be the focus. Draw SZ perpendicular to / and divide SZ 
internally and externally at A and A' in the ratio e : 1 (where 0 < e < 1). Let C be the midpoint of 
A'A and A'C = CA = a. We consider CS as x-axis and line through C and perpendicular to CS 
as y-axis (see Fig. 5.1). We can see that C = (0, 0), A = ( a , 0) and A' = (-a, 0). Also SA = e(AZ) 
and SA' = eA'Z. Therefore, 


SA + SA' = e(AZ + A'Z) 
=*A'A=e(CZ-CA+CZ + CA')=e(2CZ) 
=>2a=(2e)CZ 


=>CZ = - 
e 


Flence, the equation of the directrix / is 


a 

X — — 

e 


(5.1) 


Also 


SA' - SA = e(A'Z - AZ) 
>(CS+CA')-(CA-CS)=e(A'A) 
>2(CS) = e(2a) 

> CS = ea 
>S = (ae, 0) 


So the focus is 


S = (ae, 0) (5.2) 

Let P(x, y ) be a point on the ellipse. Draw PN perpendicular to x-axis and PM perpendicular to 
the directrix I. Hence, by definition, 

SP=e(PN ) 


yj(x-ae) 2 + y 2 =e 


a 

x — 
e 


(x-ae) 2 + y 2 —{ex-a) 2 
(l-e 2 )x 2 +y 2 =a 2 (l-e 2 ) 


a 2 a 2 ( l-e z ) 


y 


-=i 
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Since 1 - e 2 > 0, we write a 2 ( 1 - e 2 ) as b 2 where b > 0. Hence, the locus of P is 



FIGURE 


5.1 


\ QUICK LOOK 1 


x y" 

The properties of the curve -5-+— ~-=l are as follows: 

a b 

1. The curve is symmetric about both axes. 

2. For any point (x, y) on the curve, we have -a<x<a 
and -b<y<b. 

3. The x-axis meets the curve at A(a, 0) and A'(-a, 0). 
The y-axis meets the curve at 5(0, b ) and 5'(0, -b). 

4. For each value of x, 

y ’ ±b fz 

and for each value of y, 



5. b < a. 

6. If 5(x, y) is a point on the ellipse 



then we have 

SP = e{PM) = e(NZ) = e(CZ - CN ) 



7. Since the curve is symmetric about both axes, there 
must be second focus and directrix. Another focus 
S'(-ae, 0) and its corresponding directrix is 

-a 
x = — 
e 


DEFINITION 5.2 Major Axis, Minor Axis and Vertices In Fig. 5.1, AA' is called the major axis and 55' [where 
5 = (0, b) and 5' = (0, - b)] is called the minor axis. The two points A and A' are called vertices 
of the ellipse. 2 a is called the length of the major axis and 2b is called the length of the minor 
axis. 


5.2 Inverted Ellipse 

If b 2 > a 2 , then the ellipse 
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is called an inverted ellipse. That is, if the roles of major and minor axes are interchanged, the ellipse is called an 
inverted ellipse. For the inverted ellipse, the vertices are (0, b) and (0, -b), major axis length is 2b and minor axis 
length is 2 a (see Fig. 5.2). Foci are (0, be) and (0, -be) and directrices are 



The eccentricity is given by a 2 = b 2 ( 1 - e 2 ). 



DEFINITION 5.3 Double Ordinate and Latus Rectum If a line perpendicular to major axis meets the curve 
at P and Q, then PQ is called double ordinate. Double ordinate through focus is called latus 
rectum. 


Theorem 5.2 


The length of the latus rectum of the ellipse 



= 1 


is 


lb 2 

a 


Proof 


Let L(ae, y) be one end of the latus rectum through the focus (ae, 0). Flence 


so that 


Thus 


2 2 2 
a 2 b 2 


y 2 = b 2 (l- e 2 )=^ [v b 2 =a 2 (l-e 2 )\ 



and 


L- 


2 A 


b 

ae , — 
a 


,L' = 


ae, - 


-b 


2 A 
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QUICK LOOK 2 


If b 2 > a 2 , then the length of the latus rectum of 




DEFINITION 5.4 Centre For any conic, point C is called its centre if C bisects every chord of the conic passing 
through it. For the standard ellipse, C(0, 0) is its centre. 


Example 


5.1 


Find the equation of the ellipse whose focus is at (4, -3), 
directrix is x + 1 = 0 and eccentricity is 2/3. 

Solution: Let P = (x, y). Now 
SP = ePM 

=>(SP) 2 =[|]>M) 2 

^(*-4) 2 +(y + 3) 2 = ^ + l) 2 

=> 9(* - 4) 2 + 9(y + 3) 2 = 4(.r +1) 2 

=t> 5x 2 + 9y 2 - 80 jc + 54y = - 221 

=t> 5 (jc 2 - 16x + 64) + 9(y 2 + 6y + 9) = - 221 + 320 + 81 


■ 5(x-8) 2 +9(y+3) 2 =180 
(x-8) 2 , (y + 3) 2 


36 


20 


-=1 


Hence, the centre is (8, -3). Foci are 


jc —8 = ±6| - |, y+3 = 0 


= (12,-3) and (4,-3) 


Directrices are 


jt-8 = + - = + 9 
e 

• x = 17 and x = -1 


Examples 


For the ellipse 9x 2 + 16_y 2 = 576, find the centre, foci, 
directrices and latus rectum. 

Solution: The given equation can be written as 

2 2 

^ + ^ = 1 
64 36 

Here, a 2 = 64, b 2 = 36. Now 

36 = b 2 = a 2 (l - e 2 ) = 64(1 - e 2 ) 

2 1 36 V7 

64 4 


Centre is (0,0). Foci are 
( + ne,0) = (±8 
The directrices are 


V 4 / 


,0) = (±2V7,0) 


f A \ 


x = ±-=> x = ±8 
e 


= + - 


32 


v V7J 77 


The latus rectum is 


lb 2 _ 2(36) 
a 8 


= 9 



QUICK LOOK 3 (IMPORTANT OBSERVATION) 


From the equation 



of the ellipse, we have the following observation: If the 
perpendicular distances p v p n of a moving point P from 
two perpendicular lines, say, / and respectively, are 
connected by the equation 
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2 2 
El + E ^ =1 

a 2 b 2 


where a > b, the locus of P is an ellipse with centre at 
the intersection of the lines / and /' and having major 
and minor axes along the lines /' and /, respectively, and 
they are of lengths 2 a and 2b, respectively. 


The following example illustrates the concept explained in Quick Look 3. 


Example 


5.3 


If the focus, centre and eccentricity of an ellipse are (2, 
3), (3, 4) and 1/2, respectively, then find the equation of 
the ellipse. 

Solution: It is known that the major axis is along the 
line joining the centre (2,3) and the focus (3,4). Its equa¬ 
tion is 

x-y + l = 0 = l' (say) 

The minor axis is the line through (2,3) and perpendicu¬ 
lar to the major axis. Its equation is 

x + y - 5 = 0 = I (say) 

Now C(2,3) is the centre and 5(3, 4) is the focus. There¬ 
fore 

CS = ae=$CS= — 

2 


Hence 

(3-2) 2 +(4-3) 2 =C5 2 = ^j- 
=>n = 2V2 

Now, 

h 2 =n 2 (l-e 2 )=8^1-ij=6=>h=V6 

Let p t and p 2 be the distances of P(x, y ) from l' to I. 
Then 

[(x-y + l)/V2]~ ^ [(x+y-5)/V2] 2 
6 8 

(x-y+1) 2 [ (x + y-5) 2 t 
12 16 


Example 


5. 


Find the centre and eccentricity of the ellipse 
3(3 jc - 2y + 4) 2 + 2(2x + 3y - 5) 2 = 26 

Solution: The given equation can be written as 

(3x-2y + 4) 2 (2.v + 3y-5) 2 _ 1 

(26/3) (26/2) 

Therefore, the centre of the ellipse is the point of inter¬ 
section of the lines 

3x - 2y + 4 = 0 

and 

2x + 3y - 5 = 0 


which is 


Here, 


so that 


-2 23 
13’13 


, 2 26 2 26 
b =—>a =— 
2 3 


n 2 =b 2 (l-e 2 )=> —= —(1-e 2 ) = 

V ' 3 2 V ' V3 


DEFINITION 5.5 Internal and External Points of Ellipse Since an ellipse is a closed curve, any point on the 
plane of the ellipse belonging to the foci region is called internal point. Any point outside this 
is called an external point. 


S = 



Notations Used: 
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s 2 = 


xx 1 

+ m 

-1 

a 2 

b 2 

xx 2 

. yyi 

-1 

a 2 

b 2 

C - 

XiX 2 

, > 

°21 “ 




— 1 


a 

2 2 

^ll - 2 + , 2 1 

a b 


a 


QUICK LOOK 4 


As in the case of circle and parabola, for the case of 
ellipse also, we have the following: 

1. Point (xp pj) is an external point to 


2. Point (x v y x ) is an internal point 

«' s u=4 + 4- i <» 

a b 


S = -r + ^r-l=0^S n =^r+^r-l>0 


y\ 


DEFINITION 5.6 Auxiliary Circle The circle described on the major axis as diameter is called auxiliary circle. 
That is, for the ellipse, 



where a > b, the circle x 2 + y 2 = a 2 is called the auxiliary circle (see Fig. 5.3). 



Every point on the ellipse 



Theorem 5.3 
(Parametric 
Equations) 


is represented by (a cos 0, b sin 0), where #is real. 
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Proof 


Let P(x, y ) be a point on the ellipse 



Draw PN perpendicular to the major axis (i.e., x-axis) and produce NP to meet the auxiliary 
circle at Q (see Fig. 5.3). Let #be ZACQ. Hence, by Theorem 3.4, Chapter 3, Q = (a cos 0, 
a sin 6). Thus, P = (a cos 0, y ) and P lies on the curve given by 


a~ cos 2 6 y~ 
-i+ ^ 

a 2 b 2 


1 =>y= + £>sin0 


Hence, P = (a cos 0, b sin 0). Since the ellipse is symmetric about x-axis, P'(a cos 0. -b sin 0) is 
also a point on the curve. Conversely, if x = a cos #and y = b sin 0, then 



The equations x = a cos 0,y = b sin 0are called the parametric equation of the ellipse 



DEFINITION 5.7 Eccentric Angle The angle 0 = ZACQ in Theorem 5.3 is called the eccentric angle of the 
point P where P = (ci cos 0\ b sin 0). 

Hereafter, when we say that #is a point on the ellipse 


2 2 
^+^ = 1 
u 2 b 2 


it means that its coordinates are ( a cos 0, b sin 0) (we can assume that 0 < 6 < 2n ). 


Theorem 5.4 
(Chord 
Equation) 


Proof 


1. The equation of the chord joining two points A(x v y ,) and B(x 2 , y 2 ) on the ellipse 


2 2 
^- 1=0 
a 2 b 2 

is 5) + ^2 =5 12 and hence the equation of the tangent at (x v y t ) is 

^ + m _ 1=0 

a~ b 

2. The equation of the chord joining two points a and on the ellipse 

2 2 
^ + ^=1 
« 2 b 2 

is given by 

x ( a+/5\ y . ( a+/3\ f a-p 

a { 2 b { 2 { 2 


and the equation of the tangent at a is given by 


x v . . 

—cosa +—sma=l 
a b 


1. Points A(x v y x ) and B(x n , y 2 ) are on the ellipse. Therefore 









293 


5.2 I Inverted Ellipse 


2 2 2 2 

£l. )^ = , *2_ , ^2. 

2 2 1 2 ' / 2 
a b a b 

2 2 2 2 

*1 "*2 . 3>1 “^2 

-2- + ,2 “ U 

-fe 2 (x 1 +x 2 ) = y 1 -y 2 

« 2 (^1 + ^2 ) X \- X 2 


= Slope of the chord AB 


Therefore, the equation of the chord AB is 
-b 2 (x 1 +x 2 ), , 

y-yi = — -v(*-*i) 

« (^i + y 2 ) 

=>h 2 (x-x 1 )(x 1 + x 2 ) + fl 2 (y->' 1 )(y 1 +y 2 )=0 

=> (b 2 xxi + a 2 yyP) + (b 2 xx 2 + a 2 yy 2 ) — (b 2 x 1 x 2 + n 2 y 1 y 2 )-(b 2 x 1 2 + a 2 _y 1 2 ) = 0 

= 0 


b z 


xx i | yyi I, ( , vth 


*1*2 , yiT2 


/ 2 2 ~\ 

Zil+ZL 

K a b J 


(2 2 

^l+Zl 
2/2 
v fl D j 


_ x \ x 2 ^1^2 1 

2 + 7.2 1 

fl D 


ZZi + ZZl_i |+[ ZZt+ZZti l_ 

« 2 h 2 J U 2 b 2 j 

^S 1+ S 2 -l=S 12 -l 

=>s l+ s 2 =s 12 

When x, = x 1 and y 2 = y v the equation of the tangent at (x v yq) is 

5l ^ + m_ 1=0 

a~ b 

2. Let P = {a cos a , b sin a) and Q = (a cos /?, b sin ft). The equation of the chord PQ is 

, . h(sina-sinS) . 

_y-osma=--(x — a cos a) 

a(cosa-cosp) 

2Z>cos[(a + /})/2]sin[(a-/})/2] 

-2a sin [(a + P) 12] sin [(a - P) 12] 

-b cos[(a+/3)/21 
= — x - . (x-acosa) 


(x-acosa) 


Therefore 


, ,'a+P 

xocosl — r — l + yasm 


Dividing both sides by ab, we get 


a sin[(a + /l)/2] 
. ( a + p 


= ab 


a+B\ . . (a+ B 

cosacosl-l+sin asm 1 


= ab cos 


a-p 


x (a+p\ y . (a+p\ (a-p 

— cos - +— sin - =cos - 

a \ 2 J b { 2 ) { 2 


li jB= a, then the equation of tangent at (a cos a, a sin a) is 


x y . 

—cosa +—sma=l 
a b 
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DEFINITION 5.8 Normal If P is any point on an ellipse, then the line passing through point P and perpendicu¬ 
lar to the tangent at P to the ellipse is called normal at point P. 


Theorem 5.5 


Proof 


Let 

2 2 

S = V4-1 = 0 

a 2 b 2 

be an ellipse. Then 

1. The equation of the normal at P{x v y^) is 

a 2 (x-x 1 ) b 2 (y - yi ) 
x i yi 

2. The equation of the normal at P(a cos a , b sin a) is ax sec a - by cosec a=a 2 - b 2 . 
1. From Theorem 5.4, the equation of the tangent at (jq, >q) is 

Ssa f£ + m_i = o 

a 2 b 2 


Its slope is 


-b 2 x 1 

a 2 y 1 


Hence, the equation of the normal at (x p y x ) is 


y-yi = ^r~{ x ~ x i) 
bx x 

a 1 (x-x 1 ) b 2 (y-y J 


yi 


2. Since the tangent at P(a cos a, b sin a) is 


its slope is 


x y . . 

—cosa +—sma=l 
a b 


b 

—cot a 
a 


Hence, the equation of the normal at P is 


, . nsina . 

y-osma =-(i-oc os a) 

hcosa 

—- b -^=a 2 -b 2 


cos a sma 


• ax sec a -by cosec a = a 1 -b 2 


Theorem 5.6 


1. The condition for the line y = mx + c to touch the ellipse 


2 2 

^ + ^=1 
« 2 b 2 


is c 2 = a 2 m 2 + b 2 . 
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Proof 


2. The condition for the line xcos0+ysin0 =p to touch the ellipse is 

p = ^a 2 cos 2 0+b 2 sin 2 0 

1. Suppose the line y = mx + c, c^O touches the ellipse at (x p y,). However, the equation of the 
tangent at (je p y x ) (by Theorem 5.4) is 

^ + ^- 1=0 
a 2 b 2 

Since both equations represent the same line, we have 

( Xl la 2 ) ( yi lb 2 ) -1 
m -1 c 

2 T 2 

-am , b 

=$ x 1 = - and y 1 = — 

c c 


Since (x v y x ) lies on the curve, we have 


2 2 
^+^=i 
u 2 b 2 

a 4 m 2 b 4 

~7^ + 7b 2 

> a 2 m 2 +b 2 =c 2 


So 


(*i>;yi)= 


( -a 2 m b 2 ^ 


v 

Aliter: The abscissae of the points of intersection of the line and the ellipse are given by the 
quadratic equation 


x 2 (mx + c) 

-h -— = 1 

2.2 

a b 

„2„.2\J2 


(b z + a z m z )x z + 2a z mcx + c 2 a 2 -a 2 b 2 =0 


(5.3) 


The line y = mx + c touches the ellipse if and only if the roots of Eq. (5.3) are equal. That is if 
and only if the discriminant is zero. 

=> 4a 4 m 2 c 2 -4o 2 (c 2 -b 2 )(b 2 + a 2 m 2 ) = 0 
=> a 2 m 2 c 2 -( c 2 -b 2 )(b 2 +a 2 m 2 ) = 0 
=> -b 2 c 2 + b 2 (b 2 +a 2 m 2 ) = 0 
=i> c 2 =a 2 m 2 +b 2 

2. In the above condition, if we replace c with p/sinO and m with -cot 0. we have 


^ =a 2 cot 2 0+b 2 = 


a 2 cos 2 0 + b 2 sin 2 6 


sin 2 0 


sin 2 0 


■ p=^a 2 cos 2 0+b 2 sin 2 0 


4 1 

QUICK LOOK 5 


1. 

For all values of m, the line y=mx±^ja 2 m 2 +b 2 

2 2 


touches the ellipse 

a 2 b 2 
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at (—< 


(~a 2 m/c, b 1 Ic), where c = ±yja 2 m 2 +b 2 


2. For all values of 0, the line 

xcosd+ ysm6=y]a 2 cos 2 9 + b 2 sin 2 6 


touches the ellipse at 

a 2 cos 9 b 2 sin 0 


Theorem 5.7 
Proof 


From an external point, two tangents can be drawn to an ellipse. 
Let P(x v yf) be an external point to the ellipse 


so that 


2 2 

^44-1=0 

a 2 b 2 


Su=44-1>0 

a b 


(5.4) 


From Quick Look 5, we have that the line y=mx+Ja 2 m 2 +b 2 touches the ellipse. This line 
passes through the point (x v yf) 

<=> y 1 — mx 1 = yja^m 2 + b 2 
<=> (_Vi - mX] ) 2 = a 2 m 2 + b 2 

<=> (a 2 -x 2 )m 2 +2x l y 1 m + b 2 —y 2 =0 ( 5 . 5 ) 

This being a quadratic in m has two roots, say, m l and m 2 , so that 


“ 2 *i yi ... ... _b 2 -y 2 


m 1 +m 2 = —«—and m, m 2 = 
a z - x z 


(5.6) 


Correspondingly, there are two tangents through (jq, jq). You can see that the discriminant of Eq. 
(5.5) is 


4:r 2 y 2 -4(u 2 -xf)(b 2 —yf) = 4 [-a 2 b z + a 2 yf + b z xf] 


„2 „ 2\/.2 .,2 


21 2 , „ 2.,2 . > 2 „ 2 i 


= 4u 2 h 2 


/ 2 2 X 

^L+ZL_1 

v fl 2 h 2 , 


= 4a 2 b 2 5 U >0 


[from Eq. (5.4)] 


Theorem 5.8 


Proof 


The locus of the point through which perpendicular tangents are drawn to the ellipse 


2 2 

s* +4-1=0 

a 2 b 2 


is the circle x 2 + y 2 = a 2 + b 2 . This circle is called the director circle of the ellipse. 
We have 

The tangents are at right angles 


<=> — 1 =m 1 m 2 = 


b 2 -yl 

2 2 


[from Eq. (5.6) of Theorem5.7] 


<=> - a 2 + Xi = b 2 - _v{ 
<=> x 2 + y\ = a 2 + b 2 
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Therefore, the locus of (x p y x ) is x 2 + y 2 = a 2 + b 2 . 

Aliter: The perpendicular tangents to the ellipse are 

I 2 2 2 /2 2 2 

y=mx+^]a m +b => y—mx—^a m +b 

—x In 7 / 2 2" 

and y = — + J— - + b" => my+x = Ja~+b"m~ 

m V m 

Squaring and adding on both sides, we have 

(1 + m 2 )(x 2 + y 2 ) = ( a 2 + b 2 )( 1 + m 2 ) 
Therefore, the locus of (x, y) is x 2 + y 2 = a 2 + b 2 . 


DEFINITION 5.9 Director Circle The locus of the point through which perpendicular tangents are drawn to 
an ellipse is a circle concentric with ellipse. This circle is called the director circle of the el¬ 
lipse 



QUICK LOOK 6 


The equation of the director circle of the ellipse 


is given by 



x 2 +_y 2 =a 2 +b 


2 


Example 


Find the director circle of the ellipse 9x 2 +16y 2 = 144. 


Solution: The given ellipse is 


2 2 

16 9 


Flence, the director circle equation is 
x 2 + y 2 = 16 + 9 = 25 


Example 


1. Prove that the condition for the line lx + my + n = 0 may 

2 2 

touch the ellipse ^ + ^-=1 is that a 2 ! 2 +b 2 m 2 =n 2 . 
a 2 b 2 


2. If 


2 \2 


,2 + 2 
/ m 


b z _ (a z -b 2 ) 


then prove that the line lx + my = n is normal to 


2 2 

x y 


— + t 2 ~ 1 ' 

a b 


Solution: 

1. The line lx + my + n = 0 can be written as 


ml V m 


where m ^ 0, and this line touches the ellipse. So from 
Theorem 5.6, we have 

4 = 4 -) T *- 2 

m V m J 
=>« 2 -a 2 l 2 + b 2 m 2 
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2. Suppose lx + my = n is normal at (a cos 6, b sin 6) at 
which the normal equation is ax sec 9 -by cosec 0= 
a 2 - b 2 . Therefore 

a sec# -b cosec 9 a 2 -b 2 
1 m n 


( 2 , 2 \ 
a -b 


v 77 j 


cos 9 and — = 
m 


<a 2 -b 


V 


sin 6 


2 r 2 

a b 

2 

/ m 


( 2 i 2 \ 

a —b 


v n J 


(cos^tsin 


Theorem 5.9 
Proof 


The feet of the perpendiculars drawn from the foci onto a tangent of an ellipse lie on the auxiliary 
circle of the ellipse. 

It is known that 


y=mx + 


yja 2 m 2 + b 2 


is a tangent to the ellipse 


2 2 
^ + ^=1 
a 2 b 2 


The line perpendicular to the above tangent is of the form 


V 

y =I — | x+c 

m 


This passes through the focus S(ae, 0), as shown in Fig. 5.4, which implies that 


„ —ae ae 

0=- + c => c= — 


m 


m 


Therefore, the line is 


So 


—x ae 

y= -1-=> x + my=ae 

m m 


(y-mx) 2 +(x + my) 2 =a 2 m 2 +b 2 +a 2 e 2 
=^> (1 +m 2 )(x 2 +y 2 ) = a 2 m 2 +a 2 [v b 2 =a 2 (l-e 2 )] 

=> x 2 +y 2 =a 2 

Therefore, the foot of the perpendicular from S(ae, 0) onto a tangent lies on the auxiliary circle 

v-2 i h2 — n2 



FIGURE 5.4 






















Theorem 5.10 

Proof 


Theorem 5.11 

Proof 


5.2 I Inverted Ellipse 


The product of the perpendiculars drawn from the foci onto a tangent of the ellipse 

2 2 

a 2 b 2 

is a constant and is equal to b 2 . 

See Fig. 5.4. Let SM = p x and S'M' = p 2 be the perpendiculars drawn from S(ae, 0) and S'(-ae, 0), 
respectively, onto a tangent 

x y 

— cos0 + —sm0=l 
a b 

Therefore 


and 

Now 


1-e cos 9\ab 


Pi = 


Pi = 


\la 2 sin 2 0 + b 2 cos 2 0 

|l-ecos0|uh 
\la 2 sin 2 Q + b 2 cos 2 9 


|l-e 2 cos 2 0| a 2 b 2 

a 2 sin 2 6+b 2 cos 2 0 
(1-e 2 cos 2 d)a 2 b 2 
a 2 sin 2 0 +a 2 (1-e 2 )cos 2 0 
(1-e 2 cos 2 9)b 2 
sin 2 0 + (1 - e 2 ) cos 2 9 
(1-e 2 cos 2 9)b 2 


(v e 2 cos 2 0<1) 


1-e 2 cos 2 9 


(••• sin‘ 0 + cos 0=1) 


= b l 


Except the point of contact, every point on a tangent line to an ellipse is an external point to the 
ellipse. 

From Theorem 5.4, part (2), it is known that the equation of a tangent to the ellipse 

2 2 
^ + ^=1 
fl 2 b 2 


at (a cos 0, b sin0) is 


x y 

— cos0 + —sm0=l 
a b 


(5.7) 


Let (x v yq) be any point on this tangent so that 


— cos0+—sin0=l 
a b 


(5.8) 


Now, from Eq. (5.8), we get 


4 + 4-l=4+4-f-cos0+^sin0 
a 2 b 2 a 2 b 2 \ a b 


2 
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= { — sin# - —cos#) >0 

V b ) 

and the equality holds if and only if 

— sin0- — cos0=O (5.9) 

a b 

Now, from Eqs. (5.9) and Eq. (5.8), we have 

x 1 =acos9 

and yi = b sin 0 

That is, 

a b 

and the equality holds only when (x v yq) is the point of contact. 

Theorem 5.12 
(Equation of 
a Chord in 
Terms of its 
Midpoint) 

If M(x v y x ) is the midpoint of a chord of the ellipse 

2 2 
+ 4-i =0 

a 2 b 2 

then the equation of the chord is 

Si = Su 

Proof 

xx 1 yy 3 x\ y\ 

^ 2 7 2 1 2^.2 i 

a b a b 

Let A(x 2 , y 2 ) and B(x 3 , y 3 ) be the extremities of the chord whose midpoint is M(x v y x ) so that 

x 2 +x 3 =2x 1 (5.10 a) 

y 2 +y 3 =2yi (5.10 b) 

Since A(x 2 , y 2 ) and B(x 3 , y 3 ) are the points on the curve, we have 

2 2 2 2 

X 2 ,y2 ,_*3 ^3 

2 ' t 2 1 2 ' r 2 

a b a b 

_ (x 2 -x 3 )(x 2 +x 3 ) _(y 3 - y2 )( y3 + y 2 ) 

^2 u 2 

a b 

-b 2 (x 2 +x :3 ) y 3 -y 2 

a ~(y 2 +y3) x 3~ x i 

which is the slope of the chord AB. From Eqs. (5.10a) and (5.10b), we have 

-Zr(2 x 1 )_y 3 -y 2 
a 2 (2 yi ) x 3 -x 2 

which is the slope of the chord AB which is written as 

-b 2 x 1 

a 2 y i 












Theorem 5.13 
Proof 


DEFINITION 5 

Theorem 5.14 

Proof 


Therefore, the equation of the chord AB is 


~ b x i ( s 

y-yi=— —(*-*t) 

a y t 

xx! | yy l _ x[ | y\ 


5.2 I Inverted Ellipse 


xx i yyi ,_x\ yl 1 
« 2 h 2 a 2 b 2 

>Si=S u 


The midpoints of parallel chords of an ellipse are collinear and this line passes through the center 
of the ellipse. 

See Fig. 5.5. Let M(x v yq) be the midpoint of a chord of the ellipse having slope m. Since the 
equation of the chord is S 1 = S n , we have 

xx! yyi_x 2 yf 
a b a b 


The slope of this chord is 


-b 2 X! 

—^—=m 
a yi 

>b 2 X!+a^m yi =0 


Therefore, M(x 1 ,y 1 ) lies on the line b 2 x+a 2 my= 0 which passes through the centre (0,0) of the 
ellipse. 



1 0 The line of collinearity of the midpoints of parallel chords of an ellipse is called the diameter 
of the ellipse. 


If one diameter of an ellipse bisects the chords parallel to another, then the second one bisects the 
chords parallel to the first. These types of diameters are called conjugate diameters. 

From Theorem 5.13, the midpoints of chords parallel to y = mx lies on the line b 2 x + a 2 my = 0. 
Flence, the midpoints of the chords parallel to b 2 x + a 1 my = 0 whose slope is 

-b 2 

a 2 m 


lie on the line 
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Theorem 5.15 
(Pair of 
Tangents) 


Proof 


Ellipse and Hyperbola 


b 1 x + a 2 


f-b 2 ^ 


y =o 


That is, the midpoints of the parallel chords lie on the line y = mx. 


The combined equation of the pair of tangents drawn from an external point (nq, _y x ) to the 
ellipse 


5 = 



1=0 


sf=ss u 


/ \2 

( 2 2 \ 

( 2 2 \ 

= 

Wi 

4 + 4-1 

l <r 6“ J 

^ a b y 

ya b y 


See Fig. 5.6. Let Q(x 2 , y 2 ) be a point on one of the tangents from P(x v yq). Let R divide PQ in 
the ratio 1:A, where T + 1^0, so that 


>1*1 +*2 kyi + yi ' 
A+l A+l 


Now 


R lies on the ellipse «, [(^*i + *2 VU +1)] 2 + [(+ y 2 )W +1)] 2 = t 


On simplification, we have 

X 2 S n + 2XS 12 +S 22 = 0 

PQ touches the ellipse if and only if Eq. (5.11) has equal roots 

=> 45 ^- 4 ^ 22=0 
^S 2 2 =S n S 22 


Therefore, the locus of Q(x 2 , y 2 ) is S 2 =S n S. 


(5.11) 



FIGURE 5.6 
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DEFINITION 5.11 Chord of Contact If the tangents drawn from an external point P to an ellipse touch the 
curve at A and B, then the chord A B is called chord of contact of P with respect to the given 
ellipse. 


\ QUICK LOOK 7 


As in the case of circle and parabola, we can see that 
the equation of the chord of contact of P(x v y^ with 
respect to the ellipse 


5 = 



1=0 


is given by 




**i jpg 

2 + r 2 

a b 


-1 = 0 


Example 

Two points A and B are on the ellipse 2x 2 + 7y 2 =14 at 
which the tangents drawn to the ellipse intersect at P. If 
the equation of line AB is 5x + ly = 7, find the coordi¬ 
nates of P. 

Solution: Suppose P = (x p y 1 ). By hypothesis, 

5x + 7y = 7 (5.12) 

is the chord of contact of P. By Quick Look 7, we have 
that 


| yyi_ 1 

7 2 


(5.13) 


is the chord of contact P(x p yf). Therefore, from Eqs. 
(5.12) and (5.13), we get 


(V7)_( yi /2)_1 
5 7 7 


=>*i=5, Vi =2 
=>/*=( 5,2) 


Example 


5.8 


Find the coordinates of the midpoint of the portion of 
the straight line x + y = 2 intercepted by the ellipse 3x 2 + 
2 y 2 = 6. 


Solution: Suppose M(x v yf) is the midpoint of the 
chord. Therefore, by Theorem 5.12, we have 

**i t yyi _ *i 2 1 yj 

2 3 2 3 

However, x + y = 2 is the equation of the chord. Therefore 

(xi/2) ( yi /3) (xf/2) + (yf/3) 

11 2 1 y 

Therefore, x l = 2A, y 1 = 3A and 3xf + 2 y\ = \2X implies 
that 


3(4 A 2 ) + 2(9T 2 )=12A 
=> (30)A 2 = 12A 

=> A=0 or A = — 

5 

Now 

A^O => A= — 

5 


Hence, the midpoint is 

(*iAi)=(2A,3A)=|j, 


Theorem 5.16 


Four normals can be drawn to an ellipse from a point on the plane of the ellipse. That is, if point 
P is located on the plane of an ellipse, there exist four points (not necessary all distinct) on the 
ellipse at which the normals drawn to the ellipse are concurrent at P. 


S= 



- 1=0 


Proof 


Let 
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be the ellipse and P(h, k) be a point in the plane of the ellipse. We know that [from Theorem 5.5, 
part (2)], the normal to the ellipse at 0is given by 

ax sec 0 - by cosec 6=a 1 -b 2 

^ a.r[l+tan 2 (0/2)] hy[l+tan 2 (0/2)] 2 ui 

^ l-[tan 2 (0/2)] 2tan (0/2)] 

ax(l+t 2 ) by(l+t 2 ) 2 ,2 ( , 0) 

1-t 2 2 1 { 2) 

^ax(l+t 2 )2t- by(l -1 4 ) = 2t(l-1 2 )(a 2 - b 2 ) = 2t(l-1 2 )a 2 e 2 
=$ byt 4 + 2(ax + a 2 e 2 )t 3 + 2 (ax - a 2 e 2 )t -by = 0 

This normal passes through P(h, /c). This implies 

bkt 4 + 2(ah + a 2 e 2 )t 3 +2(ah-a 2 e 2 )t-bk = 0 (5.14) 

Since Eq. (5.14) is a fourth-degree equation in t, it has four roots t v t 2 , U and t 4 (not necessarily 
distinct) so that there exist four points on the ellipse (t r , r= 1,2, 3,4) at which the normals drawn 
are concurrent at P(h, k). Also, we have the set of equations 

2(ah + a 2 e 2 ) 

h+h+h+u- bk 

Xqt 2 =0 

2(ah-a 2 e 2 ) 

i-hhh ~ , , 

bk 

-bk 

and ht 2 t 3 t 4 = = 1 

bk ■ 

Theorem 5.17 

A circle and an ellipse intersect at four points (real or imaginary), which are not necessarily be 
distinct, such that the algebraic sum of the eccentric angles of the four points is an even multiple 
of n. 

Proof 

Let 

x 2 + y 2 +2gx + 2fy+c=0 
be a circle. Every point on the ellipse 

2 2 

a 2 b 2 

is of the form ( a cos 0, b sin 0). Substituting x = a cos 0and y = b sin 0 in the equation of the circle, 
we have 

a 2 cos 2 0+Zr sin 2 0 + 2gacos0 + 2/bsin0+c = O (5.15) 

Let 

0 

f=tan — 

2 

so that 

1 -t 2 21 

cos 0=-r- and sin0=- T 

1+t 2 1+/ 2 


and sin0= 














5.2 I Inverted Ellipse 


Substituting the values of cos0 and sin 9 in Eq. (5.15) and simplifying, we obtain the following 
fourth-degree equation in t: 

(rE +c-2ag) t 4 +4 bft 3 +2(c + 2b 2 -a z )t 2 + 4bft + (c + ci 2 +2ag) =0 

This equation being a fourth-degree equation has four roots, say, 

a B y , 5 

q=tan —, r 2 =tan —, f 3 = tan — and f 4 = tan — 


Hence, we have 


a -4 bf 

X tan —=u +u+u + t A = —= - 

2 a 2 +c- 2ag 

„ a f3 „ 2(c + 2b 2 -a 2 ) 

Xtan —tan—=Xb h= — --- - 

2 2 c + a 2 -2ag 

„ a /3 7 „ -4 bf 

Xtan —tan —tan —= Xbt 2 % = -~- 

2 2 2 c+a l -2ag 


a 13 y 8 c + a"+2ag 

tan — tan — tan — tan—=t, UUt A =--- 

2 2 2 2 1 2 3 4 c+a 2 -2ag 


Now from Eqs. (5.16) and (5.18), we have 

a 
2 


v a -sri a By 
> tan—=> tan —tan —tan — 
Lu 7 ^ 7 7 7 


However, 


' a B Y 8 , 
tan - + - + - + - = 


(5.16) 

(5.17) 

(5.18) 

(5.19) 


tan(a/ 2 ) - ^ tan(a/ 2 ) tan(/I/ 2 ) tan( 7 / 2 ) 

2 2 2 2 j l-j^y^ tan(«/ 2 ) tan(/I/ 2 )J + tan(«/ 2 ) tan(/I/ 2 ) tan( 7 / 2 ) tan(<5/2) 


= 0 


Therefore 


or 


a B Y 8 
— + — + — + — = nn 
2 2 2 2 


a+B+y+8=2nn 


Subjective Problems (Sections 5.1 and 5.2) 

1. Find the equation of the ellipse of eccentricity 2/3 whose 
focus is (3, -1) and whose directrix is the straight line 
2x - y + 16 = 0 . 


Solution: If P(x, y ) is a point on the ellipse, we have 


V(x-3) 2 +(y+l ) 2 


2x-y + 16 


V5 


=> 45[x 2 + y 2 - 6x + 2y +10] = 4[4x 2 + y 2 - 4xy + 64x -32 y 

+ 256] 


2. Find the eccentricity of the ellipse 
(*-l ) 2 , (y- 2) 2 


1 


= 4 


Also find the foci. 


Solution: The given ellipse can be written as 

(*-l) 2 , (y-2) 2 _ 1 
36 4 

We have a 2 = 36 and b 2 = 4. Now 

b 2 = a 2 ( 1 - e 2 ) 


=> 29x 2 + 16xy + 41y 2 - 526x + 218y - 574 = 0 
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■ 4 = 36(1-e) 2 

2V2 


Hence 

S(ae,0)= 

and 




x-1= 


6(272) 


,y-2=0 


= (1 + 472,2) 


S\-ae, 0)=(1-472,0) 


3. An ellipse has its centre at <9(0, 0) and axes along 
OX and OY, respectively. If the ellipse passes through 
P(2,7) and Q( 4,3), find the coordinates of foci. 

Solution: Let the equation of the ellipse be 

2 2 

^ + ^=1 
« 2 b 2 

It passes through (2, 7) and (4, 3). Therefore 


and 


4 49 , 

2 + .2 — ^ 
a b 

16 9 . 

-=r+^- = l 

~2 1 2 


(5.20) 

(5.21) 


Solving Eqs. (5.20) and (5.21) for a 2 and b 2 , we have 


AP = 20 - a and PB = a => x=acos6 and y=(20-a) 
since P = (x, y). This implies 

2 2 

^+^_= 1 

a 2 (20-a) 2 

If PS = 8, then a 2 = 144 and b 2 = 64 so that 

^-=l-e 2 

144 

1.45 

=> e~ =1 — = — 


9 9 


75 



a 


2 


187 

To" 


and 


b 2 


187 

TT 


Hence, the ellipse equation is 10x 2 + 3y 2 = 187 and the 
eccentricity e is given by 


5. Let A and B be two fixed points and 2 c be the distance 
between them. Then, show that the locus of the point P 
such that PA + PB = 2a, where a > c is an ellipse having 
A and B as its foci. 


187_187 

To" _ TT 


C 2 =l-A: 

10 


(1-c 2 ) 

”10 


Therefore, foci are given by 



7187x7 

10 


\ 


7 


4. A bar of length 20 units moves with its ends on two 
fixed lines which are at right angles. Prove that a 
marked point on the bar describes an ellipse. If the 
point is at a distance of 8 units from one end, find the 
eccentricity. 


Solution: See Fig. 5.7. Take OX and OY as coordinate 
axes and O as (0, 0). Let AB be the bar such that AB = 
20. Let point P be marked on AB such that AP = a and 
PB = 20 - a. Suppose ZOAB = 9 (see Fig. 5.7). We have 


Solution: Take the midpoint of AB as origin O at OA 
as positive x-axis. Since AB = 2c, we have A = (c, 0) and 
B = (-c, 0). Now, P(x, y) is a point such that 

PA + PB = 2 a 

<=> 7 (,x~ c*)~ + + 7(^7“ c) - y~ ~ 

(x + c)~ + y~ — 4 a~ + (x — c)~ + y^ — 4u7(-^ — ^) - +y 
<=> (cx-fl 2 ) 2 =a 2 [(x —c) 2 +y 2 ] 

<=> x (a -c ) + y a =a -a c =a ( a -c ) 

2 2 

<=>^- + — J -—==1 (fl>c=>n 2 -c 2 >0) 

a z a -c 

This equation represents ellipse with major axis of length 
2 a and minor axis of length 2^a 2 -c 2 . Eccentricity 

2 2 2/1 2 \ 

a -c =a (l-e ) 

c 

=> e= — 
a 
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6 . For the ellipse 



let the vertices be A{a, 0) and A'{-a, 0). Suppose tan¬ 
gent at any point of the ellipse meets the tangents at 
the vertices at L and L', respectively. Then, show that 
the product AL-A'L' is constant and it is equal to b 2 . 

Proof: See Fig. 5.8. Tangent at <9is 

x y 

— cos0+ —sm0=l 
a b 

Tangents at A and A' are x = a and x = -a, respec¬ 
tively, so that 

ALxA-U= '* 1 - Ca “ > K b( - 1+COse) =l? 

sin 9 sin 9 



7. Point P is on the circle x 2 + y 2 = a 2 . AB is the chord of 
contact of P with respect to the ellipse 



Then, show that the locus of the midpoint of AB is 
the curve 


f 

V 



2 


2 

x +y 


2 


Solution: Let P(a cos 9, a sin 9) be a point on x 2 + y 2 = 
a 2 . Then, the chord of contact AB of P with respect to 
the ellipse 



by Quick Look 7, is 


x(acos9) i y(asin0) 1 

2 + 72 

a b 


x cos(9 (a . . „ „ 

-+ -y ysm0=l 

a \b 2 1 


(5.22) 


Suppose M(x v is the midpoint of AB so that the 
equation of chord AB is 


xx 1 yy-t _ x{ y\ 

2 + .2 2 ' r ,2 

a b a b 


(5.23) 


From Eqs. (5.22) and (5.23) 


x x /fl 2 

(cos 9)la (a/b 2 )sin9 


.... Ti . *i t yj 

a cos 9 asin9 a 2 b 2 


yi /b z _ (xfla 2 )+ (yflb z ) 


2,i 2\ 


1 


2 , 2 

Xi + yi 


a"( cos 2 0 + sur 9) 


(2 2 \ 
fL+21 
y b 2 j 


x i+yi 


( x 2 J.\ 

x i y i 

2 + t2 

K a by 


Therefore, the locus of M(x 1 ,y 1 ) is 


( 2 2 ^ 
v« 2 b 2 j 


x~ + y 


8 . Prove that the locus of the midpoint of the portion of 
the tangent to 


2 2 

^ + 4=i 


or b z 

lying between the axes is 


a 2 b 2 2 

~ + ^= 2 

x y 


Solution: The tangent at (a cos 9, b sin 9) is 
xcos9 ysin# 


- + - 


-=1 


Therefore, A(a sec 9, 0) and 5(0, b cosec 9) are the points 
of intersection of the tangent with the axes. If (x v _y : ) is 
the midpoint of AB, then 


a sec 9 . a 

Xi = -=> cos0 =- 

1 2 2x 1 

bcosec9 . „ b 

yi = -=> sm0=- 

2 2y x 


Flence 


2 ,2 

—+ —=4(cos 2 0 + sin 2 9) = 4 

x i yr 
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Thus, the locus of (x p >',) is the curve 

2 , 2 

V4=4 = (2 f 

* r 


9. The normal to the ellipse 

2 2 
^ + ^ = 1 
u 2 b 2 

at point P meets the major axis at G. Find the locus 
of the midpoint of PG. 

Solution: Equation of the normal at (a cos 9, b sin 9) is 
ax sec 9- by cosec 0= a 2 - b 2 [see Theorem 5.5, part (2)]. 
Substituting y = 0, we have 


G= 


(a 2 -b 2 ) cos 9 


,0 


Let M(x v jq) be the midpoint of PG. Therefore 
(a 2 -b 2 ) cos 6 


2x, = a cos 9 + - 


■ 2x , = 


and 2y 1 =bsin9 


cos 9, 2,22 


(a + a e' ) and 2y x = b sin 9 


=>2x l =acos9(l + e 2 ) and 2y 1 =bsin9 
Therefore, 


4x, 


+ ^L=cos 2 0+sin 2 9=1 


a 2 (l + e 2 ) 2 b 2 

Flence, the locus of the midpoint of PG is the ellipse 

4x 2 4y 2 

a 2 {l + e 2 ) 2+ b 2 ~ 


Substituting x 1 = ae and yi=b 2 la, the equation of the 
normal at L(ae, b 2 1c ) is given by 

a 2 {x-ae) b 2 [y-(b 2 /a)] 
ae b 2 la 

=> — (x — ae) = ay — b 2 
e 

Suppose this passes through (0, -b). So we have 

-a 2 = — ab-b 2 
=> a 2 -b 2 =ab 

=> a 2 e 2 = a 2 y]l-e 2 b = a^l-e 2 ) 

^c 4 = l- e 2 
=> e 4 + e 2 -1=0 



FIGURE 5.9 

11. Show that the locus of the midpoints of chords of the 
ellipse 


10. If the normal at one end of the latus rectum of the 
ellipse 



passes through one end of the minor axis, then show 
that the eccentricity e satisfies the relation 
e 4 + e 2 — 1 = o 


Solution: See Fig. 5.9. Let 


L 


l2^\ 


be one end of the latus rectum through the focus S(ae, 0). 
The normal at (x,, y t ) [by Theorem 5.5, part (1)] is 



which pass through a fixed point ( h , k) is 

x 2 y 2 hx ky 

- v 1 —=- 1 —— 

2.2 2.2 

a b a b 

Solution: If (x p y x ) is the midpoint of a chord, then its 
equation is 

Sj = S n (see Theorem 5.12) 

xx, yy, _ y\ 

^ 2 + » 2 2 + i 2 

a b a b 

This passes through (h, k). This implies that 


a 2 (x- Xl ) b 2 (y - yi ) 
x i y\ 


hx i ky x _ x\ y\ 

2 + r 2 2 ' i 2 

a b a b 
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Hence, the locus of (x v y 1 ) is 


x y hx ky 

-b -— =-1-— 

2 ,2 2 r2 

a b a b 


13. IfP is a point on the ellipse 



= 1 


12. The tangent to the ellipse 



with foci S and S', then show that 

PSS' PS'S 1-e 

tan-x tan-=- 

2 2 1 +e 


at point P (a cos a, ft sin a) meets the auxiliary circle 
x 2 + y 2 = a 2 in two points Q and R such that the chord 
QR subtends right angle at the centre of the ellipse. 
Show that the eccentricity of the ellipse is 
( 1 +sin 2 ay l/2 . 

Solution: SeeFig.5.10.ThetangentatP(acosa, ftsina) 
is 

xcosa ysina „ 

-+ --= 1 

a ft 


Solution: See Fig. 5.11. We know that SP + S'P = 2a and 
S'S = 2ae. Therefore, the semi-perimeter ( 5 ) of APSS'is 


2a + 2ae 
2 


a(l + e) 


Now (see Theorem 4.6, Chapter 4, Vol. 2, p. 195), we 
have 


PSS' 

tan- 

2 


(s-SP)(S-SS') 

s(S-S'P) 


Therefore, the combined equation of the pair of lines 
CQ and CR (where C is the centre) is 


x +y -a 


ilrcosa ysina 

1 - + -- 

a ft 


= 0 


(see Theorem 2.33, Chapter 2). Now ZRCQ=90°. This 
implies that in the above equation 

Coefficient of x 2 + Coefficient of y 2 = 0 


• ( 1 -cos 2 a)+ 


1 - 


2-2 ^ 

a sin a 


= 0 


.2 . a 2 sin 2 a _ 

■sin a+1 —-- —=0 

u 2 (l-e 2 ) 


( 1 -e 2 -l)sin 2 a+l-e 2 =0 
-e 2 ( 1 +sin 2 a) + l= 0 

1 -- • 2 „. n - 1/2 


■ e 2 = 


2 — or e=(l+skr a) 
1 + sin“ a 



FIGURE 5.10 


and 


PS'S _ l (s-S'P)(S-Syj 
tan 2 s(S-SP) 


Therefore 


PSS' PS'S s-SS' 

tan-xtan-=- 

2 2 s 

a + ae-2ae 

= - (y s = a + ae) 

a + ae 

1 -e 


1 + e 



14. If a chord joining the points a and y 3 on the ellipse 


2 2 

^+^ = 1 
a 2 ft 2 


passes through a focus, then show that 


a (3 e-1 

tan — tan — =- 

2 2 e + 1 


Solution: The equation of the chord joining a and (3 
[by Theorem 5.4, part (2)] is given by 
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xcos[(a + /J)/2]+ _ysin[(a + /?)/2] _ CQS f oc~P 


a b V 2 

Suppose, this chord passes through (ae, 0). Therefore 

' a+p\ fa-p 
ecos|- =cos 


cos[(a + /i)/2]_l 
cos[(a-/i)/2] e 

cos[(a + /l)/2] + cos[(a-/i)/2]_ 1+e 
cos[(a + /l)/2]-cos[(a-/l)/2] 1-e 

2cos(a/2)cos(/}/2) 1+e 

-2sin(a/2)sin(/J/2) 1-e 

a Be-1 

=> tan — tan — =- 

2 2 e + 1 

15. Find the locus of the foot of the perpendicular drawn 
from centre of the ellipse onto any tangent to the el¬ 
lipse 

2 2 
^ + ^ = 1 
« 2 b 2 

Solution: The line 

y—mx+ sja 2 m 2 +b 2 (5.24) 

is a tangent to the ellipse. The line passing through the 
centre (0, 0) and perpendicular to the line which is given 
in Eq. (5.24) is 


x + my = 0 

From Eqs. (5.24) and (5.25), we have 


(5.25) 


y = x 


\ 

—x 

y , 


J 2 2 

ax ,9 
—^ + b l 


=>x 2 +y 2 = -\Ja 2 x 2 +b 2 y 2 

=>(x 2 +y 2 ) 2 =a 2 x 2 +b 2 y 2 
which is the required locus. 



16. A tangent to an ellipse 

2 2 

^+^ = 1 
« 2 b 2 

is cut by the tangents at the vertices T and T'. Prove 
that the circle with T and T as extremities of a diam¬ 
eter passes through the foci of the ellipse. 

Solution: See Fig. 5.13. The tangent at P(a cos 6. b sin 
6) is 

xcos 9 ysin# , 

-+--= 1 

a b 

The tangents at A(a, 0) and A'(-a, 0) are x = a and x = 
-a, respectively. Therefore 


T = 


a , 


b(l-cos0) 
sin 6 


and 


r= 


/ b(l+cos0)^ 


sin# 




Hence, the circle with T and T as the ends of a diameter 
is 


. , , £>(l-cos#)V b(l+cos#) 

{x-a){x + a) + \ y . - y . - 

■ sm# 

.2/ 


2 1 
>x +y - 


sin 6 


sin 0 

(l + cos#+l-cos#)-n z +- 


by „ ___ 2 , b (1-cos Q) 


sin 2 9 


= 0 


x 2 + 2_2b L + b 2_ a 2 =Q 

sin# 


which passes through S(ae, 0) and S'(-ae, 0). 



17. The tangent and the normal at point P on the el¬ 
lipse 


2 2 
^+^ = 1 
« 2 u 2 


FIGURE 5.12 
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meet the minor axis in T and G, respectively. Prove 
that TG subtends right angle at each of the foci. 


Solution: See Fig. 5.14. Let coordinates of P be (jt p yQ 
so that 


2 2 

31 + 21 = 1 

« 2 b 2 


The tangent at P(x v jq) is 


xx i | yyi _ 1 


so that 


T = 


'o*' 

V ^1 


and the normal at P is 

a 2 {x-x 1 )_b 1 (y-y 1 ) 


y i 


so that 


(5.26) 


G= 


o,yi- 


2 ^ 
a y 1 


and S = (ae, 0) 


Now, 


Slope of ST x Slope of SG = ^ - x ^ Vl ^ - Vl ^ 2 ^ 


0 — ae 


0 -ae 


b _ x ( b -a~)yi 


-aey 1 -aeb 
b 2 -a 2 a 2 e 2 


2 2 2 2 

a e a e 


= -l 


Hence, ZGST = 90°. 



18. If the chord joining the points P(a cos a, b sin a) and 
Q(a cos j3b sin (5) cuts the major axis of the ellipse 



at a distance d units from the centre, then show that 

a (5 d-a 

tan — tan — =- 

2 2 d + a 


Solution: The equation of the chord PQ is 

xcos(a+(5)12 y sin (a+ (5)12 _ f a-(5 \ 

a b 2 J 

The chord PQ meets the major axis at 

^ a cos(a - (5)12 ' 

k cos(a+(5)/2 ’ J 

By hypothesis, we have 

acos[(a-(5)/2\ 
cos[(a + (5)/2\ 

cos[(a - (5)/2\ _ d 
cos[(« + /3)/2] a 

cos[(a-/l)/2] + cos[(a + /I)/2] _ d+a 
cos[(a-/l)/2]-cos[(a + /I)/2] d-a 

2cos(a/2)cos((5/2) d+a 
2 sin(a/2)sin(/l/2) d-a 

a (5 d-a 

=s>tan — tan — =- 

2 2 d + a 


\ QUICK LOOK 8 


If the chord passes through the focus (ae, 0), then 
d = ae so that (see Problem 14) 


a (5 e-1 

tan — tan—=- 

2 2 e + 1 


19. If the intercept of the line x cos a+ y sin a=p made 
by the ellipse 



subtends right angle at the centre, then show that the 
line touches the circle 


Solution: See Fig. 5.15. Let QR be the intercept of the 
line x cos a+y sin a=p made by the ellipse 
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2 2 
^+^=i 
« 2 b 2 


The combined equation of the pair of lines CQ and CR 
(where C is the centre) is 


2 2 

—+y —i 

« 2 b 2 


t 

xcosa + ysma 


=0 


Now ZPCQ= 90°. This implies that 

Coefficient of x 2 + Coefficient of y 2 = 0 

= 0 


1 cos 2 

\ 


r 1 

■ 2 A 

a 

+ 

sin a 

2 2 

[a p 

y 

W 

P ) 


111 
~^r + —r = ^r 


^ 2 = 2 


2 i 2 

a b 


However, p is the distance of (0, 0) from the line x cos a 
+ y sin a=p. Hence, the line touches the circle 


2 2 

* +3' = 2 


2 r 2 

a b 


+ b l 



FIGURE 5.15 

20. Let P be any point on the ellipse whose centre is 
C(0, 0). If 9'\s the angle between the chord CP and 
the normal at P, then find tan 9 and show that as P 
moves on the curve, the maximum value of tan 9 is 



lab 


Solution: Let P = (a cos a, b sin a ) so that the slope 
(m 1 ) of CP is 

b sina b 

m 1 ~ -=—tana 

a cos a a 


The normal at P is 

ax sec a - by cosec a= a 2 - b 2 


so that the slope (m 2 ) of the normal is 

a 

m 2 = — tana 
2 b 

Therefore 


tan0= 


m 1 - m 2 
1 + m 1 m 2 

[(h/fl)-(u/h)]tana 
1+tan 2 a 


< a 2 -b 2 ^ 
ab 


< a 2 -b 2 ^ 
v lab j 

2 , 2 

a —b 

lab 


sin a cos a 


sin 2a 


Hence, the maximum value of tan <9 is 

2 l2 

a —b 
lab 

and it is attained when 


„ n n 

la=—=>a=— 
1 4 


21. Two points P and Q are corresponding points on an 
ellipse and its auxiliary circle. Prove that the normal 
to the ellipse at P and normal to the auxiliary circle 
at Q intersect on the circle 

x 2 + y 2 = (a + b) 2 


Solution: See Fig. 5.16. Let 

P = (a cos a, b sin a) 
and Q = (a cos a, a sin a) 

The normal at P to the ellipse is 

ax sec a - by cosec a= a 2 - b 2 (5.27) 

and the normal at Q to the circle x 2 + y 2 = a 2 is 

y = (tan a)x (5.28) 

From Eq. (5.28), we have 

y , x 

sin a =—f and cosa=— ; 

477/ 4777 

Substituting these values of sin aand cos ain Eq. (5.27), 
we have 


(ax) 


l 


x 2 +y 2 


-( by ) 


<Jx^ + y 2 ( a-b) = a 1 


V x 2 +y 2 2 

—- = a - 

y 

-b 2 orx 2 +y 2 


b 2 

~-(a + b) 2 
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FIGURE 5.16 

22. The tangent and the normal at point P of the ellipse 



meet the major axis in T and T' such that TT' = a. 
Prove that the eccentric angle 9 of the point P is 
given by 

e 2 cos 2 9+ cos 9- 1 = 0 
where e is the eccentricity. 



and A and A' be the vertices of the ellipse. If the 
lines A'P and AP meet a directrix at Q and R , respec¬ 
tively, then prove that QR subtends right angle at 
the corresponding focus. 

Solution: See Fig. 5.18. We have P= (a cos 0, b sin 9), 
A' = (-a, 0) and A = (a, 0). The equation of A'P is 

bsinO 

y=— -—( x+a ) 

fl(l+COS0) 


Solution: See Fig. 5.17. Let P = (a cos 9, b sin 9). The 
tangent at P is 


x cost? ysin0 , 
-+ --= 1 


(5.29) 


Normal at P is 


ax sec 9-by cosec 9=a 2 -b 2 (5.30) 

Substituting y = 0 in Eqs. (5.29) and (5.30), we get 


T = (a sec 0,0) and T'= 


V-f> 2 ) 


cos 0,0 


Now, 


TT’ = a 
a (a 2 -b 2 ) 


cos 0 


-e 2 cos0 


COS0 


COS0 


= a 


= a 


/ . 2 i 2 2 2\ 

(. a -b -a e ) 


>|l-e 2 cos 2 0|=|cos0| 

>l-e 2 cos 2 0=cos0 
>e 2 cos 2 0 + cos0-l=O 


(v l>e 2 cos 2 0) 


ay =| btan^ j.r + f (nb)tan^ 


Substituting x=ate in the above equation, we get 
„ (a b( 1 + e) 0 

Q ie’e an 2 

The equation of AP is 

b sin 0 

y=- (x — a) 

a (cos 9- 1) 

In this equation, substituting x = ate, we get 
R = 


a b , .. 0 

-,-(e-l)cot- 
e e 2 


Now, the slope of SQ is given by 

(ble)( 1+e) tan (0/2) - 0 b (1+ e) tan(0/2) 


• m i = 


(ale) — ae 
b tan (0/2) 


2(1 —e 2 ) 


a( 1—e) 

and the slope of SR is given by 

(ble)( 1 - e) cot (0/2) b (e - 1) cot (0/2) 


(5.31) 


m 2 = 


(a/e) — ae 


a(l-e 2 ) 
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■ m 1 = 


— b cot(0/2) 


a(l + e ) 

From Eqs. (5.31) and (5.32), we get 

btan0/2 -bcotQ/2 


nqrai = 


a( l-e) a(l+e) 


-b 2 


1 


(l-e 2 ) 


-r 


-=-i 


(5.32) 


Hence, ZRSQ= 90°. 



FIGURE 5.18 


= -xcot0+£zcosec0 

This line touches the auxiliary circle x 2 + y 2 =a 2 . This 
implies 

n 2 cosec 2 0=a 2 (1 + cot 2 9) = a 2 cosec 2 0 
which is true. Hence, TQ touches the auxiliary circle. 



25. If the tangent at point P on the ellipse 



24. P is a point on the ellipse 



and Q is the corresponding point on the auxiliary 
circle 


If the tangent at P meets the major axis at T, then 
show that QT touches the auxiliary circle. 


Solution: See Fig. 5.19. P = (a cos 0, b sin 9) and Q = (a 
cos 0, a sin 0). The tangent at P to the ellipse is 

x cos0 ysin0 , 

- + - -= 1 

a b 


Therefore, T = (a sec 0 0) and the equation of the line 
re is 


asin0-O . 

y = -( x-asec9) 

flcos0-nsec0 

sin0cos0 (xcos 9-a) 
(cos 2 0-1) cos 0 
— (jr cos 0— ci) 
sin 0 


meets a directrix at Q , then prove that PQ subtends 
right angle at the corresponding focus. 


Solution: See Fig. 5.20. The tangent at P(a cos 0 b sin 
0 ) is 

jrcos0 vsin0 , 

- + - - =1 

a b 


Substituting x=a/e, we have 


Q= 


a i>(e-cos0)' 
e ’ e sin 0 


Now 


(Slope of SP) x (Slope of SQ) 


bsin0 

^u(cos0-e) y 
[b(e - cos 9)1 e sin 0] 
(ale)-ae 

bsin9 b(e-cos9)e 
X ~ 

«(cos0-e) ae(l-e^)sin0 


a 2 (l-e 2 ) b 2 


Therefore, ZQSP= 90°. 
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26. Prove that the locus of the midpoints of the chords of 
contact of points on the director circle of the ellipse 



with respect to the ellipse is 


( 2 2 ^ 
y a 2 b 2 j 


(a 2 +b 2 ) = x 2 +y 2 


Solution: M(x v jq) be the midpoint of the chord 

of contact of a point P(h, k) on the director circle 
x 2 +y 2 =a 2 + b 2 . Therefore 

h 2 +k 2 =a 2 + b 2 (5.33) 


and 


xxj yyi _ x\ y\ 

2 + r 2 2 ' j 2 

a b a b 


(5.34) 


Also the chord of contact of P(h, k ) with respect to the 
ellipse is 


hx ky . 

—+^ =1 

a b 


(5.35) 


From Eqs. (5.34) and (5.35), we get 

(hla 2 ) _ ( klb 2 ) _ 1 

( Xl /a 2 )~ ( yi lb 2 )~ {x 2 /a 2 ) + (y 2 lb 2 ) 

h k 1 

% y x {x\la 2 ) + {y\lb 2 ) 


>h= 


{x 2 /a 2 ) + (y 2 /b 2 y 


k= 


y\ 


(x 2 /a 2 ) + (y 2 lb 2 ) 


Substituting the values of h and k in Eq. (5.33), we have 


y l 


[(xjva 2 )+ {y 2 lb 2 )] 2 [(x 2 /a 2 ) + (y 2 lb 2 )] z 


- = a 2 +b 2 


27. Show that the locus of the midpoints of the chords of 
the ellipse 



which subtend right angle at the centre of the 
ellipse is 


a 2 +b 2 
a 2 b 2 


( 2 2 \ 
x -+y- 

y a 2 b 2 j 



Solution: See Fig. 5.21. Let PQ be a chord whose mid¬ 
point is (x p jq) which is subtending right angle at the 
centre. Hence, the equation of the chord PQ is 


xxj yy t _ xf y\ 

2 + r 2 2 ~* t 2 

a b a b 


Now, the combined equation of the pair of lines CP and 
CQ is 

r ~i2 

x 2 jr (xx 1 /a 2 ) + (yy 1 /b 2 ) 

a 2 b 2 [ {x\la 2 ) + {yllb 2 ) \ 


Now APCQ= 90° which implies that in the above equa¬ 
tion 

Coefficient of x 2 + Coefficient of y 2 = 0 


1 


(x 2 /a 4 ) 


1 


(. y > 4 ) 


[(x(/a') + (yi/y)Y + b 2 [(x 2 /a 2 ) + (y 2 /b 2 )] 2 ° 


11 (xila*) + (ytlr) 

a 2 b 2 [(4/a 2 ) + (y 2 /b 2 ))] 2 
Hence, the locus of (x v y x ) is 


2 2 
« 4 b 4 


l l 


y + b 2 J 



FIGURE 5.21 


Therefore, the locus of (x p jq) is 


2 

x +y = 


f ..2 


..2 \ 


x a 2 b 2 ; 


(a 2 +b 2 ) 


28. Two tangents are drawn from a point on the ellipse 
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to the circle x 2 + y 2 =c 2 . Prove that the chord of 
contact touches the ellipse 

2 2 , >2 2 4 

a x +b y =c 


Solution: See Fig. 5.22. Let P ( h , k) be a point on the 
ellipse 


so that 



(5.36) 


Chord of contact of P(h, k) with respect to the circle 

2 2 2 • 
x +y =c is 


hx + ky=c 2 (5.37) 

From Eq. (5.37), we have 



which touches the ellipse 


or 


2 2 , , 2 2 4 

ax + b y — c 


(c 1 lay ( c z / a y 


-=1 


This implies 


K k J 
4 


—h 

~k 


4 1.* c 4 


c 4 h 
a 2 k 2 


1 hr 


b 2 

1 


k 2 a 2 k 2 

. /i 2 k 2 

>1= —+7T 
n b 


which is true by hypothesis. 



29. Let d be the distance of a tangent at a point P of the 
ellipse from the centre. If S and S' are the foci, then 
show that 


(PS - PS') 2 = 4a 2 




Solution: Let P be (a cos 0, b sin 9) so that the tangent 
at P is 


xcosO ysin# , 
- + - - =1 


Therefore 


d= 


0 + 0-1 


^/cos 2 Ola 2 + sin 2 91b 2 


cos 2 6 sin 2 6 1 


a 1 b 
b 2 cos 2 6 


a 

b 2 cos 2 9 


. 2rt \r 

, +sm“0= — 

2 d 2 


7 b z 

-COS'- 0=—--1 
d 2 


> cos 2 9 


v a j 


-i-K 


> cos“ 9 


i a (a 2 -b 2 ) 




=>e 2 cos 2 9=1-^ (v a 2 -b 2 =a 2 e 2 ) (5.38) 

Also SP=a-ea cos 9 and S'P = a + ea cos 9. This implies 
(SP - S'P) 2 =(2ea cos 9) 2 
= 4a 2 e 2 cos 2 9 


( 


= 4a 


i-4' 

d 2 ; 


30. P is a point on the ellipse 



whose foci are S and S'. Show that the incentre of 
A PSS' lies on a concentric ellipse whose eccentricity is 



where e is the eccentricity of the given ellipse. 


Solution: Let P=(a cos 6\ b sin 0), S = (ae, 0) and S' = 
(-ae, 0). We know that 

SS' = 2ae, SP = a -ae cos 0. S'P = a + ae cos 0 


FIGURE 5.22 
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so that the perimeter of A PSS' = 2a (1 + e). Let (h, k) be 
the incentre of A PSS'. Therefore 


and 


[(jf + b 2 )/c] 2 / 


h — 


2 ae ( a cos 0) + aea (1 + e cos 0) - aea (1—e cos 0) 


b 4 /c 2 


2 . 2,2 

a b Ic 


= 1 


2a(l + e) 


2a 2 ecos9(l + e) 
2n(l+e) 

=> h=(ae) cos 9 
Similarly 


k = 


be sin 6 
1+e 


From Eqs. (5.39) and (5.40), we get 

h 2 k2 2 a ■ 2 Q . 

+-t- = cos 0+sm“0=l 


(ae)~ [be/( 1+e)] 

Therefore, ( h , k) lies on the ellipse 

2 2 

* , y 


2 2 

P <7 


where 


,2 „ 2 „ 2 . 


(1+e) 2 


If the eccentricity of this is e', then 

>2 2 

he 2 2/i /2\ 

-2 =aV(l-e ,z ) 


(1 + e) 2 


n 2 (l+e) 2 


= 1 —e ,z 


1-e 


(1+e) 

1-e 


- = l-e' 2 


= l-e 


/2 


1 + e 


11 i 

>e =1- 


1-e 2e 


1+e 1+e 


>e = 


2e 

1+e 


The centres of the ellipses are (a 2 lc, 0) and (-h 2 /c, 0). 
Also for both curves, the length of the minor axis is same. 
Flence, the common tangent touches the ellipses at 


^ a 2 ab ^ 


(5.39) 

(5.40) 


and Q 


-b z ab 


31. Prove that a common tangent of the ellipses 


x y~ 2x_ x z 2x_ 

—r-H —-z -—0 and —— 4——4-— 0 

a 2 b 2 c a 2 b 2 c 


Hence, we have 
Slope of OP x Slope of OQ= 


(able)- 0 
(a 2 Ic)- 0 


(able)- 0 
-( b 2 lc) 


Thus, ZQOP=90°. 

P 


-(SXf 1 - 1 


Q 


1 




b 2 e 2 

Ci 

To 

C 2 J 


32. Point P is on 


FIGURE 5.23 


2 2 
^ + ^=1 
fl 2 b 2 


subtends right angle at the origin. 

Solution: See Fig. 5.23. The given ellipses pass through 
the origin and touch at origin. Their equations can be 
rewritten as 

[(x-a 2 )lc\ 2 y 2 
a 4 /c 2 a 2 b 2 /c 2 


and point Q is on the auxiliary circle 

2 2 2 
x" +y -a 

corresponding to P. The line through P parallel to 
OQ (O is the centre) meets the major axis at A and 
minor axis at A'. Prove that PA = b and PA' = a. 

Solution: See Fig. 5.24. P = (a cos 9 ', b sin 9) and Q = 
(a cos 9, a sin 9). The line through point P and parallel 
to OQ is 

, . „ sin#, 

y-bsm6= - (x-a cos 9) 

cos 9 

Therefore, A = (-bcos9+acos9,0) and A’ = (9,bsin9 - 
asin9). Now, 

(PA) 2 =(acos9+bcos9-acos9) 2 +b 2 sin 2 9 
= b 2 (cos 2 0+sin 2 9) = b 2 
=> PA = b 


Again 


(PA') 2 =a 2 cos 2 0 + (hsin0-hsin0 + asin0) 2 
= a 2 (cos 2 0+sin 2 9) 
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Therefore, the common tangent is 2x+V3y=4V7. The 
common tangent meets the axes in the points 
A(2yjl,0) and 5(0, 4V7A/3). Hence, the length AB is 


Chapter 5 I Ellipse and Hyperbola 

= « 2 
=> PA' = a 



FIGURE 5.24 

33. Find the equation of the common tangent in the first 
quadrant to the circle x 2 + y 2 = 16 and the ellipse 

2 2 

^ + ^ = 1 
25 4 

Also find the length of the intercept of the tangent 
between the coordinate axes. (IIT-JEE 2005) 

Solution: We know that 

xcosd ysin0 


- + - 


= 1 


is a tangent to the given ellipse for all real values of 6. 
This line also touches the given circle which implies that 


-10 


= 4 


^4cos 2 0 + 25 sin 2 0 


>4(4cos 2 0 + 25sin 2 0) = 25 

>84 cos 2 0-75=0 

2 75 2 9 

>cos 0=—andsin“0=— 


84 


84 


Since the tangent is in the first quadrant, its slope must 
be negative. Hence, the equation of the tangent is 

(-2 A 2 

y= —cot0 \x + - 

V 5 J sin0 

-2 [75 2 

=> y= —.—x + -V84 
5 V 9 3 

-2 5 2x2yj2A 

=>y=- i=x + - 

5 V3 3 

=> 2 x + J3y =4 yjl 


28 + 


112 


Vl96 _ 14 
V3 _ y/3 


34. Find the point on the ellipse x 2 +2y 2 =6 which is 
nearest to the line x + y-7 = 0. (IIT-JEE 2003) 

Solution: The given ellipse is 

2 2 

^+^ = 1 
6 3 

and every point on it is of the form P(J6 cos 0, V3 sin 0). 
The nearest point on the ellipse is the point at which the 
normal to the ellipse is perpendicular to the line 
x+y-7 = 0 or equivalently, the tangent is parallel to the 
line (see Fig. 5.25). The tangent at 5(V6 cos0, V3sin0) is 

xcos0 ysin0 , 

- + -—^=1 


V6 V3 


whose slope is given by 

-V3 


. — cot 0 

_ cot 0= -f =— — — 1 

& V2 

=>COt0= y/2 

=>cos0=V2 sin0 

=>cos 2 0=2 sin 2 0 

=>3sin 2 0=1 

1 [2 

=>sm0= + —= and cos0= + , — 

V3 V 3 

Therefore, the nearest point in the first quadrant is 


5= 




= (2,1) 



FIGURE 5.25 






























5.2 I Inverted Ellipse 


35. Prove that in an ellipse, the perpendicular from a fo¬ 
cus upon any tangent and the line joining the centre 
of the ellipse to the point of contact meet on the cor¬ 
responding directrix. (IIT-JEE 2002) 

Solution: See Fig. 5.26. Let P be ( a cos 9, b sin 9) so 
that the tangent at P is 

xcosd ysin# , 

-+ --= 1 

a b 

Let S = (ae, 0) be one focus. The equation of the line 
through S and perpendicular to the tangent is 

a sin 9 

y=- - -(x-ae) 

b cos 9 

This line meets the directrix x = ale corresponding to the 
focus s(ae, 0) which is given by 


^ a a 2 sin# 




e ’ be cos0 


(1-e 2 ) 


= | —,— tan# | [y b z =a 2 (l-e z )\ 


- y 

Now, the equation of the line CP where C = (0, 0) is 

bsinO 


y= 


a cos 6 


which clearly passes through 


a b 
—, — tan# 
e e 



36. Consider the family of circles x 2 +y 2 =r 2 , where 
2 < r < 5. If in the first quadrant, the common tan¬ 
gent to a circle of this family and the ellipse 

2 2 

^ + ^ = 1 
25 4 


meets the coordinate axes at A and B, then find the 
equation of the focus of the midpoint of AB. 

(IIT-JEE 1999) 

Solution: The tangent to the ellipse is of the form 
y = mx+ ^25m 2 +4. This line also touches the circle. So 


25m 2 +4=r 2 (l+m 2 ) 


>m = 


r-4 
25 -r 2 


(5.41) 


Therefore, the common tangent is y=mx+^25m 2 +4 
where 


m=. 


r 2 —4 
25-r 2 


Therefore, 


A= 


-725m 2 + 4 


and B = (0, ^25m 2 +4) 

Let M (x v y x ) be the midpoint of AB so that 

—J25m 2 +4 I -s- 

c 1 = — - and 2y 1 —^25m z +4 


2x , =- 

m 

>4m 2 xf-4yl 

2 

2 Tl 
>m =— 

x 1 


Therefore, 


2y 1 =^25nr +4 and m 2 =—^ 
=> 4y 2 = 25 


( yt} 

\x\j 


+ 4 


=$4xf +25 yl =4x\y\ 

Hence, the locus of (x v y x ) is 

4x 2 +25y 2 =4x 2 y 2 

37. A tangent to the ellipse x 2 +4v 2 =4 meets the el¬ 
lipse x 2 + 2y 2 =6 at P and Q. Prove that the tangents 
at P and Q of the ellipse intersect at right angles. 

Solution: See Fig. 5.27 The two given ellipses can be 
written as 


2 2 

4 1 

2 2 

^ + ^=i 
6 3 


(5.42) 


and 


(5.43) 
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Let us consider that the tangent to ellipse which is given 
in Eq. (5.42) meets the ellipse which is given in Eq. (5.43) 
at P and Q. Let T be the point of intersection of the tan¬ 
gents to Eq. (5.43) at P and Q. Let T be ( h , k). Since PQ 
is the chord of contact of T with respect to the ellipse 
which is given in Eq. (5.43), the equation of PQ is 

hx ky . 

—+—=1 
6 3 


• hx + 2ky=6 

(~h\ 3 

• y=\ — U+— 

l 2 k k 


(5.44) 


The line in Eq. (5.44) touches the ellipse in Eq. (5.42). 
So 


4=4 Ei’l + 1 


k‘ l Ik 
=> h 2 + A: 2 =9=6+3 

Thus, T(h, k) lies on the director circle of Eq. (5.43) so that 
the tangents at P and Q to Eq. (5.43) are at right angles. 



x 2 +2y 2 =6 


38. If a , [i and y are the eccentric angles of three points 
on the ellipse 

2 2 
a 2 b 2 

at which the normals are concurrent, then show that 
sin(a+/l)+sin(/)+y) + sin(y+a)=0 

Solution: Suppose the normals at a, ft and y are con¬ 
current at ( h , k) and let S be the foot of the fourth nor¬ 
mal from ( h , k) (see Theorem 5.16). Then we have 

Xtan — tan—=0 
2 2 


and 


a p y 8 . 

tan — tan — tan — tan — = -1 


2 2 2 2 
Eliminating tan <5 12 from the above two equations gives 

o=xt4§) ta n (f 


''“'fMfjMfMzjMfMz 


, a 

+ tan| — 
2 


«an|f 


+ tan| — 


a 


-1 


tan(a/2)tan(/)/2)tan(y/2) 

-1 

tan(a/2)tan(/l/2)tan(y/2) 

-1 

tan(a/2)tan(/)/2)tan(y/2) 


,ani 2j ,a ‘ifH o, (fMf 


‘“'fMlVKfMz 


,anl — 1 tanl — 1 —cot I — loot! — 


2) \2) \2) \ 2. 

[cos 2 (a/2) cos(/)/2)] - [sin 2 (a/2) sin(^3/2)] 
[cos(a/2)cos(/l/2)sin(/)/2)(a/2) sin(^3/2) 

[cos 2 (/l/2)cos 2 (y/2)]-[sin 2 (^3/2)sin 2 (y/2)] 
[cos (pl2) cos(y/2)] ■ [sin Q3I2) sin(y/2)] 

[cos 2 (y/2)cos 2 (a/2)] -[sin 2 (y/2)sin 2 (a/2)] 
[cos (y/2) cos (a/2)] .[sin (y/2) sin (a/2)] 

Therefore 

4cos(a+ p)/2cos(a-p)/2 


I 


sin a sin ft 
2 (cos a+cos p) 


-=0 


sin a sin P 

=> sin y (cos a+cos /)) + sin a (cos p +cos y) 

+ sin P (cos y+cos a)=0 
=» sin (/i+y)+sin (y+a)+sin (a +/l)=0 

39. If the normals at ( x r , y ) (r = 1, 2, 3, 4) to the ellipse 

2 2 
^+^ = 1 
a 2 b 2 


are concurrent, then show that 
(jq +x 2 +x 3 +x 4 ) 


1111 
— + — +— + — 


V-H A 2 A 3 

Solution: Normal at (a, /J) is 

a 2 (x-a) _ b 2 (y-p) 
a p 

This passes through ( h , /c).This implies 




= 4 
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a 2 (h-a) b 2 (k-p) 
a p 

=> a 2 p(h - a)=b 2 a(k - p) 
=>[(/z-a)n 2 +b 2 a\P =b 2 k a 
=+[a 2 h-a(a 2 -b 2 )] 2 p 2 = b 4 k 2 a 2 
Also (a, /3) lies on the ellipse, which means 

SL. + t=l 

2 i 2 

a b 

Eliminating /3 from Eqs. (5.45) and (5.46) gives 


(5.45) 

(5.46) 


[a 4 h 2 + a 2 {a 2 -b 2 ) 2 - 2 a 1 ha {a 1 - b z )] 


2 (. 2 , 


(2 2 \ 
a -a 


= b 4 k 2 a 2 

• «V - fc2)2fc2 -2 a 3 h(a 2 -b 2 )b 2 + a 2 [a 2 b 2 h 2 + b 4 k 2 


-b 2 ( a 2 -b 2 )] 


+ a[2o 2 b 2 h(a 2 -b 2 )\-a 4 b 2 h 2 =0 


This being a fourth-degree equation in a , we get four 
values of a , say, x v x 2 , x 3 and x 4 . Therefore, 

2 b 2 h(a 2 -b 2 )a 2 _ 2a 2 h 


x 1 + x 2 + X 3 + x 4 =- 


b 2 (a 2 -b 2 ) 2 ( a z -b z ) 


2 u2 \ 


1111 2a"b h(a" -b") 2(a"-b ) 

— + — +— + —=- - 
x x x 2 x 3 x 4 


a 4 b 2 h 2 


a 2 h 


Hence 


. .,1111 

(X^ + X2 + X3 + X4 ) I-1-1-1- 

Al *2 *3 x 4 J 


2 crh 2 (a 2 -b 2 ) „ 
x —-—---=4 


2 l2 

a -b 


a 2 h 


40. Two tangents to an ellipse 



are drawn which intersect at right angles. Let I I and 
L be the intercepts on these tangents made by the 
auxiliary circle x + y =a . Show that /, +l 2 is equal 
to ( SS') 2 , where S and S' are the foci. 

Solution: See Fig. 5.28. Let 

y=mx+y]a 2 m 2 + ZT (5-47) 

and y=- + .l-^y + b 2 

m \ m. 

=> x + my=yja 2 +b 2 m 2 (5.48) 

Let the intercept of Eqs. (5.47) and (5.48) on the auxil¬ 
iary circle be /, = PQ and l 2 = RT. Draw CM and CN 


perpendicular to PQ and RT, respectively, where C (0, 
0) is the centre of the ellipse. Now, 


(CMf=^P 

1 + m 2 


and 

Now, 


1 + m 2 


Also 


l 1 = PQ=2PM 
>l 2 = 4(PM) 2 

= 4(CP 2 -CM 2 ) 


= 4 


7 am+b 
a —- 


1+m 


1 +m 2 
4 (a 2 -b 2 ) 


(5.49) 


I 2 =4 


2 ar +b z m z 
a —- 


1+m" 


(5.50) 


4 m z 
1 + m' 


-(« 2 -b 2 ) 


Therefore, from Eqs. (5.49) and (5.50), we get 

2 


/ 1 2 +ZJ = 4(fl 2 -h 2 ) 

= 4(a 2 -b 2 ) 
= 4u 2 e 2 


1 m 
- + - 


1 + m 1 1 + m 2 


= (2ae) 2 
= (SS') 2 
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5.3 Hyperbola 

Hyperbola is a conic whose eccentricity is greater than unity. In this section, we discuss the principal properties that are 
common to all hyperbolas. Some of these properties are same as that of the ellipse and can be proved in a similar way. 
However, the additional feature that the hyperbola possess is a pair of asymptotes (tangents with points of contact at 
infinity) which gives the curve its own properties. Let us start the discussion with the formal definition of hyperbola. 


DEFINITION 5.12 Let Zbe a straight line (called the directrix), S be a point which is not located on / (called the 
focus) and e > 1 be a fixed real number (called the eccentricity). Then, the locus of the point 
P such that SP is equal to ( e PM), where PM is the perpendicular distance of P from the 
directrix, is called a hyperbola. 


Example 


5.9 


Find the equation of the hyperbola whose directrix is 
x-y +1 = 0, focus is (- 1,- 1) and eccentricity is 2. 

Solution: P(x,y) is a point on hyperbola 

^SP=2{PM) 

$=>(SP) 2 =4(PM) 2 


<=>(x + l) 2 +(y+l) 2 =4 


x — y + 1 


V2 


<=>x 2 +y 2 +2x + 2y + 2 = 2x 2 —4xy + 2y 2 +4x — 4y + 2 
<=> x 2 -4xy+y 2 +2x-6y=0 
Thus, the equation of the hyperbola is 
x 2 -4xy+y 2 +2x — 6y=0 


Theorem 5.18 


The standard equation of the hyperbola is 



where b 2 =a 2 {e 2 - 1). 


Proof 


See Fig. 5.29. Draw SZ perpendicular to the directrix /. Divide SZ internally and externally at 
points A and A' in the ratio e:l. Let C be the midpoint of AA' and A'C = CA = a. Since 
SA:AZ = e:l and SA':A'Z = e:l, we have 


SA = e(AZ) and SA' = e(A'Z) 

=>SA + A'S = e(AZ + A'Z) 

=>(CS- CA) + (A'C + CS) = e(AA') 

=>2(CS’) = e(2n) 

=>CS = ae (5.51) 

Also 

SA'-AS=e(A'Z-AZ) 

=>A'A = e(A'C + CZ-AC + CZ) 

=>2a = 2e(CZ) 

=^CZ = - (5.52) 

e 

Now, choose CS as positive x-axis and C as origin. Hence from Eqs. (5.51) and (5.52), we have 
5 , = (ne,0) and the equation of CZ (i.e., directrix) is x = ale. Now, P(x,y) is a point on the curve. 
This implies 

SP=ePM 
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=$(x-ae) 2 +y 2 =(ex- a) 2 
=> (e 2 - l)x 2 - y 2 = a 2 (e 2 -1 ) 



where b 2 = a 2 ( e 2 - 1). 



s, QUICK LOOK 9 


For any point P(x, y) on the hyperbola, we have 

\S'P-SP\ = e\PM'-PM\ = e(MM') = e(ZZ')=e( — J=2a = A'A 


5.3.1 Features of the Curve 

a 2 b 2 

1. The curve is symmetric about both axes. 

2. To each value of x, such that \x\>a, there are two values for y which are equal in magnitude but opposite in sign. 
To each value of y, there are two values for x. 

3. The abscissae a of any point should not be between -a and +a. 

4. The curve cuts the x-axis at (-a, 0) and (a, 0). 

5. The curve cannot intersect y-axis. 

6. As y increases infinitely, x also increases infinitely. 

7. Due to the symmetry of the curve, there is another focus S'(-ae, 0); the corresponding directrix is x = -a/e. 

DEFINITIONS 5.13 

1. A'(-a, 0) and A(a, 0) are called the vertices of the curve and A'A is called the transeverse axis whose length is 2a. 

2. If B = (0, -b) and B' = (0, b), then BB' is called the conjugate axis whose length is 2b. 

3. The double ordinate passing through the focus is called latus rectum. 

4. x 2 +y 2 = a 2 is called the auxiliary circle which touches the curve at vertices A and A'. 


Theorem 5.19 


2 2 ^ 1^2 

The length of the latus rectum of the hyperbola ^--^- = 1 is -. 

a 2 b l a 
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Proof 


Let SL be the semi-latus rectum where S = {ae, 0) and L = {ae, y). Now L is a point on the curve, so 


a e y _ 1 

« 2 b 2 

=$y 2 = b 2 {e 2 -1) 



=>5L= — 
a 


DEFINITION 5.14 In a hyperbola, if the lengths of transeverse and conjugate axes are equal, then it is called 
rectangular hyperbola. 


\ QUICK LOOK 10 


'y i o o 'j 

In a rectangular hyperbola, b"=a =s>u"=a (e -1) 
=> e = y/2. The eccentricity of any rectangular hyperbola 


is V2 and the standard form of a rectangular hyperbola 

222 

is x -y =a . 


Example 


5.10 


For the hyperbola 4x 2 - 9y 2 = 36, find the foci, eccentric¬ 
ity, the directrices and the lengths of the axis. 

Solution: The given hyperbola is 


Foci are given by 


(±ae, 0) 


±3 


Vl3 


,0 


(+Vl3,0) 


2 2 


so that a" = 9,b 2 = 4. We have 

b 2 = a 2 ( e 2 -1) 


>4 = 9(e 2 -1) 
4 
9’ 


2 4 Vl3 

>e = — + lore =- 


Directrices are given by 


x=±—=$x=±3 

e 



9 

Vl3 


Transeverse axis length is 2a = 6 and conjugate axis 
length = 2b = 4. 


Example 


5.11 


Find the eccentricity and foci of the hyperbola 
9x 2 - 16y 2 + 72x - 32y -16 = 0. 


Solution: The given equation can be written as 

9(x 2 +8x)-16(y 2 +2y) = 16 
=> 9(x + 4) 2 -16(y + l) 2 =16 + 144-16 = 144 
^ (x + 4) 2 (y+l) 2 _ 1 
16 9 


Therefore, the centre is (-4,-1). Now 
b 2 = a 2 (e 2 -1) 
=> 9 = 16(e 2 -1) 



The foci are given by 

(x + 4 = ±ae, y + l=0) = (— 4 ± 5,—1) = (1,-1) and (-9,-1) 
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DEFINITION 5.15 Parametric Equations For all real 8^(2n+\)nl2, the point (a sec<9, b tan<9) lies on the 
hyperbola 



The equations 

x=asec8 and y = btan8 

are called the parametric equations of the hyperbola. 


DEFINITION 5.16 Position of a Point For any hyperbola, the foci region is called internal region and any 
point which is not (a) inside the curve and (b) on the curve is called external point. 


Notations used: 


2 2 

a 2 b 2 

_xx x yy 1 

^ 1 - 2 ,2 1 

a b 


S 2 = 


xx 2 yy 2 


2 " 2 
a 


-1 


c _c *i*2 yiy 2 , 

J 12 =‘ 3 21- S S 1 


2 2 

c 

^ 11 “ 2 ,2 1 

a b 


The following can be proved similar to the case of ellipse by replacing b 2 with -b 2 and hence only statements are given 
without proofs. 


Theorem 5.20 


Let S = ^--^--l=0.Then 
a 2 b 2 


1. 

2 . 

3. 

4. 

5. 

6 . 


A point in the plane of the hyperbola is external or internal to the curve according as S n < 0 or 
S 11 > 0, respectively. Note that in the case of circle, parabola and ellipse, S 1:L > 0 is the con dition 
for an external point and S u < 0 is the condition for an internal point. However, in the case of 
hyperbola, it is the reverse. 

The equation of the chord joining two points (x p y ] ) and (x 2 , yy) on the curve is .Sj + S 2 = S l2 ■ 


The equation of the tangent at [x^yf) is 


The equation of the normal at {x v yf) is 


XX | 

~2 




a 1 (x—x 2 ) 


yyi 

b 2 


— 1 = 0 . 

b 2 (y-yi) 


X1 3h 


The equation of tangent at (a sec 8. b tan 8) is 


xsec 6 
a 


ytan0 

b 


The equation of the normal at (a sec 8, b tan 8) is 


xtan0 ysec0 
-+ ^-= 


(q 2 + b 2 ^ 
ab 


ax cos 8 +by cot 8=a 2 +b 2 


sec 8 tan 8 


7. The condi tion for t he line y=mx + c to touch the hyperbola is that c 2 =a 2 m 2 - b 2 or the line 
y-mx±\jam z —b 2 touches the hyperbola. 

8 . The equation of the director circle is x 2 +y 2 = a 2 -b 2 . This will exist only when a> b. 
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9. The equation of a tangent is xcosa + ysina=p, where p = ^a 2 cos 2 a-b 2 sin 2 a. 

10. All points on a tangent except the point of contact are external to the hyperbola. 

11. Equation of the chord in terms of its midpoint (x p yy) is S 1 = 5 lp 

12. From any external point, two tangents can be drawn to a hyperbola and the equation of the 

pair of tangents from the point (x p yy) is S 2 = SS n . ■ 


DEFINITION 5.17 


Asymptotes The two lines given by 


y z b 

Ar = 0 or y=± — x 
b 2 a 


X V 

are called the asymptotes of the hyperbola -—-^-=1. 

a b 

Algebraically, the two lines y=±(bla)x satisfy the condition of a tangent, but without the existence of points of contact. 
Due to this reason, asymptotes are also stated as lines through the centres which touch the curve at infinity. In general, 
a line / is called an asymptote to a curve if the line / goes nearer and nearer to the curve, but never meets the curve. 


Theorem 5.21 


Proof 


X V 

For the hyperbola = 1, the following properties hold good with regard to asymptotes: 

a~ b l 

1. The chord of contact of any point on an asymptote is parallel to the same asymptote. 

2. The product of the perpendiculars drawn from any point on the curve onto its asymptotes is 
constant. 

3. The foot of the perpendicular from a focus onto an asymptote is one of the points of intersec¬ 
tion of the corresponding directrix with the auxiliary circle. 

4. If a straight line cuts the curve at P and Q and the asymptotes at R and S, then PR = QS. 

5. The angle between the two asymptotes is 2 sec 1 (e). 

1. P (x p yy) is a point on the asymptote y=(b!a)x so that 


b 

y i=-*i 

a 

The chord of contact of P(x p yy) with respect to the hyperbola is 


(5.53) 


xxi yy 1 


= 1 


Z J Z 

a b 

From Eq. (5.53), the slope of the chord of contact of 


b 2 x l b 


P = ^= — l-l = - 

a~y x a" 


which is the slope of the asymptote. Hence, the chord of contact of P is parallel to the asymp¬ 
tote on which point P lies. 

2. Fet P(x v yy) be a point on the curve so that 


2 2 

2 , 2 1 

a b 


(5.54) 


The product of the perpendiculars drawn from P(x v yy) onto the asymptotes is 


\(x 1 la)-(y 1 /b)\ \(x 1 /a) + {y 1 lb)\ 

2 2 
*i yi 

a 2 b 1 

7 (l/fl 2 ) + (l/b 2 ) s J(l/a 2 ) + (llb 2 ) 

2 

a b 

a 2 +b 2 
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Therefore, from Eq. (5.54), we have 

\{x l la) — {y 1 la)\ ^ \{x 1 /a) + (y 1 /a)\ _ a 2 b 2 
<J(l/a 2 ) + (l/b 2 ) s j{l/a 2 ) + {l/b 2 ) a 2 +b 2 


3. Let S = (ae, 0) and y = (b/a)x be an asymptote. The line passing through S and perpendicular 
to the asymptote y=(bla)x is 


Solving the equations 


we have 


and 


y -o 


— (x — ae) 
b V ' 



and y= — (x-ae) 
7 b y ’ 



a 2 e 


b 


=> x = 



ab 

a 2 + b 2 


a 3 e 


2 2 

a e 


a 

e 




b 

e 


That is, the foot of the perpendicular from S (ae, 0) onto the asymptote y=(bla)x is {ale, ble ) 
which lies on the auxiliary circle x 2 + y 1 =a 2 . 

See Fig. 5.30. Let M{x 1 ,y 1 ) be the midpoint of PQ. We show that M{x 1 ,y 1 ) is also the midpoint 
of RS. The equation of the chord PQ is 


XX! yy l _ x{ y[ 

2 u2 2 i2 

a b a b 

Substituting y={b!a)x and y=-{b!a)x in Eq. (5.55), we have 


(5.55) 


R = 


a b 


c i , yi 


and 




Hence, the midpoint of RS is (jc 1 , ). 



5. The asymptotes are y=(b/a)x dLn&y=-{bla)x. They are equally inclined to the x-axis. If 29 is 
the angle between them, then 
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so that 


and 


tan0= — 


a 


2 a 2 + b 2 a 2 e 2 
sec“ 0= -r— = —— 


= e 


a a 
- 1 / 


2 0=2 Sec - (e) 


\ QUICK LOOK 11 


The combined equation of the pair of asymptotes of 

2 2 2 2 
X V XV 

the hyperbola —r--=1 is^- ^-=0 which shows 

cib a b 


that the combined equation of the asymptotes of a 
hyperbola and the equation of a hyperbola differ by a 
constant. 


Example 


5.12 (Method to Find Asymptotes) 


Find the asymptotes of the hyperbola 3x 2 -5xy-2y 2 + 
17x + y+14 = 0. 


Solution: Since the hyperbola equation and the pair of 
asymptotes equation differ by a constant, let the com¬ 
bined equation of the pair of asymptotes be 

3x 2 -5xy-2y 2 +17x + y + k = 0 (5.56) 

Since Eq. (5.56) represents a pair of lines, from Theorem 
2.31, Chapter 2, we have 


3<- 2 >‘ + 2(iMf) 

-49 k 490 „ 

=>-+- =0 




=>/c = 10 


Hence, the combined equation of the asymptotes is 

3x 2 -5xy-2y 2 +17x + y + 10 = 0 

Since 3x 2 -5xy-2y 2 =(3x + y)(x-2y), let us consider 
that 

3x 2 -5xy-2y 2 +11 x + y + \0 = (3x + y+n l )(x-2y+n 2 ) 

Equating the coefficients of x and y on both sides, we 
have 

«| +3n 2 =17 
and -2n l +n 2 = 1 

Solving for rqandnj. we have n x = 2 and n 2 =5. Hence, 
the asymptotes are 3x + y + 2=0 and x-2y+5 = 0. 


Example 


5.13 


The asymptotes of a hyperbola are the lines 2x + 3y - 8 = 0 
and 3x-2y + l=0, and the curve passes through the 
point (5, 3). Find the equation of the hyperbola. 

Solution: Let the equation of the hyperbola be 
(2x+3y-8)(3x-2y+l) + k=0 


Since this passes through the point (5,3), we have 
(10+9-8)(15-6+l) + /c = 0 
=>k = -110 

Hence, the equation of the hyperbola is 

6 x 2 +5xy-6y 2 -22x + 19y -118 = 0 


DEFINITION 5.18 Conjugate Hyperbola A hyperbola whose transverse and conjugate axes are conjugate 
and transverses of another hyperbola is called conjugate hyperbola. For example, the conju- 

2 2 2 2 2 2 

u i t x y i • y x i x y * 

gate hyperbola of —-—-—=1 is ——- = 1 or —-—-—=-1 
a “ b b a a~ b 
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a 


QUICK LOOK 12 


For a hyperbola 


2 2 

x y , . 

—-—=1 and its conjugate 

x 2 y 2 fl k 

— —r-— — 1, the asymptotes are the same lines 

z? 

2 2 

4-4=o 


In fact, one can observe that 

Hyperbola + Conjugate hyperbola = 2 
= 2 x Asymptote 


( x 1 y 2 ^ 
v n 2 by 


Example 


5.14 


Find the conjugate hyperbola of 3x 2 
y+14 = 0. 


-5xy-2y 2 + 17x + 


Solution: The asymptote of the given hyperbola (see 
Example 5.12) is 

3x 2 —5xy—2y 2 + 17x+y+10=0 

Therefore, according to Quick Look 12, 


(3x 2 -5xy-2y 2 +17.r +14) +Conjugate 
= 2 x Assymptotes 
= 2x(3x 2 -5xy-2y 2 + 17x + y + 10) 

This gives 

3x 2 -5xy-2y 2 + 17x + y+6 = 0 
which is the equation of the conjugate hyperbola. 


Theorem 5.22 
Proof 


If e 1 and e 2 are eccentricities of a hyperbola and its conjugate, then -^- + -^-=1. 

e i ^2 

Suppose e 1 is the eccentricity of 

2 2 

^->Ui 

fl 2 b 2 


and e 2 is the eccentricity of 


Therefore 


Now 


2 2 

fL_3L = _i 

n 2 b 2 


b 2 =a 2 (e 2 - 1) and a 2 =b 2 (e\- 1) 


( e l _ l)( e 2 -1) = 1 
> e 2 el-ei-e 2 2 -0 
1 1 

1 

e 2 


Now, we recall the definition of rectangular hyperbola from Definition 5.14. The hyperbola in which transverse and 
conjugate axes having equal lengths is called rectangular hyperbola. Hence, the general standard equation of the rect- 
angular hyperbola is x~ -y~ = a . To study some of the properties of the curve x —y~ = a , we transform this equa¬ 
tion to simplest form xy=c 2 , by rotation of the axes through a certain angle. 


Th eorem 5.23 | The equation of the rectangular hyperbola with its asymptotes as the coordinate axes is 
xy=c 2 , where c is constant, is called the simplest form of a rectangular hyperbola. 

Proof Let x 2 -y 2 =a 2 be rectangular hyperbola. Now, rotate the axes about the origin through nt4 in 
the clockwise direction so that the asymptotes become coordinate axes [because the angle 
between the asymptotes of x 2 -y 2 =a 2 is 2Sec -1 (V2) which equal to 7r/2]. Then 
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and 

That is, 


X=x Cos -1 

v ■ (~ n 

Y = x sin — 
l 4 



and Y = ?~ X 


V2 


V2 


Hence, the equation of the hyperbola is 


x + y 


y-x 


s/2 J { s/2 
=$4xy=2a 2 
a 2 

=> xy= y 

We write c=alyj2 so that xy=c 2 . Also xy = c 2 => either both x and y are positive or both x and 
y are negative. ■ 


, QUICK LOOK 13 


If S = xy-c 2 = 0, then S 1 =xy 1 +x l y—2c 2 =0 and S n =x 1 y 1 -c 2 . 


Theorem 5.24 
(Parametric 
Equations of 
xy = c 2 ) 


The point (x, y) is on the curve xy=c 2 if and only if x = ct and y=c/t for some real number t. 
These equations are called parametric equation of xy=c 2 . 


Proof 


The point (ct, c/t ) clearly lies on the curve xy=c 2 . Conversely, if (x, y) is any point on the curve 
xy=c 2 , then take either t=xlc or c/y. Sox = c/and y=c/t. 


Note: The parametric equations of x 2 -y 2 =a 2 are x = asec0, y=ntan0, where d e R. 


Theorem 5.25 


Let S = xy-c z = 0. Then 

1. xy 1 +x 1 y=2c 2 is the equation of the tangent at . In particular, if x 1 =ct and y 1=c /t, 

then the equation of the tangent in the parametric form is 

cx o 

— + cty=2c~ 


or 


x 

— + ty=2c 


2. The equation of the normal at (ct, c/t) is t 3 x-ty+c-ct 4 =0. 
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Proof 


We have S=2xy-2c 2 =0. Hence 

1. The tangent at (x l ,y 1 ) is 

xy 1 +x 1 y-2c =0 

In particular, if x 1 = ct and y 1 = clt, the equation of the tangent at ( ct , clt) is 

x 

— + ty=2c 

2. The slope of the tangent at (ct, clt) is - lit 2 . Hence, the equation of the normal at (ct, c/f) is 
given by 

y—= t 2 (x-ct) 

=> ty-c=t 3 (x-ct) 

=$ t 3 x-ty+c-ct 4 = 0 ■ 


Theorem 5.26 
Proof 


If the normal at (ct, clt) for xy=c 2 meets the curve again at ( ct',c/t '), then fV = —1. 
The normal at (ct, clt) is 

t 3 x-ty+c-t 4 c=0 

This passes through (ct', c/t'). This implies 

t 3 (ct')-t^—j + c —ct 4 =0 

=>tV---t 4 +l=0 

t' 

=>tV 2 -t-t't 4 +t'=o 

=>t 3 t'(t' — t) + (t' — t) = 0 

=>(f 3 t'+l)(f'-t) = 0 

=>f 3 t , = —1 (■-■ t^t') 


Example 


5.15 


The tangent at a point P of a rectangular hyperbola 
xy=c 2 meets the asymptotes at L and M. Prove that 
PL = PM = PO, where O is the centre of the hyperbola. 
Also show that the area of A LOM is constant. 


1 

2 


\OLxOM\ 


1 

2 



= 2c 2 


which is constant. 


Solution: See Fig. 5.31. For xy—c 2 , the asymptotes are 
the coordinate axes. Tangent at (ct, c/t) is 


x 

—+ty=2c 
=> x + t 2 y=2ct 

Therefore, L = (2ct, 0) and M = (0,2c/t). The midpoint 
of LM is 


= \ct,-\=P (say) 


2cf+0 0+(2c/t) 


Since ZMOL = 90° and P is the midpoint of LM, we have 
OP=PL = PM. Also the area of A LOM is given by 



FIGURE 5.31 
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f 


Try it out Try Example 5.15 for the hyperbola x 2 - y 2 =a 2 whose asymptotes are x±y = 0. 


Theorem 5.27 

Proof 


The portion of the tangent to a hyperbola intercepted between its asymptotes is bisected at the 
point of contact. 

Let P(a sec 9, 6tan0) be a point on 

2 2 

fL_2L = l 

fl 2 b 2 


The tangent at P is 

xsec9 ytan# 
a b 

We know that the equations of the asymptotes are 


= 1 


(5.57) 


y =± \ ~ \ x 

a, 


Substituting y=(b/a)x inEq. (5.57), we get 
x sec 9 b tan 9x 


= !=>* = - 


- = n(sec0 + tan 6) 


and 


a ab sec0-tan0 

y=6(sec0+tan 9) 

Let Q = [a(sec0 + tan 9), b(sec9 + tan 0)]. Similarly, by substituting y = -(b/a)x inEq. (5.57), we 
have 

P = [n(sec0-tan0), b(tan0-sec(9)] 

Now, it is easy to see that the midpoint of QR is P(a sec 9, btan9). ■ 


Subjective Problems (Section 5.3) 

1. Find the eccentricity and the coordinates of the hy¬ 
perbola 2x 2 -3y 2 =5. 

Solution: The equation of hyperbola can be written as 

2 2 

5/2 5/3 


so that 


— = —(e 2 —1) 
3 2 


Eccentricity, e = J— 


and the foci is 

(±ae, 0) = 






2 . Find the centre, vertices, eccentricity and foci of the 
hyperbola 9.r 2 -18jc-16y 2 -64y+89 = 0. 


Solution: The given equation is 

9( jc 2 - 2 x)- 16(y 2 + Ay) + 89 = 0 

=>9(jc-l) 2 -16(y+2) 2 +89-9 + 64 = 0 

_. (*-!) 2 ( y + 2) 2 _ 1 
16 9 

which is the conjugate hyperbola of 

(x-lf (y+2) 2 _ 1 
16 9 

The centre is (x-l=0,y + 2=0) = (1,-2). The eccentric¬ 
ity e is given by 

16=9(e 2 -1) e=5/3 

so that 

6 e = 3 ( f )= 5 

The foci is (x-l=Q,y+2 = ±be) which is given by 
(l,y=-2±5)=(l,3) and (1,-7) 
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3. If every tangent to the hyperbola 



meets the director circle at two points P and Q, and C 
is the centre of the curve, then prove that the product 
of the slopes of CP and CQ is equal to b 2 /a 2 . 


Solution: The equation of the director cir¬ 
cle is x 2 +y 2 =a 2 -b 2 . It is known that the line 

y=mx + yja 2 m 2 -b 2 is a tangent to the hyperbola so that 
the combined equation of the lines CP and CQ is 


x 2 +y 2 -(a 2 -b 2 ) 


y - mx 

p 2 7i 

yja m —b 


= 0 


This being a second-degree equation in x and y repre¬ 
senting pair of lines, the product of their slopes (see The¬ 
orem 2.32 clubbed with Theorem 2.27, Note 2, Chapter 2) 
is given by 

Coefficient of x 2 l-[(a 2 - b 2 )m 2 /(a 2 m 2 -b 2 )] 
Coefficient of y 2 l-[(a 2 - b 2 )l(a 2 m 2 -b 2 )] 

-b 2 +b 2 m 2 
a 2 m 2 -a 2 
b 2 (m 2 —1) 
a 2 (m 2 -1) 
b 2 


Try it out 


What happens if m=± 1 ? 


4. The chord QQ' of a hyperbola is parallel to the 
tangent at P. PN, QM and Q'M' are the perpen¬ 
diculars to either of the asymptotes. Show that 
QM ■ Q'M' = (PN) 2 . 


Solution: Let the hyperbola be 



(5.58) 


SeeFig. 5.32.Let P = (a sec a,b tan a), Q = (asec p,btanP) 
and <2' = (flsecy,£>tany). Let us consider the asymptote 


y= 



x 


(5.59) 


The slope in of QQ' is 

b(tan/l-tany) b cos[(y-/l)/2] 
a(secjS-secy) a sin[(/I-y)/2] 


The tangent at P is 


xseca ytana 


= 1 


(5.60) 


a b 

Since QQ' is parallel to the tangent P [Eq. (5.60)], we have 


b seca b 
a tan a a 

'P+7 

>sin' 


cos[(y~/3)/2] 

cos[(y+/J)/2] 

, P~7 

=sin a cos 


(5.61) 


The perpendicular PN from P onto the line provided in 
Eq. (5.59) is 

|haseca-flhtana| 


y[b 


2 2 

+ a 


The perpendicular QM is 

|basec/l-abtan/3| 
yjb 2 +a 2 


The perpendicular Q'M' is 

|hflsecy-nhtany| 


Therefore 
QMQ'M' = 



^jb 2 +a 2 

2u2 

a b 

(sec p - tan p) (sec y 

ci + b 


a 2 b 2 

(1-sin /i)(l-sin y) 

a 2 +b 2 

cos p cosy 


2u2 

a b 


a 2 +b 2 


2,2 

a b 


{l-cos[(7r/2)-j3]}-{l-cos[(7r/2)-y]} 


sin[(7r/2) - /?)] ■ sin[(7r/2)- y] 


+ b l 


n p 


4 2 


tan-tan- 


n y 


4 2 


(5.62) 


Now, from Eq. (5.61), we have 
sin[(/?+y)/2] . 

cos[(/J-y)/2] 

^ c°s{W2)-[(/j+r)'2]} =co i n__ u 

cos[()3-y)/2] y2 ) 


Using componendo and dividendo, we have 

cos [(p-y)l 2)] - cos{(?r/2) - [ (p+ y)/2]} 
cos [Q3 - y)/2)] + cos{(«:/2)—[(/?+y)/2]} 
_ l-cos[(7r/2)-a] 
l+cos[(«:/2)-a] 

2 sin[ (k/4) - (y/2)] sin[ (n/4 ) - (p/2)] 

2 cos[ (n/4)- (y/2)] cos[(^/4) - (pi 2)] 
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_ 2sin 2 [(7r/4)-(a/2)] 

2cos 2 [(7r/4)-(a/2)] 

HHMH) =,an2 (r! 1 <5 - 63) 


Therefore, from Eqs. (5.59) and (5.60), we have 


... Cl b o (TC oc 

e M 77? ,an U 2 


(5.64) 


Now, 


PN = 


|baseca-abtana| ab 


I 


2 2 

+ 0 


yja 2 + b 2 


sec a-tan a 


ab 

1-seca 

^a 2 + b 2 

cos a 

ab 

l-cos[(? 

sja 2 +b 2 

sin[(7r/ 

ab 

( n 

• sja 2 + b 2 

U 


(5.65) 


From Eqs. (5.64) and (5.65), we have QM Q'M' = PN 2 . 



5. Prove that the area of a triangle formed by the two as¬ 
ymptotes and any tangent to the hyperbola is constant. 

Solution: SeeFig.5.33.Thetangentat P(asec9, htan0) 
is 


Asymptotes are 


— sec#- —tan0=l 
a b 




(5.66) 


Substitute y=(bla)x in Eq. (5.66) and let Q = [n(sec# + 
tan0), b(sec0 + tan0)]. Also, substitute y=(-bla)x and 
let f? = [a(sec0-tan0), b(tan0-sec(9)]. Therefore, the 
area of ACQR is 

^■|flh(tan 2 9- sec 2 9)-ab( sec 2 0-tan 2 0)| 


= ^|2(tan 2 9-sec 2 0)| 
= ab 



6 . If 0, then prove that the point of intersection of 
the lines 

x y x y 1 

— + —=m and-= — 

a b a b m 

lies on a hyperbola. 

Solution: Solving the given two equations, we have 

a ( 1 

x = — m -1 - 

21 m 


and 

So 


b( 1 

y = -\ m - 

2 v m 




2 2 

,fL_3L = i 

« 2 b 2 


Hence, the lines intersect the hyperbola 


2 2 
fL_2L = i 
u 2 b 2 


7. Find the common tangent of the parabola y = 8x 

2 2 
X V 

and the hyperbola —-— = 1. 


Solution: We have 


y 2 = 8x = 4(2)x 


so that a = 2. Flence, the line 


y = mx — 
m 


is a tangent to the parabola y 2 =8x for all real values of 
0. This also touches the given hyperbola. So 
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(I)W>-3 

=$m 4 -3m 2 -4 = 0 
=> (m 2 -4)(nz 2 +1) = 0 
=>m = ± 2 

Hence, the common tangents are y= 2x + l and 
y= — 2x— 1. 


8 . P and Q are two points on the hyperbola 



and C(0,0) is its centre. If PQ subtends right angle at 
the centre C and a < b, then show that 

1 1 _ 1 _ 1 
CP 2 + CQ 2 ~ a 2 b 2 


Solution: Let CP=r 1 and 0 be the angle made by CP 
with the positive direction of the x-axis so that 

P=(r 1 cos 0, q sin 9) 

Since ZPCQ= 90°, we have 

Q=(r 2 cos(7t/2 + 0), r 2 sin(7r/2 + 0)) 

Q=(-r 2 sin0,r 2 cos0) 


where r 2 =CQ. Now, P and Q lie on the curve. This 
implies 


and 

Therefore 


cos 2 9 sin 2 9 


= 1 


h 


sin 2 9 cos 2 9 


= 1 


1 1 _ (cos 2 0 + sin 2 9) (sin 2 9+ cos 2 9) 


— + —~ 
h h 


'b 2 


Hence 


1 1 11 
CP 2 + CQ 2 ~ a 2 b 2 


9. P is a point on the hyperbola 



The tangent at P meets the asymptotes at Q and R. If 
C is the centre of the curve, then show that 

CPCQ=a 2 + b 2 

Solution: Let P=(asec9, btan0) so that the tangent 
at Pis 


— sec0- —tan0=l 

(5.67) 

a b 

and the two asymptotes are 


2^=0 
a b 

(5.68) 

and -+^ = 0 

a b 

(5.69) 


Solving Eqs. (5.67) and (5.68), we have 

<2=[a(sec0 + tan0), b(sec0 + tan0)] 
and solving Eqs. (5.67) and (5.69), we have 

R = [n(sec 9 - tan 9 ), b(tan 9 - sec 0)] 

Therefore 

(CP) 2 (CQ) 2 = [a 2 (sec 0+tan#) 2 +b 2 (sec0 + tan0) 2 ] 
x [a 2 (sec0-tan0) 2 +b 2 (tan0-sec0) 2 ] 
= (a 2 +b 2 ) 2 (sec0+tan0) 2 (sec0-tan0) 2 
= (a 2 +b 2 ) 2 (sec 2 0-tan 2 0) 2 
= (a 2 +b 2 ) 2 
Hence, CP CQ=a 2 +b 2 . 


10. A tangent to the hyperbola 



cuts the ellipse 



at P and Q. Show that the locus of the midpoint of 
PQ is the curve 


r 

v 




y 

b 


2 

2 


Solution: Let M(x 1 ,y 1 ) be the midpoint of PQ so that 
the equation of the chord PQ is 

xxj yy x _ x 2 y\ 

2 ' t 2 2 ' I 2 

a b a b 

This chord touches the hyperbola. This implies 
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r ,25 

2 

/ 2 2 5 

2 

( u2 \ 
-b Xi 

0 


xi yi 

= a 2 

UJ 


2 + r2 

b J 

{ « 2 h J 


-b z (v c z =a 2 m 2 -b 2 ) 


y\ 


( 2 2 5 

^l+Zl 

v a 2 b 1 , 


i 2 2 

b x 1 

2 2 
« ^1 


-1 


( v - 2 ^ 

x i . yi 
2 + l 2 
V« 6 J 


.Zl_Zl 

2 r 2 

a b 


Hence, the required locus is 


(2 2 \ 
^ + L- 

K a 2 b 2 j 


2 2 

.£_y_ 

'2 ,2 
a b 


11. Prove that the line y = x + 2 touches the hyperbola 
5x 2 -9y 2 = 45 and also find the point of contact. 

Solution: The given hyperbola is 

2 2 

fL_3L = i 

n 2 b 2 

For the line y=x + 2, we have c = 2 and m=l. Now, 
a 2 m 2 - b 2 = 9(1) - 5 = 4 = c 2 

Flence, the line y=x + 2 touches the hyperbola. Suppose 
(x t , y t ) is the point of contact. So 


xx t yy x 


= 1 


This line and y=x + 2 represent the same line. There¬ 
fore 

*t/9_ -yi/5 _-i 
_ ^ 


1 


-1 


Hence 


“ 9 A “ 5 

xi=y and y 1 = y 
The point of contact is (-9/2, -5/2). 

12. The tangent at a point P on the hyperbola 

2 2 
-—2L = i 
n 2 b 2 

meets one of the directrices at 2- Show that PQ sub¬ 
tends right angle at the corresponding focus. 

Solution: Let P=(« seed./? tan 6) so that the tangent 
at P is 


— seed- —tand=l 
a b 


This meets the directrix x = a/e at point 

^ \a b(l-ecosd) 
e e sin 6 

Also S=(ae, 0) is the corresponding focus. Now, 
Slope of SP x Slope of SQ 


btand-0 

nsecd-ne 

bsind 


[(b/e)(l - e sec d)] - 0 
\(ale)-ae] sind 
b(l-ecosd) 


n(l-ecosd) n(l-e 2 )sind 


b 2 


1 [■•• b 2 =a 2 (e 2 -l)] 


a 2 (l-e 2 ) -b 2 
Therefore, PQ subtends right angle at S(ae, 0). 

13. A variable chord of the hyperbola 

2 2 

x _ y_ =1 


touches the circle x 2 + y 2 =k 2 . Show that the locus of 
the midpoint of the chord is 


( 2 

2 > 

z 

^ 2 

2 \ 

X 


-k 2 

* y 

~Y~ 

ya 

*> 2 J 


4 

^ 0 

b 4 J 


Solution: Let M(x 1 ,y l ) be the midpoint of a chord of 


2 2 

3L-3L =1 

a 2 b 2 

so that its equation is 

Sx=S u 

XX 1 yy^ x{ y\ 

^ 2 u2 2 u2 

a b a b 

This line touches the circle x 2 + y 2 = k 2 . So 
|o — 0 — (xfla 2 ) + (y 2 lb 2 )| 

= k 


yj(x 2 /a 4 ) + (y^/b 4 ) 


/ 2 2 5 

2 

(2 2 5 

Zl_Zl 

<N 

-St 

II 

4+4 

2 i 2 

^ « b J 


4 »4 

ya b J 


Therefore, the locus of (x,, y,) is 


( 2 2 5 

2 

(2 2 5 

£_ 

-b 2 

—+ ^ 

^n 2 b 2 y 


4/4 
ya b J 


14. A variable tangent to the hyperbola 


2 2 
2L-2Ui 
« 2 b 2 
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meets the tangent at the vertex (a, 0) at R and the 
transverse axis at O. Find the locus of the midpoint 
of QR. 

Solution: Let P=(a sec 9, b tan 9) so that the tangent 
at P is 


xsec 9 ytan# 
a b 

(5.70) 

Transverse axis is 


y — 0 

(5.71a) 

The tangent at (a, 0) is 


x = a 

(5.71b) 

Therefore, 



<2=(acos0,O) and R = 


a. 


h(l-cos0) 

sin0 


Let (h, k) be the midpoint of QR. Therefore 


2 0 


2h = a(l + cos9) = 2acos - — 


, 2 0 
h=a cos — 


(5.72) 


h(l-cos0) 2bsin“(0/2) b (9 

and k = — -- =-----= -tan| - 

2 sin# 4sin(#/2)cos(#/2) 2 


From Eqs. (5.72) and (5.73), we get 

a (2kf 2 9 2 9 , 

— — =sec —tarn -=1 
h \ b ) 2 2 

Therefore, the locus of ( h,k ) is 


(5.73) 


a 4/ 
x h 2 


= 1 


15. The chords of the hyperbola x 2 -y 2 = a 2 touch the 
parabola y 2 = 4ax. Find the locus of their midpoint. 

Solution: The equation of the chord of x 2 - y 2 = a 2 
whose midpoint is (x^yq) is 

xx\-yy\=x\-y[ 

This chord touches the parabola y 2 = 4 ax. This implies 


9 1 

Xi-yi ~a 


y i 

2 2 

x i -yi 

y\ 


x\!y\ 

«>i 


a 

m 


=* x i ~x t y 2 = -ayl 
=yj'(v: 1 — a) 

Therefore, the locus of (x, ,_y,) is y 2 (x-a) = x 3 . 

16. Find the locus of the midpoint of the normal chords 
of a rectangular hyperbola. 

Solution: The equation of the chord of x 2 -y 2 =a 1 
with midpoint (x^yq) is 

xxi-yyi= x i-yi 

Suppose this is normal to x 2 -y 2 = a 2 at (aseed, ntan0) 
so that the equation of the normal is 

xcos0 + ycot0=2n 


Hence 

Therefore 

sec 9= 

Now 


*i _ 

cos 9 cot 9 


-yi x \-y\ 


2 a 


2 2 
- y i -yi 

2 ax 1 


and tan0= 


2ay i 


l=sec 2 0-tan 2 9 


/ 2 2\2 / 2 2\2 
,(*i -h) (JCi-yi) 


4n 2 x 2 


2 \2 


= W-H) 


4n 2 y 2 

yr-^i 

A 2 2 2 
4 a x 1 y 1 


^(x 2 -y 2 ) 3 + 4a 2 x 2 y 2 =0 
Therefore, the locus of (x, ,_y,) is 

(x 2 - y 2 ) 3 + 4a 2 x 2 y 2 = 0 

17. From any point on a hyperbola, tangents are drawn 
to another hyperbola having the same asymptotes. 
Show that the chord of contact cuts off a triangle of 
constant area from the asymptotes. 

Solution: Let the hyperbolas be 



Z Z 

a 2 b 2 

(5.74) 


2 2 


and 

b~ 

(5.75) 
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Let P(a sec 9, btanO) be a point on the hyperbola pro¬ 
vided in Eq. (5.74). The chord of contact of P with hyper¬ 
bola provided in Eq. (5.75) is 


-sec9- — tan9=k 
a b 


(5.76) 


The asymptotes are 


y =± ~ x 


These asymptotes meet the line provided in Eq. (5.76) at 
the points 

[ak( sec 6 + tan 6) , bk( sec 0 +tan 0)] 
and [a£(sec 6 - tan 9) , bk( tan 9 - sec 0)] 

and hence the area of the triangle cut off is given by 

y = — abk 2 Isec 2 9 - tan 2 d\ = abk 2 
2 1 1 

which is constant. 


18. Show that the locus of the midpoint of normal chords 

2 2 

X V 

of the hyperbola — =1 is 

a z b z 

/ 6 2 i 6 2x/ 2 2 , 2 2x2 / 2 , >2x2 4>4 2 2 

(ay —b x )(a y —b x ) =(a +b ) a b x y 

Solution: The equation of a chord with midpoint 
Oi>yi) is 


xx 1 yy x _ x\ y[ 

2 12 2 l2 

a b a b 


(5.77) 


Suppose the equation of the chord provided in Eq. (5.77) 
is normal to the hyperbola at P(a sec 9, btan9) whose 
equation is 


axcos9+bycot9=a z +b 2 
From Eqs. (5.77) and (5.78), we get 

x^a 2 -yi/a 2 ( x{la 2 )-(y\lb 2 ) 


(5.78) 


a cos 9 b cos 9 


a 2 +b 2 


a 6 [(x 2 /a 2 )-(y 2 /b 2 )] 2 b 6 [(x 2 /a 2 )-(y 2 /b 2 )] 2 


. 1 = 


>1= 


x\(a 2 +b 2 ) 2 
[(x 2 /a 2 )-(y 2 /b 2 )] 2 


yl(a 2 +b 2 ) 2 


^2x2 


6 i 6 

a b 

~T 2 
*i yi 


(a 2 +b z ) 

/i2 2 2 2\2/ 6 2 »6 2\ 

(b x 1 -a yi) (a y\—b x 1 ) 

~4 i 4 / 2 , i 2\2 ,2,2 


crb*{<f+byxiyi 
Hence, the locus of (x 1 ,y 1 ) is 

4l4/ 2 - l 2\2 2 2 /z,2 2 2 2\2/ 6 2 j 6 2\ 

a b (a +b ) x y =(b x -a y ) (a y -b x ) 

19. Prove that the locus of the midpoint of a chord of the 
hyperbola ax 2 - by 2 = 1 which subtends right angle 
at the centre of the curve is 

(a-b)(ax 2 -by 2 ) 2 =a 2 x 2 +b 2 y 2 
Solution: The given conic is 


y 


-=i 


(1 la) (1 lb) 

The equation of the chord PQ in terms of its midpoint 

(*i,yi) is 


axx 1 - byy 1 = ax 2 - by 2 


(5.79) 


Hence, the combined equation of the pair of lines CP 
and CQ (C is the origin) is 


ax 2 - by 2 -1 


axx 1 - byy 1 

2 u 2 

ax l -by x 


= 0 


Since ZPCQ = 90° in the above equation 

Coefficient of x 2 + Coefficient of y 2 = 0 


a 2 x 2 ' 
(ax\ - by 2 ) 2 


-b— 


,2 2 

b yi 


(axi -by ,) 


=0 


, a _ b _ occm =0 

(ax 2 -by 2 ) 2 


Hence 


=>(a-b)(ax(-byl) 2 =a 2 x( +b 2 y{ 
Hence, the locus of (x ,, y, ) is 

(a-b)(ax 2 -by 2 ) 2 =a 2 x 2 +b 2 y 2 


and 

Now 


sec 9= 


tan0=- 


a 3 [(x 2 la 2 )-(yilb 2 )\ 
x^a 2 +b 2 ) 

h 3 [(x 2 / a 2 )-(y 2 /h 2 )] 
y, (a 2 +b 2 ) 


l=sec 2 0-tan 2 9 


20. The chords of the circle x 2 +y 2 = a 2 touch the hy- 

2 2 

X V 

perbola --^—=1. Prove that the midpoints of the 

a z b z 

chords lie on the curve (x 2 +y 2 ) 2 =a 2 x 2 -b 2 y 2 . 
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Solution: The chords of the circle x 2 + y 2 = a 2 whose 
midpoint (xi,y±) is xx x + yy x = x 2 + y 2 . This chord touch¬ 
es the hyperbola. This implies 


-b z 


_ v / z . Z\Z zz 1 2 2 

=>(xi + 3 ^ 1 ) — ax i b yi 

Therefore, (x, ,y t ) lies on the curve 

(x + y ) =a x -b y 

21. Prove that the locus of the midpoints of the chords of 

2 2 

fL_3L = i 

u 2 b 2 

passing through a fixed point ( h,k ) is also a hyperbola 
with centre at (hi2, /c/2). 

Solution: The equation of chord in terms of its mid¬ 
point (x^yj) is 

xx | yy t _ x\ y\ 

2 >2 2 >2 

a b a b 

This passes through the point (h, k). So 

hx x ky 1 x 2 y 2 
a b a b 


( 2 . 2 X 

2 

^ A 

X, +yi 

2 

-Xi 


— £/ 


l Vi J 


l y\ J 


x 2 - hx 1 y\ - ky 1 


= 0 


a z b z 

(x 1 -hJ2f (y x -k!2) 2 _h 2 


a 


b z 


4(7 2 4£> 2 


Therefore, the locus of (x^yj) is the hyperbola 


[x 2 -(h/2)] 2 [y — (/c/2)] 2 1 

4 


b z 


h z 


22. On the hyperbola 


2 2 

2L_>L =1 

u 2 b 2 


P is a point and S is one of the foci. If the tangent at 
P , the latus rectum through S and one of the asymp¬ 
totes are concurrent, then show that focal radius SP 
is parallel to the other asymptote. 


Solution: The tangent at P(a sec 0,b tan 0) is 
xsec 6 ytan# 


(5.80) 


The latus rectum through S(ae, 0) is 
x = ae 


(5.81) 


The asymptote is 


*-^=o 


V 

y = |-|x 


(5.82) 


The point of intersection of Eqs. (5.81) and (5.82) is 
(ae, be). By hypothesis, the point (ae, be) lies on the 
tangent provided in Eq. (5.80) which implies that 


e(sec 0-tan 9) = 1 
=> e = sec0+tan0 
Now, the slope of SP is 

btan0-O bsinO 


(5.83) 


asecd-ae a( l-ecos0) 
Using Eq. (5.83), we get 

bsinO bsinO 


a( l-ecos0) a[l-cos0(sec0+tan0)] 
bsinO -b 


fl[l-l-sin0] a 
which is the slope of the other asymptote 

* + ^=o 

a b 

23. A normal to the hyperbola 

2 2 

3L_3!_ = i 

u 2 b 2 

meets the axes at Q and R. Lines QL and RL are 
drawn at right angles to the axes and meet at L. 
Prove that the locus of L is the hyperbola 

cix — by — (ci + b j 

Solution: See Fig. 5.34. The normal at P(a sec 0,b tan 0) 
is ax cos 6+by cot 6=a 2 +b 2 . Therefore 


Q= 

and R = 

If L = (x,y), then 


/ 2 I 2 X 

a +b 


sec 6,0 


0 

v 


/ 2 i 

ci + b 


tan 0 


( 2 > 2 X 

a +b 


x = 


sec 6 
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and 

Therefore 


y= 


fa 2 +b 2 ^ 


tan# 


r \ 2 / 
ax 


z 2 +b 2 


by 


a 2 +b 2 


= sec 2 #-tan 2 #=1 


and 

Therefore 


2 )ia 7> 2 

^ 1 +^ 2 - 4 0 2 ’’>4 

a fi+ab 

_ b A a 2 (a 2 - a 1 ) 

HtT — 4 n i o , 4 

« /3“ + cr b 


2 2 i2 2 / 2 . r 2 \2 

> a x — by — (# + b ) 



24. If the tangent at (cc,f3) of 


2 2 
-—^L=i 
n 2 h 2 


meets the auxiliary circle at (x 1 ,y 1 ) and (x 2 ,y 2 ), 
then show that P is harmonic between y l and y 2 • 


Solution: The tangent at (a, p) is 


xa yp _ 


2 i 2 

a b 


and the auxiliary circle is 
Substituting 


2 2 2 

x +y =a 


(5.84) 


(5.85) 


a \ b 2 


2_ + 2_ = Zi±Z2 
yi yo_ y\y2 


41,2 


-2pa A b 


b A a 2 {a z - a 2 ) 

(-2 P)a 2 

b 2 (a 2 - a 2 ) 

-2 P 

(b 2 la 2 )(a 2 -a 2 ) 


-2/3 _ 2 

-p 2 ~ P 


2 ,2 

a b j 


Hence, /?is harmonic between y, and y 2 . 

25. Prove that the chord of the hyperbola which touches 
the conjugate hyperbola is bisected at the point of 
contact. 

Solution: Let the hyperbola and its conjugate be 

2 2 

3L_3L = i 

« 2 b 2 


and 


2 2 

—— ^—--i 
a 2 b 2 


respectively. Let P(h , k) be a point on 


2 2 

iL_3L = _i 

2 r 2 


Hence 


in Eq. (5.85), we get 

a 4 (b 2 +py) 2 2 2 

— .4 +r=a~ 

a b 

^a A [b A + 2pb 2 y + p 2 y 2 ]_ 2 _ 2 

a 2 # 4 

=>(a A p 2 +a 2 b A )y 2 + 2pa A b 2 y - a 4 b A + a 2 a 2 b A = 0 

Let y 1 and y 2 be the roots of this quadratic equation. 
Then 


L_L = _i 

u 2 b 2 ‘ 


The equation of the tangent at ( h , A:) is 

hx Ary 
a b 


(5.86) 


(5.87) 


Let the tangent provided in Eq. (5.87) meet the hyper¬ 
bola 


2 2 
u 2 b 2 
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at Q and R. We have to show that (h, k ) is the midpoint 
of the chord QR. Now, the equation of the chord QR in 
terms of its midpoint, say, (x ] ,y 1 ) is 


xx 1 yy l = x 2 y\ 
a 2 b 2 a 2 b 2 


(5.88) 


Thus, Eqs. (5.87) and (5.88) represent the same straight 
line. Hence 


h/a 2 kla 2 


-1 


X]far y x lb 1 (x(/a )-(yl/b~) 

h k -1 


x i yi (x 2 /a 2 )-(yj7b z ) 


..2 


(5.89) 


Therefore, 


h = - 


-x, 


(■ x 2 la 2 )-(y(lb z ) 


2 n 2 \ 


and 


k = - 


-yi 


(x 2 /a 2 )-(y 2 /b 2 ) 
Hence, from Eq. (5.86), we have 

h 2 k 2 _ ( xila 2 )-{yllb 2 ) _ 

2 >2 ~w 2/ 2\ / 2 /r 2 \i2 


a z b z [(;r(/fl z )-(y 1 z /h z )] z (xlla 2 )-(ytlb z ) 


..2 /7 2 s 


2 2 
n 2 h 2 


Hence, from Eq. (5.89), we have 
h k (-1) 
x \ y\ (- 1 ) 


The line provided in Eq. (5.90) touches the circle given 
by Eq. (5.91).This implies 


|[(0)* 1 /fl 2 ]-[(0)y 1 /b 2 -l]| 

J - . —- = ae 

^x 2 /a 4 ) + (y 2 /b 4 ) 

x 2 y\ 1 1 

4 i 4 2 2 2 7 2 

a b ae a~+b 


27. Show that the locus of the point of intersection of 
tangents to the hyperbola 



whose sum of the slopes is a constant p is 
p(x 2 -a 2 )=2xy 

Solution: Let (x t , y,) be a point through which tan- 
gent can be drawn. It is known that y—mx+^a 2 m 2 -b 2 
touches the hyperbola. This tangent passes through 
(jq,^). This implies 

yy l -mx l ) -a m -b 

=>(x 2 -a 2 )m 2 -2mx l y 1 +y\+b 2 =0 

This equation being a quadratic in m has two roots which 
are the slopes of the tangents from (x 1 ,_y 1 ). Therefore 

p = Sum of slopes - ^ Xl ^ 

— a 

Hence, the locus of the point (x^yj) is p(x 2 -a 2 ) =2xy. 


Thus, h = x x and k = y x . 

26. Let P be a point such that the chord of contact of 

2 2 

x y 

P with respect to the hyperbola — 2 -r = l touches 

a b 

the circle described on the line joining the foci as 
ends of a diameter. Show that P lies on the curve 
x 2 y 2 _ 1 

a 4 b 4 a 2 +b 2 ' 


Solution: Let P = (x 1 ,y 1 ) so that its chord of contact 
with respect to the hyperbola is 


xx i yy i =1 


b l 


(5.90) 


The equation of the circle with S(ae, 0) and S'(-ae, 0) as 
ends of a diameter is 


(x—ae)(x + ae) + y 1 =0 
• x 2 +y 2 ={ae) 2 


(5.91) 


28. Find the locus of the midpoints of the chords of 
ax 2 - by 2 = 1 which touch the parabola v 2 = 4 px. 

Solution: The given hyperbola is 



1/a lib 


The equation of the chord of the hyperbola whose mid¬ 
point is (xj,^) is 

axx 2 - byy 2 = ax 2 — by 2 

This line touches the parabola which implies 

-(axl-byl) _ p 

by x ax l /by 1 

-ax, (ax 2 - by 2 )-pb 2 y 2 
=^ax l {axl-by\)+ pb 2 y\ =0 
Thus, the locus of (x^yq) is ax(ax 2 -by 2 ) +pb 2 y 2 = 0. 
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29. The chord of the circle x 2 +y 2 =a 2 touches the 
rectangular hyperbola x 2 -y 2 =a 2 . Show that the 
locus of the midpoint of the chord is ( x 2 + y 2 ) 2 = 

2 / 2 2 \ 
a (x -y ). 

Solution: The equation of the chord of x 2 +y 2 =a 2 
with (xj ,y,) as its midpoint is xx 1 + yy 1 =x 2 +yf. This 
chord touches the hyperbola x 2 -y 2 =a 2 . So 

x2 


( 2 , 2 5 

2 

\ 

xi +yi 

2 

-Xi 

l vi J 

— Cl I 



_ / 2 , 2\2 2 / 2 2 \ 

=>(*i +yi) = a Oi -h) 

Hence, the locus of (x 1 ,y 1 ) is (x 2 +y 2 ) 2 = a 2 (x 2 -y 2 ). 

30. Tangents are drawn to the circle x 2 +y 2 =9 from 
point on the hyperbola 

2 2 

9 4 

Find the locus of the midpoint of the chord of con¬ 
tact. (IIT-JEE 2005) 

Solution: Let M(x 1 ,y l ) be the midpoint of chord of 
contact of the circle x 2 +y 2 =9. Hence, its equation is 


xx i+yyi=xl+yl 


(5.92) 

Suppose the line provided in Eq. (5.92) is the chord of 
contact of (h,k) on the hyperbola. Therefore 


9 4 


(5.93) 


The equation of the chord of contact of (h, k) with 
respect to the circle x 2 +y 2 =9 is 


hx + ky=9 


(5.94) 


Now, Eqs. (5.92) and (5.94) represent the same line. 
Therefore 

h k 9 


*1 +yj xl+yl 


>h= 


9x x 

— 7 2 

*i+yi 


,k= 


gH 

2 2 
*i +yj 


From Eq. (5.93), since 


9 4 ~ 


we have 


81x7 


8ly 2 


9(xi Z + Vi 2 ) 2 4 (xf + yt) 


2\2 


= 1 


39 X l-*^L=( X l + yif 

Therefore, the locus of (x 1 ,y 1 ) is 

2 9y“ 1/2 2\2 

x^-^—=-(x z +y z y 

4 9 v 2 

31. In a rectangular hyperbola xy=c 2 , if m is the slope 
of a chord, then show that the equation of the circle 
described on this chord as diameter is of the form 

x 2 +y 2 -c 2 f m + — \+ X(x-my)=0 
l m) 

for some real number A. 

Solution: Let 


( c ) 

f c 5 

c h 

and 5 cf 2 ,— 

1 

l ' h) 


be the two points on xy=c 2 such that 

Slope of AB=m 

dt , -c/fi 

-=m 


ct , —ct 0 


hh ~ 


m 


(5.95) 


The circle having A and B as extremities of a diameter is 


(x-cf 1 )(x-ct 2 )+ y -f 


y- 


1 


>x 2 +y 2 -c(t 1 +t 2 )x-c 


nj 

'1 1 A 
-1- 

V h h J 


h) 


=0 


V + C / ] t '2 -\ -— 0 

hh 

- — -m 1 = 0 


=>x 2 +y 2 -c(t 1 +t 2 )x-cy(t 1 + t 2 )(-m) + c 2 f —m ] 

=>x‘ +y 2 -c 2 f yyi + — ] — c(q +f 2 )( ;| c _ my) = Q 

\ m) 

Take A = -c(q+t 2 ) to get the required result. 

32. Prove that the orthocentre of a triangle inscribed in a 
rectangular hyperbola lies on the rectangular hyper¬ 
bola. 


Solution: Suppose 


cti, — 

hJ 


, Q 


/ y 
c 

ct 2 , ~ 


v 


t 


and R 


2 


Ct-,, — 
h J 


be the three points on the curve xy = c 2 . Since, the slope of 
QR is - llt 2 t 2 , the equation of the altitude through P is 

y-T = t 2 h( x ~ c h) 
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=> y~—=hh x - c hhh 

h 

The equation of the altitude through Q is 


y-—=hh x - c hhh 

h 

Subtracting Eq. (5.97) from Eq. (5.96), we have 

~h(h ~h) x 

c(h-t 2 ) 


(5.96) 


(5.97) 


yh h j 


-=h(h~h) x 


Therefore 


and 


x=- 


-c 


hhh 

y=-ct 1 t 2 t 3 


so that xy = c 2 . This implies that the orthocentre lies on 
the curve. 

33. If a circle intersects xy = 1 at four points (x r , y r ) 
(where r= 1,2,3 and 4), then show that 

Xl x 2 x 3 x A =yiy2y 3 y A = l 

Solution: Let the equation of the circle be 
S =x 2 +y 2 +2gx + 2fy + c=0 
In 5=0, substituting y = l/x we get 

x 4 +2 gx 3 +cx 2 +2fx + l=0 

This is fourth-degree equation in x. So it has four roots, 
say, Xp x 2 , x 3 and x 4 . Therefore, 

.r 3 x 2 x 3 .x 4 = Product of the roots =1 

1 


and 


5i5 2 5 3 54=- 


-=1 


x l x 2 x 3 x 4 


34. If the normals at ( x r ,y r ) (r = 1,2,3 and 4) on the rect¬ 
angular hyperbola xy = c 2 meet in a point (h. k), then 
prove that 

h = x 1 +x 2 +x 3 +x 4 
^ = 51 + 52 + 53 + 54 
x x x 2 x 3 x A =y x y 2 y 3 y 4 =-c 4 

Solution: The normal at ( ct,clt ), according to Theo¬ 
rem 5.25, part (2), is 

xt 3 -ty+c — ct 4 =0 


It passes through (h, k). This implies 
ht 3 -tk + c-ct 4 =0 
=> ct 4 -ht 3 + kt-c = 0 


(5.98) 


\ix r =ct r and y r — cIt r for r = 1, 2, 3 and 4, then t v t 2 , t 3 
and t 4 are the roots of Eq. (5.98). Therefore 


and 


^ "t" ^3 + ^4 — — 


_ ~C _ 

t\ti ^3 ^4 — — — 1 


Hence 

X\ + x 2 +x 3 + x 4 = c (h + ^2 + t 4 ) = h 


^1+^2+^3+^4 = ^ 


1111 




'4 7 


C S ^^3^4 

hhhh 


-klc . 

= c- =k 

-1 


Therefore 


*l*2*3*4= c4 (hhhU) = C * (- 1 ) = -C 4 
4 


and 


5i525354 = 


hhhh 


— c 


35. Let P v P 2 , P 3 and P 4 be four points on xy = c 2 such 
that the chord P i P 1 is perpendicular to the chord 
P 3 P 4 - If C is the centre and the lines CP V CP-,, CP 3 
and CP 4 make angles a. [i, /and 8, respectively, with 
an asymptote, then show that 

tan a tan tan y tan 8= 1 


Solution: The line through the centre is y=jttan 6 so 
that it meets the curve xy = c 2 at point ( CyfcotO , cJtanQ). 
Hence, the four points are (c^cotd, c^Jtan 6) (where 
6 = a, P, y and 8). The lines P l P 2 and P 3 P 4 are at right 
angles. This means 

^ CyJ tan /l - c^/tan a 'j f c^j tan 8 -c^/tany 


= -l 


■J cot fi - Cyl cot a J ^ c^J cot 8 - cj cot y 
(- ^/tan p ^/tan a ) (- ^ tan 8 ^tan y ) = -1 
tan a tan tan y tan 8 = (- 1) 2 = 1 


36. A circle cuts a rectangualar hyperbola xy = c 2 atA,B, 
C and D. If H is the orthocentre of A ABC, then show 
that H and D are the extremities of a diameter of the 


curve. 
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Solution: If ( ct r , clt r ) (where r = 1, 2, 3 and 4) are 
points A, B, C and D, respectively, then by Problem 33, 
the orthocentre H of triangle ABC is 


which also lies on the curve. Now, since t 4 t 2 t 3 t 4 = 1, we 
have 


1 

u— 

hhh 


so that 


D= 


yhhh 


>Ct\t 2% 


V '4 

and hence (0, 0) is the midpoint of HD. 


\ 




37. From any point P of a rectangular hyperbola x 2 - y 2 
= a with centre O, the perpendiculars PM and PN 
are drawn to the principal axes (i.e., usual axes). 
Show that the tangent at P is perpendicular to MN 
and that the distance of O from the tangent varies 
inversely as OP. 


Solution: Let P =(a sec 0, a tan 0) so that M = (a sec 0 ', 
0) and N =(0, a tan 0). The tangent at P is 

xsec6-y tan 0 =a 
so that the slope of the tangent at P is 


seed 
tan 6 


= cosec Q 


Slope of MN is 

-ntan 0 . „ 

-=-sm 0 

a sec 6 


Now, 

Slope of the tangent at P x Slope of MN = cosec 0 

x (- sin 0) = -1 

Hence, the tangent at P is perpendicular to MN. Also d is 
the distance of O from the tangent at P which is given by 

d M M 

yjsec 2 0 + tan 2 0 OP 

38. If the tangent and normal to a rectangular hyperbola 
x 2 -y 2 = a 2 cut off intercepts a { and a 2 on one axis 
and b ] and b 2 on another axis, then show that 

a 2 a 2 + b 1 b 2 = 0 


Solution: The tangent and normal at P (a sec 0, a tan 0) 
are 

xsec0-ytan0=a (5-99) 

and xcos0 + ycot0=2n (5.100) 

Therefore, a cos 9, a 2 =2asec9, b l =-acot6 and b 7 = 

2ntan#. Hence 

a, a 2 +b\b 2 = 2a 2 -2a 2 =0 


39. A rectangular hyperbola, with centre C, is cut by 
a circle of radius r at four points P v f\. P 3 and P 4 . 
Prove that 

CP\+CP l+CP 3 +CP 4 =4r 2 


Solution: Let the hyperbola be xy - c 2 and the circle 
be 

S = x 2 + y 2 +2gx+2fy+k = 0 (5.101) 

Substituting x =ct and y=clt in Eq. (5.101), we get 
c 2 t 4 +2 get 2 +kt 2 +2 fct+c 2 =0 
whose roots are t v t 2 , t 3 and t 4 where 


Pr = 


f \ 

c 

ct — 


V L r J 

(where r= 1, 2,3 and 4). Therefore 

-2 g 

t i + t 2 +t 3 + t 4 - - 

c 

v k 
c 




- 2 / 


and 

Now, 

4 


L- 

t ] t 2 h t 4 = ^y~ [ 


J J CP i 


i =1 


2 2 
— C 


— C 


— C 


= c 


9 9 9 9 1 1 1 1 

ti +t 2 +?3 +^4 H---3"H- 3 - 

h 2 t 2 t 3 2 t 4 2 

i 


) 2Z/ 1 t 2 + 


^ l ^ 2 




4g 2k | ( Xbbb 
c 2 c 2 [ h W 4 


4g _ 2k 4/ z _ 2k 

2 T" 1 2 2 

c c c c 


22, Ut. 


3M 


t\t 2 t 3 t 4 
("•' t]t 2 t 3 t 4 = 1 ) 


= 4(g 2 +f 2 -k) 


= 4r 
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40. Show that if a rectangular hyperbola cuts a circle at 
four points, the centre of mean position of the four 
points is in midway between the centres of the two 
curves. 

Solution: Let xy=k and 

S=x 2 +y 2 +2gx + 2fy+c=0 (5.102) 

Substituting y=klx inEq. (5.102), we get 
x 4 +2 gx 3 +cx 2 + 2 fkx + k 2 = 0 


X 4 + x 7 +x 3 + x 4 =- 2g 
and yi+y 2 +y 3 + V 4 = k 


1111 
— + — + — + — 

X 1 x 2 x 3 x 4 7 


_ kJ J x l x 2 x 3 _ k(-2fk) _ ^ 

/ 2 

x 1 x 2 x 3 x 4 k 

Now, the mean position of the four points is 

( x l +x 2 +x 3 +x 4 y x + y 2 + y 3 + y 4 '\J-g zL\ 

l 4 ’ 4 J l 2 ’ 2 J 


whose roots are the abscissae of the common points of 
the circle and the rectangular hyperbola. If (x p y x ), ( x 2 , 
y 2 ), (x 3 , y 3 ) and ( x 4 , y 4 ) are the points of intersection, 
then 


which is the midpoint of the line joining the centre 
(-g, -/) of the circle and C(0,0) of the rectangular hyper¬ 
bola. 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

1. If m 1 and m 2 are the slopes of the tangents to the hy¬ 
perbola 



25 16 


from the point (6,2), then 

1 1 
m ] m 2 

(A, | (B, | (C, i (D) 5 

Solution: Suppose the tangent y = mx + ^25m 2 -16 
passes through the point (6,2). That is, 

(6m - 2) 2 = 25 m 2 —16 

=> 11m 2 -24m + 20 = 0 


The roots are m 4 and m 2 . Therefore 


and 


m 4 +m 2 = 


24 


m x m 2 = - 


11 

20 

IT 


Hence 


J_ + J__24_6 
m 4 m 2 20 5 


Answer: (B) 


( 1 1\ 

(A) h’VbJ 

(B) (4,-76) 

(C) (4,76) 

(D) (-2,76) 


(IIT-JEE 2005) 

Solution: Suppose 2x+46y=2 touches at (x p y : ). At 


(x v y } ), the equation of the tangent to the hyperbola is 

xx L _yy l = 1 
4 2 

That is, both equations represent the tangent at (x,, y 4 ). 
Hence 


(xi/4) (-y x l2) 1 

2 46 2 

=>Xi = 4, y x = -46 
Hence point of contact = (4, —46). 

Answer: (B) 


3. If the foci of the ellipse 


and the hyperbola 


2 2 

16 b 2 


x 


2 


144 


81 


1 

25 


2. If 2x + 46y=2 touches the hyperbola x 2 -2y 2 =4, 
then the point of contact is 


coincide, then the value of b 2 is 
















346 


Chapter 5 I Ellipse and Hyperbola 


(A) 1 


(B) 5 


(C) 7 


(D) 9 


Solution: From the ellipse equation, we have 
b 2 =a 2 ( 1-e 2 ). From the hyperbola equation, we have 

25 25 v 1 ' 

81 . 2 
=>-hl=ei 

144 1 


«i = 


15 

12 


Foci of the hyperbola are 


5 112 


= (+3,0) 


Now for the ellipse (3,0) = (4<?,0)=>e = 3/4. Therefore 
b 2 =a 2 (l-e 2 )=16^1-^j = 7 

Answer: (C) 

4. The eccentricity of the hyperbola 9x 2 - 16 y 2 - 12x + 
96y-144 = 0 is 


(A) 2 
2 


(B) - 
3 


(C) | 


(D) - 


Solution: The given equation can be written as 
9 (jc 2 - 8 x) - 16 (y 2 + 6 y) - 144 = 0 
=> 9(x - 4 ) 2 - 16(y+3) 2 = 144 +144 -144 

_ (*-4 ) 2 (y+3 ) 2 

16 9 

Therefore, the eccentricity is given by 
9=16(e 2 -1) 

5 

=$ e= — 

4 

Answer: (D) 

5. The number of values of c such that the line y=4x + c 

2 2 

touches the ellipse —+ —= 1 is 
F 4 1 


(A) 0 
(C) 2 

Solution: We have 


(B) 1 
(D) infinite 


2 2 2 , i 2 

c =a m +b 
>c 2 = 4(16) + 1=65 


=>c = + V65 

Hence, there are two values of c, namely, + V65 and - -JfrS. 

Answer: (C) 

6 . Tangents are drawn to x 2 +2y 2 =2. The locus of the 
midpoint of the intercept made by tangents between 
the axis is 

(A) 4 + ^=1 (B) = l 

x 2 y 4x 2 y 

(c) A + A =1 (D) ^V4 =i 

2x 4 y 2x y 

Solution: Let (x x , y±) be the midpoint of intercept of 
the tangent between the axes. The given ellipse is 

2 2 

^ + ^=i 
2 1 

The tangent at (V 2 cos 9, sin 0 ) is 

xcosd ysin 0 , 

— 1^ + ~ -= 1 

V 2 1 

so that it meets the axes at A{\[2 seed, 0 ) and5(0,cosec 6) 
Since (jq, y x ) is the midpoint of AB, we have 

2x l =^[2sec0 and 2 y^ cosec 0 

=> cos 0 =— —j= and sin 0 =—!— 

XjV 2 2 y 1 

1 1 2 2 
=>—- +—= = cos 0 +sm“ 0 =l 

2x1 4y 2 

Therefore, the locus of (x,, y x ) is 

1 1 

—2" 1 - J — ^ 

2x 2 4y 2 

Answer: (C) 


2 2 
X V 

7. If xcos a+y sin a =p touches the ellipse — + A-=l, 
then « b ~ 

(A) p 2 =a 2 sin 2 a + b 2 cos 2 a 

(B) p 2 =cr cos 2 a + b 2 sin 2 a 

(C) p 2 = a 2 cosec 2 a+b 2 sec 2 a 

(D) p 2 =a 2 cot 2 a + b 2 tan 2 a 

Solution: The given line equation can be written as 
y=(-cot a)x + pcoseca 
It touches the ellipse. So 

p 2 cosec 2 a=a 2 (-cota ) 2 +b 2 
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sin 2 a 


a 2 cos 2 a+b 2 sin 2 a 
sin 2 a 


>p 2 = a 2 cos 2 a + b 2 sin 2 a 


Answer: (B) 


8 . The tangents are drawn to the ellipse 

2 2 

^ + ^ = 1 
9 5 

at the ends of latus recta. The area of the quadrilateral 
formed is 


27 27 

(B) — (C) — 

2 11 


(A) 27 

Solution: The eccentricity e is given by 
5 = 9(l-e 2 ) 


27 

(D) — 
V 2 55 


2 

e = — 
3 


Therefore, the foci are (-ae, 0) = (-2, 0) and (ae, 0) = 
(2,0). We have 


( 


L— 


2 \ 


b 

ae, — 
a 




v " y 

See Fig. 5.35. The tangent at L(2,5/3) is 
2x (5/3) y 


9 + 5 




9 3 

so that P = ( 0, 3) andS=(9/2,0). Therefore, the area of 
the parallelogram is 

4 (A POS) = 4|^-x3x^-J = 27 



FIGURE 5.35 

Answer: (A) 

9. The radius of the largest circle inscribed in the ellipse 

2 2 

X V 

—+^-=1 and having centre at ( 1 , 0 ) is 


(A) — 
3 




7 

(C) - 
3 


(D > <1, 


Solution: See Fig. 5.36. Since the circle is to be largest, 
it must touch the ellipse (internally) at some point, say, 
P(4cos0,2sin0). The tangent to the ellipse P is 

xcos 0 ysec 8 . 

- + - -= 1 

4 2 

whose slope is (-1/2) cot 0. Also the line joining (1, 0) 
and P is perpendicular to the tangent. So 

-1 (2 sin 0 - 0 ) , 

— cot 0 --=-l 

2 ) 4cos0-l 


COS0 

4cos0-l 


-=1 


1 2V2 

• cos 0 = — and sin 0 =±- 

3 3 


The radius of the circle is 

[(4cos0-l ) 2 +( 2 sin 0) 2 ] 1/2 = 


r‘J +4 U 

11 


nl/2 



Answer: (B) 


1 0. Any ordinate NP of an ellipse 


2 2 

a 2 b 2 

meets the auxiliary circle at <9. Then, the locus of the 
normals at P and Q is 

(A) x 1 +y 2 ~{a + b) 2 (B) x 2 +y 2 = {a-b) 2 

(C) x 2 +y 2 = (a 2 +b 2 ) 112 (D) x 2 + y 2 = (a 2 -b 2 ) m 

Solution: Let P = (acos9,bsin9) so that Q=(acos9, 
a sin#). The normal at P to the ellipse is 

" b>, -= a i-bi 


cos 9 sin# 


(5.103) 
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and the normal Q to the circle is 

y=xtan0 (5.104) 

Solving Eqs. (5.103) and (5.104), we have 

ax bx tan 9 ? , ? 

- =a -b 

cos 9 sin 9 

=>(n-h)x = (n 2 -b 2 )cos0 

=>x=(a + b)cos9 and y=xtan0=(n+b)sin0 

=>x 2 +y 2 =(a + bf 

Therefore, the locus of the point of intersection is 
x 2 +y 2 =(a + bf. 

Answer: (A) 


11 . The smallest possible positive slope of a line whose 
y-intercept is 5 and which has a common point with 
the ellipse 9x 2 +16y 2 =144 is 

(A) | (B, 1 (C) 1 (D) ± 

Solution: Let the line be y=mx + 5. Since m> 0 and is 
to be least, the line should touch the ellipse. Hence 

5 2 =16m 2 +9 =>m=± 1 


However, m>0=>m=l. 


Answer: (B) 


^+^=1 

(B) 

^ + ^=1 

12 9 

12 8 

2 2 


2 2 

—+ —=2 

(D) 

—+ —= 2 

12 8 

8 12 


(A) 


Solution: The tangents at P and Q , respectively, are 
x cos (9 ysind 


and 


Vl2 S 

-xsin# ycos9 


= 1 


- + - 


= 1 


(5.105) 

(5.106) 


7l2 78 

Squaring Eqs. (5.105) and (5.106) and adding, we have 

2 2 

—+ —= 2 
12 8 

Answer: (C) 

14. The sum of the squares of the perpendiculars drawn 
onto any tangent to the ellipse 

2 2 
^+^ = 1 
« 2 b 2 

from the two points on the minor axis, each at a dis¬ 
tance of yj a 2 -b 2 from the centre, is 


(A) a 2 


(B) 


(C) I 0 ' 


(D) 2a 2 


12. Consider an ellipse with foci at (5,15) and (21,15). If 
the x-axis touches the ellipse, then the length of the 
major axis is 

(A) 17 (B) 34 (C) 13 (D) 7416 

Solution: The major axis is y=15. The distance be¬ 
tween the foci is 

2 ae = 16 => ae = 8 

Since x-axis is touching the ellipse, we have b= 15 so that 
15 2 = b 2 =fl 2 (l-e 2 ) = « 2 -64 

=> a = 17 and e= — 

17 

Therefore, the length of the major axis is 2a = 2 x 17 = 34. 

Answer: (B) 

13. Let P = (7l2cos0, 78sin0) and <2=(-7l2sin0, 
78 cos 9) be the points on the ellipse 

2 2 

^ + ^=1 
12 8 

Then, the locus of the point of intersection of the 
tangents at P and Q is 


Solution: We have 


2 / 2 2 2 /-i Z\ 

a -b -a -a (1-e ) 


2 2 

-a e 


Let P=( 0, ae) and Q=( 0, -ae). Let p 1 andp 2 be the 
perpendiculars drawn from P and Q onto 


xcos 9 ysin# . 
-+ -- =1 


Therefore 


Pi = 


[(aesin 0 /b)-l] Z 


(cos 91a ) + (sin“ 91b ) 

2 


and 

Hence 


2 [(-flesin 0 /b)-l] 
Pi = 


[(cos 2 0)/ar] + [(skr 9)/b~ 


2 2 a z (aesin9-b) 2 +a 2 (aesin9+b) z 

P 1 P 2 b 1 cos 2 9 +a 2 sin 2 9 

2a 2 [a 2 e 2 sin 2 9+b 2 ] 
b 2 cos 2 9+a 2 sin 2 9 
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2 a 2 [fl 2 e 2 sin 2 d+b 2 ] 
b 2 (1-sin 2 Q) + a 2 sin 2 9 
2a 2 [a 2 e 2 sin 2 0 +b 2 ] 
b 2 +{a 2 -b 2 ) sin 2 9 
2 a 2 [a 2 e 2 sin 2 9+b 2 ] 


b 2 + a 2 e 2 sin 2 0 


i 2 >2 2 2i 

(■:a —b=ae) 


=2a 


Answer: (D) 


2 2 

x y 

15. The tangent and normal to the ellipse —+ ^ = 1 at 

the point P (2cos 9, sin 9) meet the major axis at Q 
and R , respectively. If QR = 2, then cos0 is equal to 

2^3 


(A) 3 


<B)f 


(C) 3 


(D) 


Solution: The tangent at P is 

x cos 9 ysin# 


- + - 


= 1 


2 1 

so that <2=(2sec0,O). The normal at P is 
2x 


y -=2 2 -l 2 =3 


Hence 


Now, 


cos 0 sin# 


R=l— .0 


QR = 2 

3 

=>2sec 9 —cos 9=2 
2 

=>4-3cos 2 #=4cos# 

=>3cos 2 # + 4cos#-4 = 0 

=>3cos 2 # + 6cos#-2cos#-4 = 0 

=>3cos#(cos#+2)-2(cos#+2) = 0 

=>(3cos#-2)(cos#+2) = 0 

„ 2 
=>cos 9= — 

3 

Answer: (C) 

16. The line passing through the extremity A of the ma¬ 
jor axis and extremity B of the minor axis of the 
ellipse 

2 2 

^ + ^=1 

9 1 


meets the auxiliary circle at point AT Then the area of 
the triangle with vertices at A, M and the origin O is 


(A) * 
v 2 10 


29 

(B) — 
v 10 


21 

(C) — 
v 2 10 


27 

(D) — 
v 10 

(IIT-JEE 2009) 


Solution: See Fig. 5.37. We have 

A = ( 3, 0), B = (0, 1) 
The equation of the line AB is 
0-1 


y=- 


:(*-3) 


3-0 

=> jc + 3y=3 (5.107) 

The equation of the auxiliary circle is 

x 2 +y 2 = 9 (5.108) 

Substituting x = 3-3y in Eq. (5.108), we get 
(3-3y ) 2 + y 2 = 9 
=> 10 y 2 -18_y = 0 

* r=«. | 

Now, y=0=>x = 3 so that the point is ^4(3, 0) and 

9 -12 

y = — =>x = - 

5 5 


so that 


M = 


-12 9 
"1“’ 5 


Now, A = (3,0), 0=( 0,0) and M=(-12/5,9/5). There¬ 
fore, area of A AOB is given by 


31 !Hf 


27 

10 



Answer: (D) 
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17. If P(x,y) be any point on 16a: 2 +25 y 2 =400 and 
F 1 (3, 0), F 2 (-3, 0) are the foci, then 

PF l + PF 2 = 

(A) 8 (B) 6 (C) 10 (D) 12 

Solution: The given ellipse is 

2 2 

^ + ^=1 
25 16 

In an ellipse, the sum of the focal distances of a point on 
the ellipse is equal to the length of the major axis. Hence 

PF 1 +PF 2 = 2(5) = 10 

Answer: (C) 


18. The radius of the circle passing through the foci of 
the ellipse 


2 2 

^ + ^=1 
16 9 

and having its centre at (0,3) is 


(A) 4 (B) 3 (C) -j= (D) 1 - 

(IIT-JEE 1995) 

Solution: Let the radius be r so that the circle equa¬ 
tion is 


x 2 + (y-3) 2 =r 2 

The eccentricity of the ellipse is given by 
9 = 16(l-e 2 ) 


2 1 9 7 
e =1 -= — 

16 16 


e=- 


V7 


Therefore 


(5.109) 


ae= 


4 




V7 


Hence, the foci are (+V7, 0). Since the circle passes 
through (ae,0) = (V7, 0), we have 

7 + 9=r 2 =>r=4 


Answer: (A) 


19. Let E be the ellipse 


2 2 
^ + ^ = 1 


and C be the circle x 1 +y 2 =9. Let P and Q be the 
points (1,2) and (2,1), respectively. Then 


(A) Q lies inside C but lies outside E 

(B) Q lies outside both C and E 

(C) P lies inside both C and E 

(D) P lies inside C but outside E 

Solution: We have 


2 2 

S = — + ~ 1 

9 4 

and S' = x 2 + y 2 -9 

Also P=(x i, y,)=(l, 2) and (x 2 , y 2 )=(2 ,1 )=Q. Now, 


1 4 


1 


5ii — —i-1——>0 

9 4 9 

5j 1 = l 2 +2 2 -9=-5<0 

Therefore, P lies outside E and inside C. Therefore 

4 1 


$22 — ~ 1<0 


9 4 


and 


S' 2 =4+l-9<0 


Hence, Q lies inside both E and C. 


Answer: (D) 


20. The locus of a variable point whose distance from (-2, 
0) is 2/3 times its distance from the line x = — 9/2 is 

(A) ellipse (B) parabola 

(C) hyperbola (D) pair of lines 

Solution: By the definition of ellipse, the locus is an 
ellipse with focus (-2, 0), directrix x = -9/2 and eccen¬ 
tricity = 2/3 <1. 

Answer: (A) 


21. The eccentricity of the ellipse 


2 2 

^ + ^=1 
a 2 b 2 


whose latus rectum is half of the major axis is 

(A > 75 (B| 7f (c) 1 (D) 3 

Solution: we have 


2b 2 


-=a 


>2 b 2 =a 2 


> a 2 = 2b 2 = 2a 2 (l-e 2 ) 


2 1 
>e = — 
2 

1 


=^>e = 


V 2 


Answer: (B) 
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22. The director circle of the ellipse, which is having its 
axes along the coordinate axes, has foci at (±2,0) and 
eccentricity 1/2. Its equation is 

(A) x 2 +y 2 = 25 (B) x 2 +y 2 = 26 

(C) x 2 +y 2 = 24 (D) x 2 +y 2 = 28 

Solution: Let the ellipse be 



where the eccentricity e=l/2. 
Also 


Focus = (2,0) => ae = 2 => a = 4 

Again 

b 2 =a 2 (l-e 2 ) = 16^1--^-j = 12 


Hence, the equation of the ellipse is 


2 2 

^ + ^=i 
16 12 


and the equation of the director circle is 



then the eccentric angle of the point of contact is 

(A) - (B) - (C) - (D) - 

v 2 3 4 6 2 


Solution: 


XV/— 

— + — = V 2 can be written as 
a b 


x 

aj2 


y 

bV 2 


= 1 


x n y . n 
=> —cos —+ —sin — 
a 4 b 4 


1 


so that 9=n 14. 


Answer: (B) 


25. If S 2 and S 1 are the foci of an ellipse with major axis 
of length 10 and P is any point on the ellipse such 
that the perimeter of A PS^Sj is 15, then the eccen¬ 
tricity of the ellipse is 

(A) 2 CB) I (O L (D) 1 


x 2 + y 2 = a 2 +b 2 =16 + 12 = 28 

Answer: (D) 


Solution: By hypothesis, we have 

5j5 2 = 2 ae => S X S 2 = lOe (v 2 a = 10) 


23. The points (5,12) and (24,7) are the foci of an ellipse 


passing through the origin. Then the eccentricity of 
the ellipse is 

(A) ^ 

38 

(B, ^ 

38 

(C) m 
v 2 28 

(D) ^ 
y 35 

Solution: We have 


OS + OS'= ^/25 +144 + .7576 + 49 = 13 + 25 = 38 = 2fl 

Now 

SS' = 2ae 

=> 

7386 = (38)e 

V386 

=>e= - 

38 


Answer: (A) 

24. If 

a b 

touches the ellipse 



Also 

15 = PS 1 + PS 2 + S X S 2 = 10 + lOe 

Therefore 

-A-i 
e_ 10 _ 2 

Answer: (A) 

26. If (h, k) is a variable point on the circle x 2 +y 2 = 1, 
then the locus of the point (3 h + 2, k) is an ellipse 
whose eccentricity is 

(A, 1 (B) 2 -f (C, ± (D) f 

Solution: Let x = 3h + 2 and y=k so that 

(V) + y 2=h2+k2=1 

Hence, the locus of (3 h + 2, k) is an ellipse with centre 
(2,0) and 

1 /, 2x 272 

l=a(l —e )=>e= - 

v 2 3 

Answer: (B) 
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27. Iff is a point on the ellipse 

2 2 
^+^=1 

25 16 

lying in the first quadrant and PN is drawn perpen¬ 
dicular to major axis and produced to Q such that 
NQ is equal to SP where S in a focus, then the focus 
of Q is 

(A) 2x - 3y - 25 = 0 (B) 3x-5y-25 = 0 

(C) 3jc - 5y + 25 = 0 (D) 3* + 5y + 25 = 0 

Solution: See Fig. 5.38. Let P be (5cos0,4sin 0) and 
0<9<kI2. Now, 



This line touches the circle x 2 + y 2 = 3. This means 

VtoSLyj 

yjl+m 2 

=> 3 m 2 + 3= 4m 2 +1 
=> m = ± V2 

Therefore, the product of the slopes = -2. 

Answer: (B) 


FW = 4sin0=> A = (5cos0,O) 

Let Q be (li. k). By hypothesis, NQ = SP. Also observe 
that k < 0. Now 


NQ= SP 


29. Two lines PQ and PR are drawn from a point on the 
circle x 2 + y 2 = 25 to the ellipse 



>\k\ = a + ex= 5 + — (5cos0) (5.110) 


Since the abscissa of Q is 5 cos 0. we have h = 5 cos 0. 
From Eq. (5.110), we get 

-& = 5 + 3cos0 


=$ — k = 3 



+ 5 


=> 3/7 + 5A: + 25 = 0 

Therefore, the locus of Q is 3x + 5y + 25 = 0. 



Q 


FIGURE 5.38 


Answer: (D) 


28. The product of the slopes of the common tangents of 
the ellipse 



and the circle x 2 + y 2 = 3 is 

(A) 1 (B) -2 (C) -3 (D) -1 

Solution: The line y-mx + ^4m 2 +1 is a tangent to 
the ellipse 


where b < 4. If the parallelogram PQSR is completed 
and S lies on the circumcircle of A PQR, then the 
eccentricity of ellipse is 





(D) 


V7 

4 


Solution: Since the points P, Q, S and R concyclic and 
PQSR is a parallelogram, the angles of the parallelogram 
are equal to 90°. Hence, P lies on the director circle of 


which is given by x 2 + y 2 = 25. Hence, b = 3. Therefore 


9 = 


=> e= 


16(l-e 2 ) 



£_ 

4 


Answer: (D) 


30. Point O is the centre of an ellipse with major axis 
AB and minor axis CD. Point F is one of the foci. 
If OF = 6 and the diameter of the inscribed circle of 
AOCFis 2, then {AB){CD) = 

(A) 35 (B) 45 (C) 55 (D) 65 

Solution: See Fig. 5.39. Let OC = b, OF =6 and CF=a. 
Since 

1 = Inradius of A OCF 
(l/2)(6)(6) 

(l/2)(6+6 + u) 

we have 

b + 6 + a = 6b 

=>56 = 6 + a (5.111) 
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Also 

36 = a 2 e 2 = a 2 -b 2 (5.112) 

From Eqs. (5.111) and (5.112), we have 

(56 - 6) 2 = a 2 = 36 + 6 2 

=> 246 2 - 60b = 0 

, 60 5 

=> b= — = - 
24 2 


2 2 2 2 2 

>ci e — ci —a e 


and hence 


Thus, 


« , 25 13 

<7 = 56-6=-6 = — 

2 2 


(. AB)(CD) = (2a)(26) = 13 x 5 = 65 



D 

FIGURE 5.39 


Answer: (D) 


31. An ellipse is having its axes along the x-axis and 
y-axis and its latus rectum is of length 10 units. If the 
distance between the foci is equal to the length of the 
semi-minor axis, then the equation of the ellipse is 

(A) x 2 +2y 2 =100 (B) 2x 2 +y 2 =100 

(C) x 2 +2y 2 =200 (D) 2x 2 +y 2 =200 

Solution: Let the ellipse be 

2 2 
^+^=i 
a 2 b 2 


so that 


2 6 2 


-=10 


=> 26 2 = 10a (5.113) 

Also 

2 ae = 2b => b = ae 
Now, from Eq. (5.114), we have 

b 2 = a 2 ( 1 - e 2 ) 


(5.114) 


=? C-—pr 

72 

Therefore, from Eq. (5.114), we get a = b\l2. Flencefrom 
Eq. (5.113), we get 

26 2 = 10a=10(672) 

=$b = 5y/2 and a = 672 = 10 

So, the equation of the ellipse is 

2 2 

^ + ^=i 
100 50 


x z + 2y 2 = 100 


Answer: (A) 


32. The centre of an ellipse is the origin and the x-axis is 
the major axis. If it passes through the points (-3,1) 
and (2,2), then the eccentricity of the ellipse is 

(A) f (B, f (C) | (D) f 

Solution: Let the ellipse be 

2 2 
^+^=i 
a 2 6 2 

This passes through (-3,1) and (2, -2). So 


and 


9 1 
—y — 1 
a 2 b~ 

4 4 

2 + h 2 4 
a 6 


(5.115) 

(5.116) 


Solving Eqs. (5.115) and (5.116) for a 2 and 6 2 , we get 


Therefore 


2 32 . ,2 32 

a =— and 6 = — 
3 5 


6 =a 2 (l-e / )=>e = ^— 


Answer: (C) 

33. S and S' are the foci of the ellipse 

2 2 

^+> 7=1 

a 2 6 2 

and B is one end of the minor axis. If A BSS' is equi¬ 
lateral triangle, then the eccentricity of the ellipse is 
equal to 

(A) | (B, i (C, i (D, Jj 
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Solution: We have 


SS' = SB = S'B 
=> SB + S'B = 2 SS' 
=>2a = 2(2 ae) 

1 

=>e=— 

2 


Answer: (C) 


Solution: See Fig. 5.40. Clearly, if R(h, k) is the inter¬ 
section of tangents at P and Q. then R lies on the director 
circle and hence 


h 2 + k 2 = c 2 + d 2 (5.117) 


Since PQ is the chord of contract of R , its equation is 


hx ky „ 
—+^-=1 
c 2 d~ 


(5.118) 


34. If the eccentricity of an ellipse 


-+- 


y 


A +1 A +2 


= 1 


is 1/76, then its latus rectum is 


(A) 


8 


(B) 


10 


-s/6 V ’ y/6 

Solution: We have 


(C) 


76 


(D) 


76 


A +1=(A +2)^1--^ 

>6(A 2 + 1)=5A 2 + 10 


>2,-4 


Hence, the ellipse is 


2 2 


and the latus rectum is 


2 a 2 _ 2(5) _ 10 
b 76 76 


Answer: (B) 


35. A tangent is drawn to the ellipse 


2 2 

4+4=i 


to cut the ellipse 


2 2 
—+^7=i 

c 2 d 2 


at P and Q. If the tangents drawn at P and Q to the 
ellipse 


2 2 

—+Z_ = i 

c 2 d 2 


are at right angles, then 

. a 2 b 2 

( A ) ~ + 
c a 

(C) a 2 d 2 =b 2 c 2 


c 2 d 2 

(®) - + 7Y = 1 
a b 

(D) a 2 d 2 +c 2 d 2 = 1 


However, the line provided in Eq. (5.118) touches the 
ellipse 


Therefore 


2 2 

^+>7 =1 

« 2 b 2 


( J 2^ 


v 4 


v c ^ y 


4 Q 2 d^h 2 , 2 , 2 

>d=--—+ /r/c 


+ £> 


>1= 


a 2 /z 2 h 2 /c 2 


(5.119) 


Equations (5.117) and (5.119) hold if h 2 = c 2 and k 2 = d 2 . 
Therefore 


2 .2 

a b 

-T + -+ = 1 
c 2 



Answer: (A) 


36. If a tangent of slope 2 of the ellipse 


is normal to the circle x 2 + y 2 + 4x + 1 = 0, then the 
maximum value of ab is equal to 


(A) 2 (B) 1 (C) 4 (D) 3 

Solution: y=2x + ^4a 2 +b 2 is a tangent to the ellipse. 
This passes through the centre (-2,0) of the circle. Hence 
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Worked-Out Problems 


0=-4+yj4a 2 +b 2 
=> 4cr + b 2 = 16 
Since AM > GM, we have 

8 = 4a +b >^4a 2 b 2 =2ab 


Equality holds when 2a = b. Hence, the maximum value 
of ab is 4. 

Answer: (C) 


37. An ellipse has OB as a semi-minor and F, F' are its 
foci and the angle FBF' is a right angle. Thus, the ec¬ 
centricity of the ellipse is 


(A) 


1 

2 





Solution: We have B = (0, b),F= (ae, 0) and F' = (-ae, 
0).Now 

ZFBF'= 90° 

^(FF') 2 =(FB) 2 +(F'B) 2 

=> 4n 2 e 2 = (a 2 e 2 + b 2 ) + (a 2 e 2 + b 2 ) = 2 a 2 e 2 + 2b 2 

=> 2cre 2 =2b 2 

=t> a 2 e 2 =a 2 ( 1-e 2 ) 

=> 2e 2 =1 
1 

=> e = ~j= 

J2 

Answer: (D) 


38. A circle has the same centre as the ellipse 



From Eqs. (5.120) and (5.121), we have 

x 2 - 17 jc + 60 = 0 => (x - 12) (x - 5) = 0 
Therefore, x = 12 or 5 so that y = 5 or 17. Hence 

F 1 F 2 = y jx 2 + y 2 = A /l2 2 + 5 2 =13 



FIGURE 5.41 

Answer: (C) 


39. The line PQ is a focal cord of the ellipse 


If the focus S = (3,0) and SP = 2, then the length PQ 
is equal to 

(A) 8 (B) 4 (C) 10 (D) 6 

Solution: Major axis length is 2 x 5 = 10. S = (3, 0) 
and SP = 2. Since the vertex A (see Fig. 5.42) is (5, 0), 
it follows that 

SA = 2 and A = P 


and passes through two foci Tj and F r P is one of the 
four points of their intersection. If the major axis is 
of length 17 and the area of the A PF\F 2 is 30, then 
the distance between the foci is 

(A) 11 (B) 15 (C) 13 (D) 12 

Solution: See Fig. 5.41. Fet PF x =x and PF 2 = y. Then 

F 1 F 2 = 2 ae = lie 

Now 

ZF 1 PF 2 = 90° => 30 = Area of A PF ] F 1 = | PFj ■ PF 2 

=>60 =PF v PF 2 =xy (5.120) 


Therefore, PQ is nothing but the major axis and hence 
PQ = 10. 



Also 


x + y = PF 1 + PF 2 = 2a = ll 


( 5 . 121 ) 


FIGURE 5.42 


Answer: (C) 



















356 


Chapter 5 I Ellipse and Hyperbola 


40. Point S is one of the foci of the ellipse 


2 2 

^ + ^ = 1 
25 16 


With S as centre and r as radius, a circle is drawn 
such that it touches the ellipse and completely lies 
within the ellipse. Then, the value of the radius r is 

(A) 4 (B) 3 (A) V3 (D) 2 

Solution: The ellipse is 


2 2 

X V 

-1-= l=>a=5, b = 4 

25 16 


which implies that a = 5 and 6 = 4. Also 
16 = 25(l-e 2 )=>e4 

Hence, S = (3, 0) (see Fig. 5.43). Also we know that the 
vertex A = (5,0). This implies that SA = 2. Since the circle 
is touching the ellipse and lies completely within the 
ellipse, it follows that its radius r must be equal to 2. 


A (5, 0) 


FIGURE 5.43 

Answer: (D) 



41. The angle subtended by the common tangent of the 
two ellipses 


and 


(*~4) 2 , _y 2 t 
25 4 


( x + l ) 2 

1 



at the origin is 


(A) 


n 

2 





Solution: See Fig. 5.44. 5(4,2) is one end of the minor 
axis of the ellipse 


(*-4) 2 | y 2 _ 1 

25 4 


and (-1, 2) is one end of the major axis of the second 
ellipse. Therefore, 


AB = 5, 05 = ^16 + 4 = 720, 04= 71+4=75 
We have 

(04) 2 + {OB) 2 = 25 = (AB) 2 

Therefore 


ZAOB=— 

2 



Answer: (B) 


42. If the latus rectum of the hyperbola 


2 2 

4-4=i 


subtends a right angle at the centre, then the eccen¬ 
tricity of the hyperbola is 


(A) 

(C) 


75+1 

2 

2+73 


(B) 73 + 1 
(D) 3+ ^ 


2 ' ' 2 
Solution: The ends of a latus rectum are 


L' = 


ae ,- 

v a 
2 \ 


( 


and 


L = 


b 

ae ,— 
a 


\ ~ J 

Since LL' subtends right angle at the centre, then 
- 1 = 


(-b 2 la\ 

(b 2 la\ 

l ae ) 

l ae ) 


-6 4 


2 / 2 2 \ 

a (a e ) 


(u 2 ^ 


u / 


1 _ -4-i r 

2 2 


Therefore 


(e 2 -l ) 2 = + e 2 
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Worked-Out Problems 


Hence 


e 4 -3e 2 +1=0 


2 3 + 75 

e 2 =-— (ve>l) 


, ae 
=> b= — 
2 


From Eq. (5.121), we have 


a 2 (e 2 — l)=4n 


(5.123) 


Hence 


75 + 1 


Answer: (A) 


43. The distance between two parallel tangents of the 
hyperbola 

2 2 

9 49 

is 2. Then their slopes are 

(A) ±| (B) ± 1 - (C) ±| (D) 

Solution: The two parallel tangents are 

y = mx + yj9m 2 +49 
Therefore, by hypothesis 

2^9m 2 -49 


•^/l-H 


-=2 


=> 9m 2 - 49 = 1 + m 2 
=> 8m 2 = 50 
, 5 

=>ra = + — 

2 

Answer: (A) 

44. A hyperbola has its axes along the coordinate axes, 
latus rectum is 8 and conjugate axis is half of the dis¬ 
tance between the foci. Then the eccentricity is 

(A) ! (B) J? ic) Ti (D, l 


Solution: Hyperbola is 


2 2 
^_>l=i 
« 2 b 2 


By hypothesis, we have 


^—=8 

a 

■ b 2 = 4a 


(5.122) 


2 b = 


e 2 -1 


(5.124) 


From Eqs. (5.122) and (5.123), we have 


2 2 

a e , 2 . 

- = b -4a 


16 


(5.125) 


From Eqs. (5.124) and (5.125), we have 

4 16 


e 2 -l e 2 
>e 2 =4e 2 -4 


>e= 


V3 


Answer: (A) 


45. Consider a branch of the hyperbola 

x 2 -2y 2 -2V2x-4V2y-6 = 0 

with A as one vertex. B is one of the end points of 
the latus rectum and C is the focus nearest to A. 
Then, the area of AABC is 


(A) 1-./3 


<B> ^-1 


(O 


(D) ,|j+l 


(IIT-JEE 2008) 


Solution: The equation of the given hyperbola can be 
written as 

(x-V2) 2 -(V2y + 2) 2 =6 + 2-4 = 4 
(x-V2) 2 2(y + V2) 2 


4 4 

(x-V2) 2 (y + V2) 2 


X 2 Y 2 


- = 1 


= 1 


4 2 1 


ae 


where X = x-y[2 and Y = y+-j2. Now 

A = (X = 2, Y =0) = (x-y/2 = 2, y+72 = 0) 
= (2+72,-72) 


and 
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The centre is (72,-72). Let e be the eccentricity. There¬ 
fore 


Hence, the foci are (±ae, 0) =(+1,0). Now, let the hyper¬ 
bola be 


2=4(e 2 -l)=>e 




Hence, 


so that a- sin 9 and the eccentricity e' is given by 


C= (X=ae,Y= 0) b 2 =a 2 (e' 2 - l) = sin 2 0(e' 2 -1) (5.126) 

=> C = (V2 + 76, “72) Also 


Also 


and 


BC =—=—=1 
a 2 


B= 


b 2 ^ 

X=ae, Y= — 
a 


— (72 + 7? + 'J6, 1—72) 

= (272 + 76 , 1 - 72 ) 


Therefore, the area of A ABC is 


1 

2 


2 + V2 -V2 1 
2V2 + V6 1-V2 1 
72 + 76 -V2 1 


1 

2 


2+V2 
2 + 72 + 76 
S-2 


-IV 6 - 2 I 

2 1 



-72 1 

1 0 

0 0 


(by R 2 R l5 R 3 Rj) 


Answer: (B) 

46. A hyperbola having transverse axis of length 2 sin 6 
is confocal with the ellipse 3x 2 +4y 2 =12.Then its 
equation is 

(A) x 2 cosec 2 6-y 2 sec 2 0=1 

(B) x 2 sec 2 Q-y 2 cosec 2 0=1 

(C) x 2 sin 2 Q-y 2 cos 2 0=1 

(D) x 2 cos 2 Q-y 2 sin 2 G=\ 

(IIT-JEE 2007) 

Solution: The equation of the ellipse is 


ae' = 1 => e' = cosec 0 (v a = sin 9) 

Therefore, from Eq. (5.126), 

b 1 = sin 2 #(cosec 2 0- 1) = 1 - sin 2 0= cos 2 0 
Therefore, the equation of the hyperbola is 

2 2 

jl _ y—=i 

sin 2 9 cos 2 9 

Answer: (A) 


47. If the line 2x + V<5 y =2 touches the hyperbola 
x 2 - 2y 2 = 4, then the point of contact is 


(A) (-2,72) 


(C) 


'1 _r 

,2’76, 


(B) (-5,276) 
(D) (4,76) 


Solution: Suppose the line 2x + 76y = 2 touches the 
curve at (x 15 y x ). However, at (x |; yj), the equation of the 
tangent is 


Hence 


xx 1 - 2 yy 1 = 4 


*1 _ ~ 2 yi _ 

2 76 " 

x, = 4, y, = 
Thus, the point of contact is (4, - 


4 

2 

-76 

76). 


Answer: (D) 


48. For the hyperbola 


cos 2 a sin 2 a 

where the value of exchanges, which of the following 
remain constant? 



and its eccentricity is given by 



1 

=> e=— 
2 


(A) Abscissae of the vertices 

(B) Abscissae of the foci 

(C) Eccentricity 

(D) Directrices 


(IIT-JEE 2004) 
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Solution: The eccentricity e is given by 
sin 2 a = cos 2 a(e 2 - 1) 

=> e = Vtan 2 a + 1 = |sec a\ 

Therefore, the foci are (+cosa|seca|,0) = (±1,0). 

Answer: (B) 

49. If x = 9 is a chord of contact of the hyperbola 
x 2 - y 2 = 9, then the equation of the corresponding 
pair of tangents is 

(A) 9x 2 - 8y 2 + 18x -9 = 0 

(B) 9x 2 - 8y 2 - 18x -9 = 0 

(C) 9x 2 - 8y 2 + 18x + 9 = 0 

(D) 9x 2 - 8y 2 - 18x + 9 = 0 

(IIT-JEE 1999) 

Solution: Substitute x = 9 in the curve equation 
x 2 -y 2 =9 

so that y 2 = 72 or y-± 6 y/2. Hence, the extremities of 
the chord of contact are (9,+ 6^2). The tangent at 
(9,6>/2) is 

9x-6\f2y-9 = 0 
and the tangent at (9,-6s/2) is 

9x + 6yf2y-9 = 0 

Hence the combined equation of the tangents drawn at 
the ends of the chord of contact is 

(9x - 6 V2 y - 9)(9x + 6>/2 y - 9) = 0 

=> 81x 2 - 12y 2 - 9(9x - 6^2 +9x + 6^2y) + 81 = 0 

=> 81x 2 - 12y 2 - 9(18x) + 81 = 0 

=>9* 2 -8y 2 -18x + 9 = 0 

Answer: (D) 


50. Let P(a sec a, b tan a) and Q{a sec /?, a tan ft), where 
a + P = n! 2, be two points on the hyperbola 



If (h, k) is the point of intersection of the normals at 
P and Q, then k is equal to 


(A) 

a z + b z 

(B) 

a 

(C) 

a 2 + b 2 

(D) 

b 


2 >21 
a + b 


(IIT-JEE 1999) 



Solution: The normal at P(a sec a, b tan a) is 

ax cos a+ by cot a= a 2 + b 2 (5.127) 
and the normal at 


Q = 


K 


asec —a , btan — a 


= (a cosec a, b cot a) 


is 


Now, 


■y = 


Therefore, 


a n 
v a + B = — 
2 


ax sin ctr+ by tan a= a 2 + b 2 (5.128) 

{sinax [Eq. (5.127)]} - {cosax [Eq. (5.128)]] 
by (cos a - sin a) = (a 2 + b 2 )(sin a - cos a) 

{a 2 +b 2 ) 


b 


k = - 


(a 2 +b 2 ) 

b 


Answer: (D) 


51. The distance between the foci of a hyperbola is 16 
and its eccentricity is V2. Then, the equation of the 
hyperbola is 

(A) x 2 -y 2 = 16 (B) x 2 -y 2 = 8 

(C) x 2 -y 2 =32 (D) x 2 - y 2 = 24 

Solution: Since V2 is the eccentricity, the curve is a 
rectangular hyperbola, say, x 2 - y 2 = a 2 . 

Again 2 ae = 16, and e = V2 => a = 4\/2. Hence the 
equation of the hyperbola is 

xr—y 2 = 32 

Answer: (C) 


(c) \ 


k = 


V3 x + y 


(D » | 


52. The locus of the point of intersection of two lines 
V3x — y — 4y/3k = 0 and kj3x + ky - 4V3 = 0 
is a hyperbola whose eccentricity is 

(A) 2 (B) V2 

Solution: We have 

y/3x-y=4y/3 k 
k\l3x + ky= 4V3 
From Eq. (5.130), we have 

4^3 


(5.129) 

(5.130) 
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Substituting the value of k in Eq. (5.129), we have 


Now, 


-J3x-y = 4^3 

3x 2 - y 2 = 48 
2 2 

—— — = 1 
16 48 


_W3_ 

V3 x + y 


48 = 16(e 2 -1) 


48 „ „ 

e = 4 +1 = 2 


Answer: (A) 


and a Ja 2 m 2 + b 2 

Hence, the area of the triangle is 

l ~2 2,2 1 , 2 2 , u 2 \ 

ya m b = ——- (a m + b ) 

2 m 

Answer: (D) 



55. In an ellipse, the distance between the foci is 6 and 
minor axis is of length 8. Then, the eccentricity is 

(A) | (B, \ (C) 1 (D, -L 

Solution: We have 2 ae = 6 and 6 = 4. Therefore 


53. The equations of the pair of straight lines parallel to 
the x-axis and tangent to the ellipse 



are 

(A) y = -3,y = 6 (B) y = 3,y = -6 

(C) y = ±6 (D) y = ±3 

Solution: Let y = k be a line parallel to x-axis. The 
points of intersections of the line with the ellipse are 
given by the equation 

9x 2 + 4k 2 = 36 

which touches the ellipse. Solving we get 
4 k 2 =36 or k = ± 3 

Therefore, the tangents are y = ±3. 

Answer: (D) 

54. The area of the triangle formed by a tangent of slope 
m to the ellipse 



and the two axes is 


(A) ■! 

(a 2 + b 2 ) 

(B) —'—(a 2 + b 2 ) 

2 

2 m 

(C) J 

H / 2 2 , 2 \ 

1 —-{am +Zr) 

(D) -±-{a 2 m 2 +b 2 ) 

2 

2 m 


Solution: The tangent with slope m is of the form 
y = mx + yla 2 m 2 + b 2 

Therefore, the intercepts of the tangent on the axes are 


ac . z_2 2/-i 2\ 2 2 2 2 n 

16 -b -a (1 — e )-a —a e -a -9 
=> a = 5 
Therefore 

e = ^ (■: ae= 3) 

Answer: (A) 

56. The focus of an ellipse is at the origin. The directrix 
is the line x = 4 and the eccentricity is 1/2. Then the 
length of the semi-major axis is 

(A) | (B) f (C, i (D, f 

Solution: The directrix corresponding to the focus is 
x = 4. Therefore, the perpendicular distance of the di¬ 
rectrix from the focus is 

a i 

— ae = 4 
e 

=> 2 a -= 4 

2 

8 

=> a = — 

3 

Answer: (A) 

57. PQ is a double ordinate of 


such that A OPQ is an equilateral triangle. If e is the 
eccentricity of the hyperbola, then 

(A) e =Ti (B) e> i 
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Worked-Out Problems 


Solution: See Fig. 5.45. Let P = (a sec 0\ b tan 0) and 
Q = (a sec 0, -b tan 0). Now, 


tan 30° = 


btan# 
a seed 


1 b ■ a 
V 3 a 

3 b 2 2o , 

—~z = cosec 6 > 1 
a 2 

• 3(e 2 -1) > 1 
1 _ ^ 

3 _ 3 


2 i 1 4 

e> 1 + - = - 


• e > 


V3 



Answer: (B) 

58. If ax + by = 1 is a tangent to the hyperbola 


then a 2 - b 2 = 
(A) b 2 e 2 


2 2 

fL_3L = i 

n 2 b 2 

(B) 

(C) n 2 e 2 (D) 

Solution: We know that 

Hfhi 

is a tangent which implies that 

X = a 2 (^-b 2 =C-b 2 


b 2 e 2 


2 2 

a e 


b l 


■a 4 -b 4 = 1 


(a 2 -h 2 ) = 


h 2 


1 


1 


1 


2 , 7 2 2, 2/2 n 22 

a +b a +a (e - 1 ) a e 

Answer: (D) 


59. If the eccentricity of the hyperbola x 2 - y 2 sec 2 0= 5 is 
V 3 times the eccentricity of the ellipse 


x 2 sec 2 9+ y 2 - 25 
then one of the value of 0 is 

(A) \ (B) ^ (C) § (D) | 


Solution: The hyperbola is 


2 2 

x y 


5 5 cos' 6 


= 1 


and the ellipse is 


2 2 

" -+^ = 1 


25 cos 2 9 25 


Let and e 0 be the eccentricities of the hyperbola and 
the ellipse. Therefore 

5 cos 2 9= 5(e 2 -1) 

=> e 2 =l + cos 2 9 


Also 


By hypothesis, 


25 cos 2 9= 25(1 -e 2 ) 

• ef =l-cos 2 0=sin 2 9 


= y/3e 


2 o 2 

Cj =3e 2 


l+cos‘ 0=3sin 2 9 


■ 1 + 1-sin 2 0=3sin 2 9 


sin 2 9 = — ox 9 = — 


Answer: (B) 

60. The distance between the tangents to the hyperbola 
4x 2 - 9y 2 = 1 parallel to the line 5x - 4y + 7 = 0 is 


1 [161 
(A) 3 

(C) \l™ 

3 V 41 


(B) 

2 V 41 
(D) 

2 V 41 


Solution: The given hyperbola is 


2 2 

£_ 

1/4 1/9 


and the line is 


= 1 


y= '*r i 


Any line parallel to this line is 

'5 


y=\ 4 l x+c 
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This will touch the hyperbola which implies that 


2 2 2 . 21 1Y 5 V 1 25 1 

c = a m —b - — — — =- 

A 9 64 9 


Therefore 


c = ± 


yi6i 

24 


Hence, the tangents are 

5x Vl61 

y = —±- 

4 24 

=> 30jc - 24y ± Vl61 = 0 
Hence, the distance between these tangents is 

2V161 Vl61 


V30 2 + 24 2 3^41 


Answer: (A) 


Multiple Correct Choice Type Questions 

1. For the hyperbola 9x 2 -16y 2 -18jc + 32y -151 = 0, 
which of the following are true? 

(A) Eccentricity is — 

(B) Foci are (-4,1) and ( 6 ,1) 

(C) Centre is (1,-1) 

9 

(D) Length of the latus rectum is — 

Solution: The given equation is 

9(jc 2 - 2x) -16(y 2 + 2y) -151 = 0 
=t> 9(x - 1 ) 2 - 16(y +1 ) 2 = 151+ 9 -16 = 144 
U-l ) 2 (y+ 1) 2 


16 

X 2 Y 2 


= 1 


16 9 1 

where X = x-1, Y = y + 1. Here a 2 = 16, b 2 = 9. The 
eccentricity e is given by 

9 = 16(e 2 -1) or e 2 = 1 + — = — 

V 16 16 

so that 

5 

e= — 

4 

The centre is given by 

(A=0, Y = 0) = (x-l = 0, y + l=0) = (l,-l) 

The foci is given by 

(X=±ae, y = 0) = (x-l=±5, -1) = (6,-1) and (-4,-1) 
The latus rectum is given by 

2b 2 _ 2(9) _ 9 
a ~ 4 ~2 

Answers: (A), (C), (D) 


2. If the circle x 2 + y 2 = a 2 cuts the hyperbola xy = c 2 at 
four points ( x k , y k ) (where k = 1,2,3 and 4), then 

(A) x 1 + x 2 + x 3 + x 4 = 0 (B) y 1 + y 2 + y 3 + y 4 = 0 
(C) x 1 x 2 x 3 x 4 = c 4 (D) y 1 y 2 y 3 y 4 = c 4 

Solution: The abscissa x k (where k = 1, 2, 3 and 4) are 
the roots of the equation 

A 

2 C 2 
x +—j = a 

X 2 

=> x A — a 2 x 2 + c 4 = 0 


Therefore 


x 1 + x 2 + x 3 + x 4 = 0 


Since the coefficient of x 3 is zero, we have 


'Lx 1 x 2 = —a 2 , X X\ x 2 x 3 = 0 , 'Zx 1 x 2 x 3 x 4 = c 4 


Now, 


35 + 3b + y3 + y4 = c 


^ 1 1 1 1 
— + — + — + — 
V *1 X, 


r 2 x 3 x 4 ) 


c 2 (Lx 2 x 3 x 4 ) 


V | A-2A3A4 


c 2 (0) 


= 0 


Finally 


2 2 2 2 8 
C C C C C i 

yiyiy^A = - = _ r = c 

x 3 x 2 x 3 x 4 c 


Answers: (A), (B), (C), (D) 

3. On the ellipse 4x 2 + 9y 2 = 1, the points at which the 
tangents are parallel to the line 9 y = 8 x are 


(A) ||, | 


<b> m 
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-2 -1 

(C) lyy 


Solution: The ellipse is 


<°> (I'f 


Hence, the eccentricity of the hyperbola is 5/3. Let 


2 2 


(1/4) (1/9) 

The tangent at (x v y 1 ) is 4xx x + 9yy 1 = 1 which is parallel 
to 9 y = 8 x. This implies 

—4x 1 8 


9y % 9 

=> JC X = -2y 1 (5.131) 

Since (x v y 1 ) lies on the ellipse, we have 

4x\ + 9yl = l (5.132) 

Substituting x 1 = -2y 1 in Eq. (5.132), we get 

16y? +9yi= lor y, =+^ 


and 


Xi -h " 


Therefore, the points are 


2 n (2 1 
_ 5 ’ 5 J ° r l 5~5 


Answers: (B), (D) 


4. Let a hyperbola pass through the focus of the ellipse 

2 2 

^ + ^ = 1 
25 16 

The transeverse and conjugate axes of this hyper¬ 
bola coincide with the major and minor axes of the 
ellipse. Also the product of the eccentricities of the 
ellipse and hyperbola is 1. Then 

2 2 

X V 

(A) the equation of the hyperbola is — - — = 1 

2 2 
X V 

(B) the equation of the hyperbola is — - ^ = 1 

(C) the focus of the hyperbola is (5,0) 

(D) the vertex of hyperbola is (5^3,0) 

(IIT-JEE 2006) 

Solution: The eccentricity e of the ellipse is given by 
16 = 25 (1 - e 2 ) 

which gives that 

3 

e— — 

5 


2 2 

x _y_ _ 1 

a 2 /3 2 


be the hyperbola. Now, 


a 21 25 X 16a- 


This implies that the equation is 

* 2 gy 2 ! 

a 2 16a 2 

Also the hyperbola passes through the focus (3,0) of the 
ellipse. This implies that 

-^r=l=>a 2 =9 


Also 


a 

P z = 


2 _ 16 «‘ _ o2 


/r =16 


Hence, the equation of the hyperbola is 


2 2 

^-^=i 
9 16 


One vertex is (3,0) and the focus is 


(±ae, 0 ) = 


±3| |V 


= (±5,0) 

Answers: (A), (C) 


5. Suppose the hyperbola 


2 2 

3L_)L=i 

a 2 b 2 

is confocal with the ellipse 

2 2 

^ + ^=i 
25 9 

and has eccentricity is 2. Then 

(A) a 2 + b 2 = 16 

(B) the hyperbola has no director circle 

(C) the length of the latus rectum is 12 

(D) a 2 - b 2 = 16 

Solution: For the ellipse a 2 = 25, b 2 = 9 and the eccen¬ 
tricity is given by 


9 = 25(1 - e 2 ) 


• e = — 


Therefore, the foci of the ellipse are 

(±ac,0) = f±5f|j,oj = (±4,0) 
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Now, for the hyperbola, the foci is ( + ae, 0). So 
(±4,0) = (±2a,0) (re=2) 

=> a = 2 

Therefore 

b 2 =a 2 (e 2 - 1) = 4(4-1) = 12 
Hence, the hyperbola is 

2 2 
^-^=1 


so that 


4 12 


n 2 + 0 2 = 4 + 12 = 16 


Director circle: x 2 + y" =a 2 -b 2 =-8 which is not pos¬ 
sible. Hence, there is no director circle to the hyperbola. 
The length of the latus rectum is 

2 b 2 2 ( 12 ) 

a 


-=12 


Answers: (A), (B), (C) 

6 . Suppose the normal at any point P on the ellipse 

2 2 
^+^=1 
a 2 b 2 

meets the major axis at G and the minor axis at g. CF 
is drawn perpendicular to the normal where C is the 
centre of the ellipse. Then 

(A) PF-PG = b 2 

(B) PF-Pg = a 2 

(C) PG-Pg = SP-S'P 

(D) CG CT=CS 2 
where S is the focus 

Solution: See Fig. 5.46. Let P be (acos0, 0sin0). The 
normal at P is 

“ 2 


cos0 sin0 


Therefore 


G = 


f {a 2 -b 2 


cos 0,0 


= {ae 2 cos 0,0) 


and 

Now, 


g = 


f ( ,2 2\ 

o, b -=± 

. \ b , 


sin0 


PG 2 = 


a cos 0 - 


( 2 > 2 b 

a - b 


cos 


+ (£>sin0-O) 2 


b 4 cos 2 9 2 ■ 2 a 

---+ sin 0 


= ^-y{b 2 cos 2 6 +a 2 sin 2 0) 


(5.133) 


We have PF= CT = perpendicular distance of C from the 
tangent at P which is given by 


1 


ab 


■yj{ cos 2 0)/n 2 + (sin 2 9)lb 2 yjb 2 cos 2 Q + a 2 sin 2 0 

(A) We have 

PF ■ PG = — -Jb 2 cos 2 9 +a 2 sin 2 0 x 
a 

ab 


(5.134) 


V b 2 cos 2 0 + a 2 sin 2 0 


= b 2 


Also 


Pg 2 = a 2 cos 2 0 + 


, . „ {b 2 -a 2 ) . n 

0 sin0----sin0 


2 2 77 a 4 sin 2 0 

= a cos 0 +-r- 


= ^-(0 2 cos 2 9 +a 2 sin 2 0) 
b 2 


Therefore 


Pg = —yjb 2 cos 2 6 +a 2 sin 2 0 
5 b 


(B) We have 

PF-Pg— 


ab 


\lb 2 cos 2 0 + n 2 sin 2 0 

— \jb 2 cos 2 9 +a 2 sin 2 6=a 2 
b 

(C) We have 

PG ■ Pg = — \Jb 2 cos 2 0 + n 2 sin 2 0 x 


— \lb 2 cos 2 0 + n 2 sin 2 0 
b 

= b 2 cos 2 0 + n 2 sin 2 0 

Also 


SP S'P=e 2 ^acos0 + -J^--acos0 

= a 2 (ecos0 + l)(l-ecos0) 

= a 2 [l-e 2 cos 2 0] 

= a 2 -(a 2 -b 2 ) cos 2 0 
= a 2 sin 2 9+b 2 cos 2 0 
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Therefore 


where 


PGPg=SPS'P 


(D) We have 
CGCT= 


( a 2 -b 2 ^ 


COS0- 


ab 


r.2 l2> 


'Jb 2 cos 2 0 +a 2 sin 2 9 


b(a - b~)cosO 
yjb 2 cos 2 0 +a 2 sin 2 0 


= (CS) 2 


tern) 


Now, _v = 0 =>x = jc 1 + my 1 so that by hypothesis, we have 
| jtj + my x | = 2 |x 1 | 

Therefore, x 1 + my 1 =±2x 1 . 

Case 1: 



7. The normal to a curve at P(x, y) meets the x-axis at 
G. If the distance of G from the origin is twice the 
abscissa of P , then the curve is a 

(A) circle (B) hyperbola 

(C) ellipse (D) parabola 

Solution: The normal at P(x v y^) is 

y-yi = - — {x-x 1 ) 
m 


n 1 + my, = 2x 1 

=> my | = x 1 

dy x 
=> — = — 
dx y 

=> xdx - ydy = 0 
Therefore, the solution is 

2 2 

2 2 

=> x 2 - y 2 = 2 c 

which is a hyperbola. 

Case 2: 

x 1 + my 1 = - 2x 1 

^ y — + 3x = 0 
dx 

=> ydy + (3 x)dx = 0 


Therefore 


2 o 2 

y 3x 

— +-= c 

2 2 


- + ^ = 1 


(2/3)c 2c 


which is an ellipse. 


Answer: (B), (C) 


Matrix-Match Type Questions 

1 . Consider the ellipse 

2 2 

14 5 

The normal at P meets the major axis at G and the 
minor axis at g. CF is drawn perpendicular to the 
normal at P Match the items of Column I with those 
of Column II. 


Column I 

Column II 

(A) PF PG is equal to 

(p) 5 + 9sin 2 0 

(B) PF-Pg is equal to 

(q) 5 


(r) 9 + 5 cos 2 @ 

(C) PG Pg is equal to 

(s) 9 

(D) CG CT is equal to 

(t) 16 


Solution: According to Problem 6 of previous section 
(Multiple Correct Choice Type Questions), we have 
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PFPG = b 2 
PFPg = a 2 
PG-Pg = SP-S'P 

and CG-CT=(CS) 2 . 

Here, a 2 = 14, b 2 = 5, eccentricity e — 3/V14 and the foci 
are (+3,0). 

Answer: (A) -4 (q); (B) (t); (C) ^ (p); (D) (s) 

2. Consider the ellipse 


so that 


Now, 


Hence 


S = (ae,0) = (4,0) and S'=(-4,0) 


SM = 


S'N = 


12 + 0-1572 
V3 2 +5 2 
1572 + 12 
734 


1572-12 

734 


SM-S'N = 


306 

"34" 


= 9 


with centre C and P is a point on the ellipse with eccen¬ 
tric angle 45°. The normal drawn at P meets the major 
and the minor axes at G and g, respectively. F is the 
foot of the perpendicular drawn from the centre C 
onto the normal at P.The tangent at P meets the major 
axis at T. M and N are the feet of the perpendiculars 
drawn from the foci S and S' onto the tangent at P. 
Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) CG CT is equal to 

(P) 9 

(B) PF Pg is equal to 

(q) 16 


(r) 17 

(C) SM-S'N is equal to 

(s) 15 

(D) SP-S'P is equal to 

(t) 25 


Solution: 


See Fig. 5.47. We have 


P = (a cos 6, b sin 6) 


'_5_ _3_\ 

lV2 ’ V2 J 


Also note that SM-S'N is always equal to b 2 . In Problem 
6 of previous section (Multiple Correct Choice Type 
Questions), we have proved that PF Pg = a 2 so that 

PFPg = a 2 = 25 

Now, 


CGCT = — -572 = 16 


Finally, 


4 

7 25 1 5 

4 

‘25 5 ‘ 

5 

LI 4 J 72 J 

'5 

1^ 

h 

1 

_1 


16 
~~ 25 

= 16 


25 z 25 

16 2 

25_ 1 
16 _ 2 




The tangent at P is 

— + ^ = 1 
572 372 

=> 3.x + 5y = 1572 

The normal at P is 

25[x-(5/72)] 9[y-( 3/72)] 

5/72 3/72 

=> 572x - 372y=25 - 9 = 16 
=>572.r-372;y=16 
From Eq. (5.135), we get 

T = (572,0) 

The eccentricity e is given by 

9 = 25(l-e 2 ) => e=^ 


(5.135) 


(5.136) 

(5.137) 
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3. Some ellipses are given in Column I and their eccen¬ 
tricities are given in Column II. Match the items of 
Column I with those of Column II. 

Column I Column II 

(A) 9x 2 + 25 y 2 - 18* - lOOy - 116 = 0 

(B) 9 * 2 + 4y 2 = 36 

(C) 3 * 2 + 4/ + 6 * - 8 y - 5 = 0 

(D) ^ + -^=1 

' 9 4 


Solution: The eccentricity is given by the relation 
b 2 = a 2 (1 - e 2 ) if a > b 
and a 2 = b 2 (1 - e 2 ) if a < b 


(p) \ 
<•»! 

<S) | 


(.) ^ 
v ' 3 


(C) We have 

3(* + l ) 2 + 4(y - l ) 2 = 5 + 3 + 4 = 12 

_. (*+1) 2 , (y-1) 2 _! 

4 3 


Now 


(D) We have 


3 = 4(1-e 2 ) 



1 

=>e = - 
2 


1 

4 


Answer: (C) -> (p) 


4 = 9(l-e 2 ) 



5 

9 


V5 

=> e = — 

3 

Answer: (D) -> (t) 


(A) We have 

9(* - l ) 2 + 25 {y- 2)2 = 116 + 9 + 100 = 225 

_. (*-!) 2 , ( y - 2) 2 _ x 

25 9 


Also 


(B) We have 


Now 


9 = 25(1-e 2 ) 



4 

=> e = — 

5 


16 

25 


Answer: (A) -> (s) 



4 = 9(1-e 2 ) 



5 

9 


s 

=> e = — 

3 

Answer: (B) -> (t) 


4. Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) The locus of the 
point whose chord 

(P) (x 2 +y 2 ) 2 = 4 * 2 - 3 / 

of contact with 


respect to the 
hyperbola 


2 2 
iL_ 2 L = i 

16 9 


touches the circle 
described on the line 
joining the foci is 


(B) The chords of the 

(q) * 2 + /= 9 

circle * 2 + y 2 = 4 
touch the hyperbola 


2 2 

^-^ = i. 

4 3 


Then the locus of 
the midpoints of 
these chords is 


(C) The director circle 

(r) * 2 - / = 32 

of the hyperbola 


2 2 
^-_ 2 L = i 

25 16 


is 



(Continued) 
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Column I 

Column II 

(D) The distance 

between the foci of 

(s) 

2 2 -1 

x y l 

a hyperbola is 16 

256 81 25 

and its eccentricity 



is ~J2. Then the 



equations of the 

(t) 

x 2 - y 2 = 64 

hyperbola is 




Solution: 


(A) P(x v y j) be a point on the locus. That is 

yy i =1 
16 9 

touches the circle described on the line joining the 
foci S(5, 0) and S'(-5, 0) whose equation is 

x 2 + y 2 = 25 

_ 0 - 0-1 _ s; 

^ yjx 2 /\6 2 + y\l9 2 
x\ y 2 1 

=> —t+ j 4- = — 

16 2 9 2 25 

Therefore, the locus is 

/ = J_ 

16 2 + 9 2 ~~ 25 

Answer: (A) -> (s) 



4 3 


That is, the line xx y + yy 1 = x 2 1 + y 2 1 touches the 
hyperbola. This means 


( 2 . 2 > 

2 

( \ 

x i + y\ 

= 4 

-X\ 

l yi J 


l yi J 


=>(x 2 +y 2 ) 2 = 4x 2 -3y 2 


Therefore, the locus is 


(x 2 + y 2 ) 2 =4x 2 -3y 2 

Answer: (B) -> (p) 


(C) Director circle of 

2 2 
^-^=1 
a 2 b 2 

is x 2 +y 2 = a 2 — b 2 . Hence, a 2 = 25 and b 2 = 16. Hence, 
the director circle is x 2 + y 2 = 9. 

Answer: (C) -» (q) 

(D) Since V2 is the eccentricity of the hyperbola, it 
must be a rectangular hyperbola. Hence, it is of the 
form x 2 - y 2 = a 2 . By hypothesis, 

2 ae = 16=> 2n(V2) = 16 => a = 4%/2 

Hence, the hyperbola is x 2 - y 2 = 32. 

Answer: (D) -> (r) 


(B) (x v y x ) is the midpoint of a chord x 2 + y 2 = 4 touch¬ 
ing the hyperbola 


Comprehension Type Questions 

1. Passage: Tangents are drawn from the point P( 3,4) to 
the ellipse 

2 2 

^ + ^ = 1 


touching the ellipse at A and B. Answer the following 
questions. 

(i) The coordinates of A and B are 

^-8 2Vl6P 


( A ) -r 


(B) — 



and 1 T’f 


and (0,2) 


(C) (3,0) and (0,2) 
(-9 8' 


(ii) The orthocentre of A PAB is 



(»i) The equation of the locus of the point, whose 
distance from the point P and the line AB are 
equal, is 

(A) 9x 2 + y 2 - 6xy - 54.v - 62y + 241 = 0 

(B) x 2 + 9y 2 + 6xy - 54x - 62y - 241 = 0 

(C) 9x 2 + 9y 2 - 6xy - 54x - 62y - 241 = 0 

(D) x 2 + y 2 - 2xy + 21 x + 31y - 120 = 0 

(IIT-JEE 2010) 
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Solution: 

(i) y = mx ± ^9m 2 + 4 is a tangent to the ellipse. This 
passes through (3,4). So 

(4 - 3m) 2 = 9m 2 + 4 
=>16 - 24m - 9m 2 = 9m 2 + 4 
1 

=> m = — 

2 

Therefore, the tangent from (3,4) is 


y=-+J-+4 
2 14 

=> jt — 2y=- 5 

Suppose x — 2y + 5 = 0 touches at (x v y 1 ). Hence 
x — 2y +5 = 0 

and 


xx i_ + yyi =1 


9 4 

represent the same straight line. Therefore 
( Xl /9) _ (y x /4) _ 1 


1 


-2 -5 


-9 8 

■ x, = —, y, = - 
1 5 1 5 


The point of contact is (-9/5,8/5). Also the line x = 
3 is a tangent at the vertex A(3, 0). Therefore, the 
points of contact are (-9/5,8/5) and (3,0). 


Aliter: The tangent at (3 cos 8.2 sin 8) is 

x cos 0 ysin# 

-+ --= 1 

3 2 

This passes through (3,4) which implies 
cos0 + 2sin0 = 1 
=> (l-cos0) 2 =4 sin 2 0 
=> l-2cos0 + cos 2 0 = 4(1-cos 2 0) 

=> 5cos 2 0-2cos0-3 = 0 
=> 5cos 2 0-5cos0 + 3cos0-3 = 0 
=> (5cos 0+ 3)(cos0-1) = 0 
=> cos0 = 1, —3/5 

When 

cos@ = 1 => sin# = 0 

-3 4 

and cos 0= — => sin 0 = + — 

5 5 

Therefore, the points of contact are (3, 0) and 
(-9/5,8/5). Note that for 


-3 -4 

cos0 = — and sin0 = — 

5 5 

the corresponding point does not lie on the tangent 
at P. 

Answer: (D) 

(ii) The vertices are P{ 3, 4), A( 3, 0) and B(- 9/5,8/5). 
Since AP in a vertical line, the altitude through B is 
y = 8/5. As orthocentre lies on the line y = 8/5, the 
orthocentre of APABis (11/5,8/5). 

Answer: (C) 

(Hi) The equation of the line AB is 

=>y = y(*-3) 

=>x + 3y-3 = 0 

Hence, the required locus is the parabola 

x+3y-3 


(jc - 3) 2 + (y - 4)- = 


VlO 


10(jc 2 +y 2 -6x-8y + 25) 

= x 2 +9 y 2 + 6xy - 6x - 18y + 9 
■ 9x 2 + y 2 - 6xy - 54x - 62y + 241 = 0 


Answer: (A) 


2. Passage: Tangents are drawn to the hyperbola x 2 - 
9y 2 = 9 from (3,2). Answer the following questions. 

(i) The area of the triangle formed by the tangents 
and the chord contact of (3,2) is 

(A) 6 (B) 8 (C) 10 (D) 12 

(ii) The area of the triangle formed by the tangent to 
the hyperbola at (3,0) and the two asymptotes is 

(A) 3 (B) 6 (C) 9 (D) 2 

(Hi) The midpoint of the intercept of the tangent at 
(3,0) between the asymptotes is 

(A) (1,0) (B) (2,0) (C) (3,1) (D) (3,0) 

Solution: 

(i) y=mx + \j9m 2 -1 is a tangent to the hyperbola 



9 1 


This passes through the point (3,2). This implies 

(3m -2) 2 =9m 2 -1 
=> —12 m = -5 
5 
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Therefore, one tangent is 5x - 12 y + 9 = 0. Also the 
tangent at the vertex (3, 0) passes through (3, 2). 
Hence, the other tangent through (3,2) is x = 3. The 
chord of contact is 


(C) 2VIT (D) 4VlT 

(ii) The directrix of the hyperbola corresponding to 
the focus (5,6) is 


3x 2y _ 

~9 T~ 

=> x - 6y = 3 

Therefore, the sides of the triangle are 
5x - 12y + 9 = 0 
x = 3 and x - 6y = 3 

Solving these equations, the vertices of the triangle 
are (3,2), (3,0) and (-5, -4/3). Hence, the area of 
the triangle is 

3 2 

-3 0 

2 

-5 ^ 

3 


3|0 + -| — 2(3 + 5) + l(-4-0) 


= -|4-16-4| = 8 


(A) 2.r + 2y —11 = 0 

(B) 2x + 2y-l = 0 

(C) 2x + 2y-9 = 0 

(D) 2x + 2y-7 = 0 


(iii) Length of the latus rectum of the hyperbola 


(A) 


44 

VIo 



Wo (D > 


42 

VIo 


Solution: 


(i) The centre of the hyperbola is 
'-3 + 5 6-2 


= ( 1 , 2 ) 


Since (2,5) lies on the auxiliary circle, its radius is 

a = yj( i-2) 2 + (2-5) 2 = VIo 

The distance between the foci is 2 ae. From the coor¬ 
dinates of the foci, the distance between them is 


Answer: (B) 

(ii) The area of the triangle formed by two asymptotes 
and a tangent to the hyperbola 



is always constant which is equal to ab (see 
Problem 5 of the section ‘Subjective Problems 
(Section 5.3)’). 

Answer: (A) 

(iii) We know that the portion of the tangent is inter¬ 
cepted between the asymptote is bisected at the 
point of contact (see Theorem 5.28). In fact the 
asymptotes are x = ± 3y and the tangent at (3, 0) 
is x = 3. Hence, the tangent at (3,0) intersects the 
asymptotes at points (3,1) and (3, - 1) so that the 
midpoint of the segment is (3,0). 

Answer: (D) 

3. Passage: The locus of the foot of the perpendicular 
drawn from a focus onto a tangent to the hyperbola 
is the auxiliary circle. Consider the hyperbola whose 
foci are (5,6) and ( - 3, - 2). The foot of the perpen¬ 
dicular from the focus upon a tangent is the point (2, 
5). Answer the following questions. 

(i) Length of the conjugate axis of the hyperbola is 
(A) 4V22 (B) 2V22 


yl( 5 + 3) 2 +(6 + 2 ) 2 = Vl 28 = 8 V 2 

Now 

2Vl0e = 8V2 

4 

=> e = —j= 

V5 

We have 


b 2 =a 2 (e 2 - l) = 10^y-lj 

=>2b = 2V22 


Answer: (B) 


(ii) Let the corresponding directrix be x + y = X (be¬ 
cause the directrix is perpendicular to transverse 
axis). The distance of this from the centre is a/e 


1+2-A 

~W~ 



=> A 



11 

2~ 


5 

2V2 


Therefore, the directrix equation is 2x + 2y - 11 = 0. 


(iii) The length of the latus rectum is 


Answer: (A) 


2 b 2 _ 2(22) _ 44 

a ~ yj To ~ VTo 


Answer: (A) 
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Integer Answer Type Questions 

1. Let S = (1, 2) and S' = (5, 5) be the foci of a hyper¬ 
bola. For any point P on the curve, it is given that 
= 3. If e' is the eccentricity of the conjugate 
hyperbola, then 4e' is equal to_. 

Solution: We have 


\S'P-SP\ = 3^>2a = 3or a = 


3 

2 


Therefore 


Flence 


2 ae = SS' = 5=>3e = 5=>e = — 

3 


1 1 
—y “ l -T — 1 

e 2 e' 2 




16 

25 


Answer: 5 


2. If the angle between the asymptotes of a hyperbola is 
7 t/ 3, then the eccentricity of its conjugate hyperbola 
is_. 

Solution: From Theorem 5.21, part (2), let e ' be the ec¬ 
centricity of the conjugate hyperbola. Therefore 

11 . 1.31 

-=- + —^- = l=>^- = l-- = - 

2 /2 v2 /I /I 

e e e 4 4 


Hence, e' = 2. 


Answer: 2 


3 

5 

7 


5 

8 

11 


7 

11 


= 0 


c 


=> 3(8c -121) - 5(5c - 77) + 7(55 - 56) = 0 
=> —c — 363 + 385 -7 = 0 
=> —c +15 = 0 
=> c = 15 


Hence, c - 7=8. 


Answer: 8 


5. Four times the eccentricity of the hyperbola 9x 2 - 
16 y 2 - 18x + 32y - 151 = 0 is equal to_. 

Solution: The equation of the hyperbola can be writ¬ 
ten as 


9(x - l) 2 - 16(y + l) 2 = 151 + 9 - 16 = 144 

_. ( x -1 ) 2 ( y - 1 ) 2 .^ 

16 9 


Therefore, the eccentricity e is given by 
9 = 16(e 2 -1) 


2 1 9 25 

■e =1 + — = — 
16 16 


5 

=> e = - 

4 

=>4c = 5 


Answer: 5 


3. If p 1 and /q are perpendiculars drawn from any point 
on the curve x 2 - 2y 2 = 2 to its asymptotes, then 3 p l p 1 
is equal to_. 


6 . The radius of the director circle of the hyperbola 



Solution: 


By Theorem 5.21, part (2), we have 

2 ( 1 ) 


a 2 b 2 

P ^ 2 = ^^2 


+ b z 2 + 1 


2 

3 


Therefore, 3 /qp 2 = 2. 


Answer: 2 


4. If the equation of the asymptotes of the hyperbola 
3x 2 + lOxy + 8y 2 + 14x + 22 y + 7 = 0 
is 

3x 2 + lOxy + 8y 2 + 14x + 22y + c = 0 

then the value of c - 1 is_. 

Solution: Since 3x 2 + lOxy + 8y 2 + 14x + 22y + c = 0 
represent pair of lines, we have 


Solution: The director circle of the hyperbola 



x 2 + y 2 = a 2 - b 2 
=> x 2 +y 2 = 4-3 = 1 

Answer: 1 


7. For the hyperbola 



25 16 


the tangent at (5, 0) is intercepted by the asymptotes 
of the hyperbola at P and Q. Then, the sum of the 
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coordinates of the midpoint of the segment PQ is Solution: The tangent at (a cos 9,b sin#) to the ellipse is 


Solution: A portion of the intercept of any tangent to 
the hyperbola between the asymptotes is bisected by the 
point of contact (see Theorem 5.28). 

Answer: 5 

8 . If a-p= n!2. then the chord joining the points 
whose eccentric angles are a and /3 of the ellipse 

2 2 
« 2 b 2 


touches the ellipse 


2 2 i 

x y 1 

+ = - 
a 2 b 2 k 


where k is equal to . 


Solution: The chord joining a and ft is 

xcos[(a + /3)/2] ysin[(a + /3)/2] _ f a-p 


' n ) 1 

=cos| XT72 


If 


a+P 


=# 


then the equation of the chord is 


x y 

cos# +-^sin0 = 1 


(W25) (W2) 

Hence, the chord touches the ellipse 


2 2 
* - + ^Ur = l 


(fl/V2) 2 (bU:if 


or 


2 2 1 

x y 1 

a 2 b 2 2 


Therefore, k = 2. 


Answer: 2 


9. The locus of the midpoint of the portion of the tan¬ 
gent to the ellipse 

2 2 

^ + ^ = 1 
u 2 b 2 

included between the axes is the curve 

a 2 b 2 , 
x y 

where k is equal to_. 


x y 

— cos0 + — sm0 = 1 
a b 


This meets the axes at the points A(asec# 0) and 5(0, 
be osec 9). Let (x 1 ,y 1 ) be the midpoint of AB. Therefore 

2x 1 =a sec 9 and 2y 1 = b co sec 9 


2cos0 = — and 2sin0 = — 
*i yi 

2 i 2 

■ 4(cos 2 9 + sin 2 9) = + — 

yi 


Therefore, the locus of (jc x , jc 2 ) is 

u 2 b 2 A 
— + —= 4 
x y 


Answer: 4 


10. Through the point (3,5), the number of tangents 

drawn to the ellipses 3x 2 + 5y 2 = 32 and 25x 2 + 9y 2 = 
450 is_. 

Solution: Let 

S = 3x 2 +5y 2 -32 

and 5' = 25x 2 +9y 2 -450 

Also (3,5)= (x 1 ,y 1 ). Now, 

S n =3(9) + 5(25) -32 >0 
S' n =25(9) + 9(25) -450 = 0 

Therefore, (3, 5) is an external point to S = 0 and (3, 5) 
lies on S' = 0. Hence, the number of tangents drawn to 
the ellipses through (3,5) is 3. 

Answer: 3 

11. The number of distinct normals that can be drawn 
from the point (0,6) to the ellipse 

2 2 

X - + ^=l 


169 25 


is 


Solution: Observe that y-axis is normal to the ellipse 
at (0,5) and y-axis is passing through (0, 6). Now, a nor¬ 
mal to the ellipse at (13 cos 9 ,5 sin 9) is 


13x 5y 


= 169-25 = 144 


cos0 sin# 

This passes through the point (0,6). So 
- 30 

= 144 


sin# 
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• sin 9 = 


-15 

72 


=> 6= 7T + Sin 1 



or 


2n — Sin 1 



Hence, the number of normals that can pass through 
(0,6) is 3. 

Answer: 3 


The latus rectum is 


2 b 2 2(1) 

a 2 


Hence, Statement (A) is true. Also, the ellipse is 



12. The number of following statements which are true 
in the case of the ellipse x +4 y -2x-16y + 13 = 0 
is_. 

(A) The latus rectum of the ellipse is 1. 

(B) The distance between the foci is 4V3. 

(C) The sum of the focal distances of a point P(x, y ) 
on the ellipse is 4. 

(D) The line y = 3 meets the tangents drawn at the 
vertices of the ellipse at points P and Q. Then 
PQ subtends a right angle at either of the foci. 

Solution: The given ellipse equation is 

(x-l) 2 + 4(y-2) 2 =-13+1+16 = 4 

, ( y - 2) 2 _ 1 

4 1 

We have a 2 —4,b 2 = 1. The eccentricity e is given by 


where X = x-l,Y = y-2. The foci is 
(X = ±ae,Y = 0) = (x-l= +V3,y-2 = 0) = (1± >/3,2) 
Hence, the distance between the foci is 
(1+V3)-(1-V3) = 2V3 

Hence, Statement (B) is not true. The sum of the focal 
distance is 


SP + S'P = 2a = 2(2) = 4 


Therefore, Statement (C) is true. The tangents at the ver¬ 
tices are x-1 = ±2 or x = 3,-1. The line y = 3 meets 
these tangents at (3,3) and (-1,3). We have P= (3,3) and 
Q= (-1,3)5 = (1+73,2). Therefore 


Slope of SP x Slope of SQ 


" 3-2 " 

" 3-2 

U-1-V3J 

l-l-1 - 73 

1 

1 -1 

2->/3 ” 2 +-\/3 4-3 


l = 4(l-e 2 )=> e 


A 

2 


Therefore, PQ subtends right angle at the focus 
(1,+V3,2) and also at the other focus. Hence, Statement 
(D) is true. 

Answer: 3 


SUMMARY 


5.1. Definition: The locus of the point whose distance 
from a fixed point S is equal to e times (0 < e < 1) 
the distance of the same point from a fixed line /, 
which is not passing through S, is called an ellipse. 
The fixed point S is called a focus and the fixed line 
/ is called the directrix. The fixed number e is called 
the eccentricity. 

5.2. Standard form: The equation 



is called standard equation to the ellipse where 
b 2 =a 2 ( l-e 2 ). 


5.3. Properties of curve: 

1. Curve is symmetric about both x-axis and y axis. 
That is, if ( x , y) is a point on a curve, then (x, —y), 
(-x, —y) and (-x, y) are also on the curve. 

2. For any point (x, y) on a curve, -a < x < a and 
—b<y<b. 

3. x-axis meets a curve at A(a, 0) and A'(-a, 0) 
(called the vertices) and y-axis meets the curve at 
B(0,b) and B'(0,-b). 

4. For each real value of x(-a < x < a), there are two 
corresponding values for y which are given by 



a 
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and for each value of y(—b < y<b), there are two the corresponding directrices are y = ± b/e. The 

corresponding values for * which are given by length of latus rectum is 2fl 2 /b 


x 



-y 


2 


5. Since a curve is symmetric about axes, there are 
another focus and another directrix. 


5.12. 


(x-xi) 2 (y-y 2 ) 2 

2 + i 2 1 

a b 


where a 2 > b 2 or b 2 > a 2 are ellipses with (x x , yf) as 
centre. 


5.4. Foci: For the ellipse 



5.13. Position of a point: Any point belonging to the foci 
region is called an internal point. A point which is 
neither internal nor on the curve is called external 
point. 


the foci are S (ae, 0) and S'(-ae, 0). 

5.5. Directrices: x = ale is the directrix corresponding 
to the focus (ae, 0) and x = -a/e is the directrix 
corresponding to the focus (-ae, 0). 

5.6 Major and minor axes: In Fig. 5.1, AA' is called 
major axis and its length is 2a. BB' is called minor 
axis and its length is 2b. 


5.14. Notation: 


S = 

51 = 

5 2 = 


2 2 
4 + 4-i 


XX, 


yy\ 

b 2 

yy 2 


-l 


-l 


5.7. Double ordinate: Any chord of the ellipse which 
is perpendicular to the major axis is called double 
ordinate. 

5.8. Latus rectum: The double ordinate passing through 
the foci is called the latus rectum and its length is 
2b 2 la. 

5.9. If S(ae,0) and S'(-ae,0) are the two foci of an 
ellipse 



then for any point P (x, y) on the curve, 
SP = e(PM ) = a - ex 
and S'P = a + ex 


c c x i x 2 . yiy 2 , 
^12 - J 21 - — + ~2 1 
a b 

2 2 

s -r'A + Zk-i 

11 ~ a 2 b 2 


5.15. Theorem: A point (xj.yj) is external or internal to 
the ellipse 

2 2 

I z 

a o 

according as 5 11 > 0 or S n < 0. 

5.16. Auxiliary circle and parametric equations: The circle 
x 2 + y 2 = a 2 is called auxiliary circle for the ellipse 

4 + = 1 (a 2 >b 2 ) 


and hence SP + S'P = 2a (constant). 

5.10. Inverted ellipse: If b 2 > a 2 , then the equation 



represents an ellipse called inverted ellipse. That is, 
in the standard form, the role of a and b are inter¬ 
changed. 

5.11. For an inverted ellipse, the eccentricity e is given by 
a 2 = b 2 ( 1-e 2 ). For an inverted ellipse, (0, b) and 
(0, -b) are the vertices, the foci are (0 ,±be) and 


For an inverted ellipse, the auxiliary circle is x 2 + y 2 = 
b 2 . The equations x = «cos 6 and y-b sin <9 are called 
parametric equations of the ellipse and 0 is called 
the eccentric angle of the point. 

5.17. Equations of the chord: 

1. The equations of the chord joining P(x v y x ) 
andQ(x 2 ,y 2 ) on the ellipse 



is 5, + S 2 = S i2 ■ That is, 
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flfl_ , ZlZ2__1 
2 + >2 1 
a b 


2. The equation of the chord joining two points 
(n cos a, h sin a) and (acos/J,hsin/J) is 


x 

— cos 
a 


a+B\ y . 

' sin 


a + P 


= cos 


a-p 


5.18. Tangent and normal: 

1. The equation of the tangent at (x^yj is 

5 lB ^ + m_ 1=0 

a b 

and the normal at (jq, y : ) is 

a 2 (x-x t) £> 2 (y-yi) 


Xi 


yi 


a 2 / 2 +b 2 m 2 = n 2 

2. The condition for the line lx + my = n, where 
Imn !=■ 0 may be a normal to the ellipse, is 

a 2 b 2 _ ( a 2 - b 2 ) 2 

T + ^P~ 7 2 

5.23. Theorem: The feet of the perpendiculars drawn 
from the foci onto a tangent of an ellipse lie on the 
auxiliary circle of the ellipse. 

5.24. Theorem: The product of the perpendiculars drawn 
from the foci onto a tangent of the ellipse is constant 
and equals to square of the semi-minor axis. 

5.25. Theorem: Except the point of contact, every point 
on a tangent to an ellipse lies outside the ellipse. 


2. The equation of the tangent at (a cos a, £> sin a) 
is 

x y . 1 

—cosa +—sma = l 
a b 

and the normal is 

ax sec a-by coseca = a 2 -b 2 


5.26. Theorem (Equation of the chord in terms of its 
midpoint): If (x p y,) is the midpoint of a chord of 
the ellipse 



then its equation is 


5.19. Condition for tangency: 

1. The line y = mx + c, c ^ 0, touches the ellipse 



if and only if c 2 = a 2 in 2 + b 2 . 

2. For all real values of a, the line 
xcosa + ysina =p 

where 

p = sja 2 cos 2 a + b 2 sin 2 a 

touches the ellipse. If y = mx + c touches the el¬ 
lipse, then the point of contact is 

( 2 , 2 \ 

—a m b 


5.20. Theorem: From any external point, two tangents 
can be drawn to an ellipse. 

5.21. Director circle: The locus of the point from which 
perpendicular tangents can be drawn to an ellipse 
is a circle called director circle of the ellipse. 
The equation of the director circle of the ellipse 

^ + mr = 1 is x 2 + y 2 = a 2 + b 1 . 
a 2 b 2 

5.22. 1. The condition that the line lx + my + n = 0 touches 

2 2 

the ellipse = 1 is 

ci b 


Si = S n 

xxi yy 1 _ x 2 y 2 

^ 2 + i2 2 + <2 

a b a b 

5.27. Theorem: The midpoints of parallel chords of an 
ellipse always lie on a line that passes through the 
centre of the ellipse. 

5.28. Diameter: The line on which the midpoints of a 
system of parallel chords of an ellipse lie is called 
a diameter of the ellipse. If m is the slope of the 
parallel chords, then their midpoints lie on the 
diameter b 2 x + a 2 my = 0. 

5.29. Theorem: If one diameter of an ellipse bisects 
the chords parallel to another diameter, then the 
second one bisects the chords parallel to the first 
diameter. Such diameters are called conjugate 
diameters. 

5.30. Theorem (Pair of tangents): The combined equation 
of the pair of tangents drawn from a point (x 1 ,y 1 ) to 

2 2 

X V 

the ellipse S = -y + ^ -1 = 0 is 
ci b 


s 2 = ss n 


fe+m-if = 

(2 2 \ 

/ 2 2 \ 
4+4-i 

V a" b 2 ) 

i ll 

b y 

ya b y 
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5.31. Definition (Chord of contact): If the tangents 
drawn from an external point P touch the ellipse 
at Q and R , then the chord QR is called chord of 
contact of P with regard to the given ellipse. If 
P = ( x v yf), the equation of its chord of contact is 


Si = 


yy i 

2 + i 2 

a b 


-1 = 0 


5.39. Theorem: Point (x p yf) in the plane of the 
hyperbola 



is an external point or an internal point according 
as S n < 0 or S n > 0, respectively. 


5.32. Theorem: Through a given point in the plane of an 
ellipse, in general, four normals can be drawn to 
the ellipse. 

5.33. Theorem: In general, a circle and an ellipse intersect 
at four points such that the algebraic sum of the 
eccentric angles of the common points is an even 
multiple of n. 


5.40. 1. The equation of the chord joining two points 

(x 1 ,_y 1 ) and (x 7 ,y 7 ) on the hyperbola 



is 5^ + S 2 — S 12 . 

2. The equation of the tangent at (x p y 1 ) is 


5.34. Definition: Let / be a fixed straight line called 
directrix, 5 be a fixed point (which is not located 
on /) called focus and e (which is greater than 1) is 
real number called the eccentricity. Then, the locus 
of the point whose distance from the fixed point S 
is equal to e times the distance of the point from 
the line 1 is called hyperbola. 

2 2 

X V 

5.35. Standard equation: —^-^- = 1 is the standard 

a 2 b 2 

equation of the hyperbola and b 2 =a 2 (e 2 -l) if 
a 2 > b 2 , otherwise a 2 = b 2 (e 2 -1). 

5.36. Features of curve: 

1. Curve is symmetric about both axes. 

2. When x-axis intersects a curve at A(a, 0) and 
A'(—a, 0), then y-axis cannot intersect the curve. 

3. Also (x, y) is a point as the curve <=> |x| > a. 

4. A'A i s called transverse axis whose length is 
2 a and B'B is called conjugate axis where B' = 
(0, - b) and B = (0, b). B’B = 2b is called length 
of the conjugate axis. 

5. Curve is an unbounded curve. 

6. The two foci are S (ae, 0) and S'(-ae,0) and 
their corresponding directrices are x = ±a/e. 

7. x 2 + y 2 = a 2 is called auxiliary circle. 

8. The length of the latus rectum is 2b 2 la. 

9. \SP-S'P\ = 2a. 

5.37. Parametric equations: x = a sec 0 and y=b tan 0 

2 2 

X V 

are called parametric equations of —- — - 1 

a b 


1 - 1=0 


yy i 


a- b L 

3. The equation of the tangent at (asec0,htan0) 
is 


— sec#- —tan0 = 1 
a b 

4. The equation of the normal at (x p y t ) is 

a 2 (x-x i) -b 2 (y- yi ) 
x i yi 

5. The equation of the normal at (a sec 0 , b tan 9) 
is ax cos 0 + by cot 0 — a 1 + b 2 . 

6. The condition for the line y = mx + c to touch 
the hyperbola 



is that c 2 = a 2 m 2 - b 2 . That is, the line 
y = mx ± sla 2 m 2 - b 2 touches the hyperbola. 

7. For all values of a, the line x cos a + ysin a= p, 

where p = si a 2 cos 2 a - a 2 sin 2 a , touches the 
hyperbola. 

8. The equation of the director circle is 
x 2 + y 2 = a 2 - b 2 when a > b. 

9. The equation of the chord in terms of its 
midpoint (x 1 ,y 1 ) is = S ir 

10. Equation of the pair of tangents from an ex¬ 
ternal point (x 1 ,y 1 ) is 5 : 2 = 

5.41. Asymptotes: The lines 


5.38. External and internal points: The points belonging x + y _ 

to the region where the foci lie is called internal a~ b 

region. The point which is neither internal nor on 
the curve is called external point. 
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a 

look like tangents, but actually they are not the 
tangents. These two lines are called asymptotes of 
the hyperbola 



5.42. Angle between asymptotes: The angle between the 
two asymptotes is 2 Sec _1 e. 

5.43. Few properties of asymptotes: 

1. The chord of contact of any point on an asymp¬ 
tote with respect to the hyperbola is parallel to 
the same asymptote. 

2. The product of perpendiculars drawn from a 
point on the curve onto its asymptotes is COn- 

21.2 

.... , a b 

stant which is equal to —r--. 

a 2 +b 2 

3. The foot of the perpendicular from a focus onto 
an asymptote is one of the points of intersection 
of the corresponding directrix with the auxiliary 
circle. 

4. If a line cuts the hyperbola at P and Q and the 
asymptotes at R and S, then PR = QS. 

5. The combined equation of the pair of asymp¬ 
totes and the equation of the hyperbola differ 
by a constant. 

5.44. Conjugate hyperbola: If the roles of transverse and 
conjugate axes are interchanged, then the resulting 
hyperbola is called conjugate hyperbola. 

2 2 

X V 

5.45. —z - 7 T =- 1 is the conjugate hyperbola of 

a b~ 



5.46. Hyperbola + Conjugate hyperbola = 2 (Asymptotes). 

5.47. If e { and e 2 are the eccentricities of a hyperbola and 

. 1 1 „ 
its conjugate, then —— + —— = 1. 

Cl e 2 

5.48. Rectangular hyperbola: A hyperbola in which 
length of the transverse axis is equal to the length 
of conjugate axis is called rectangular or equilateral 
hyperbola. 

5.49. The standard equation of rectangular hyperbola is 

2 2 2 

x —y = a . 

5.50. The eccentricity a rectangular hyperbola is V2 
and hence the angle between the asymptotes is 

2Sec _1 y/2 = 2^~j = ~ 

5.51. The director circle of a rectangular hyperbola is the 
centre itself [i.e., {(0,0)}]. 

5.52. Simplest form: xy = c 2 is the simplest form of a 
rectangular hyperbola. 

5.53. Parametric equation of xy = c 2 : x=ct and y = dt 
are the parametric equations of xy = c 2 . Hence, 
every point on the curve xy = c 2 is of the form 
( ct , dt) for some non-zero, real I. 

5.54. The equation of the tangent to xy = c 2 at t is 

X j 

—V ty — 2c => x +1 y = 2ct 

5.55. The normal at ( ct,clt ) is t 3 x - ty + c - ct 4 =0. 

5.56. If the normal at (ct, c/t) to xy = c 2 meets the curve 
again at (ct', dt'), these tV = -l. 

5.57. A portion of a tangent to xy = c 2 lying between 
the coordinate area is bisected by the point of 
contact. 


EXERCISES 


Single Correct Choice Type Questions 


1. For any real t, the point 
on the 


'V+«~ t e’-e-^ 


is a point 


(A) hyperbola x 2 - y 2 =1 

2 2 

(B) hyperbola — - -j- = 1 


(C) ellipse y + Y = 1 

(D) circle x 2 + y 2 =2 

2. Which one of the following equations represents the 

2 2 

hyperbola = 1 ? 

a b~ 
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(A) x = atan0,y = bsecQ 

a( 14 b( 1 
( E ) ^ 2 [' + 7 > J ’= 2('- 7 

(C) x = cos 0, y = cosec 0 

(D) x = acos0,y = btanO 

3. If the chord joining (a cos a, b sin a) and (acosfj, 
b sin jB) on the ellipse 

2 2 
^ + ^ = 1 
a 2 a 2 

passes through (ae, 0), then eccentricity e is equal to 

sin(a-/l)/2 
sin(a + /l)/2 

cos(a + /l)/2 


(A) 

cos(« + p)/2 

(B) 

cos(a-/j)/2 

(C) 

cos(a-/j)/2 

(D) 

cos(a + [3)12 


sin(a-/l)/2 


8 . Let S and S' be the foci of the ellipse 


2 2 
^ + ^=1 
a 2 b 2 


PSQ and PS'R are the focal chords of the ellipse. 
Then, the equation of chord QR is 


(A) — cos0+ — 
a b 


(\ + e 2 ^ 


1-e- 


sin 0=1 


(B) 

(C) 


^1+e 2 ^ 


v l-e- y 

^ 1 - e 2 ^ 
1+e 2 


y 

cos0+—sm0 = l 


y 

cos0+ —sm0 = l 


(D) —cos0+^ 
a b 


b 

^1-e 2 ^ 


1 + e" 


sin 6=1 


2 2 
X V 

4. The latus rectum of the ellipse = 1 is 


(A )f 


(B) 


2V5 


(C)f 


(D, f 


5. The radius of the circle passing through the foci of the 
ellipse 


9. S and S' are the foci of 


2 2 

^ + ^ = 1 
a 2 b 2 


2 2 

of P is 

^ + ^=1 

16 9 

(A) 


which is having its centre at (0,3) is 

(A) 7 - (B) 8 (C) 2V3 (D) 4 

(B) 

a 

(1 + e 2 ) 2 ^ 
a 

6 . The axes of an ellipse are along the coordinates axes 
and its latus rectum and eccentricity are equal to 1/2. 

(C) 

(l-e 2 ) 2 ^ 

U 

Then the equation of the ellipse is 

(A) 9x 2 + 12y 2 = 1 (B) 3x 2 + 12y 2 = l 

(D) 

( 1 + e 2 ) 2 4 


and P is any point on the curve. The lines PS and PS' 
meet the curve again at Q and Q'. The tangents at Q 
and Q' meet at T. As P moves on the curve, the locus 




(C) 6x 2 + 12y 2 = 1 


(D) 12;t 2 + 6y 2 = 1 


j-P y 


a 


„ 2\2 y 


a 


„ 2\2 y~ 


a 


„ 2\2 


„2 \2 


7. The normal at point P on the ellipse x 2 + 4y 2 = 16 
meets the x-axis at Q. If M is the midpoint of the line 
segment PQ, then the locus of M intersects the latus 
rectums of the given ellipse at the points 


10. Let PI and H' be a hyperbola and its conjugate, re¬ 
spectively. Let e and e' be the intercept of a line on 
the positive coordinate axis where e/2 and e'12 are 
the eccentricities of H and H', respectively. Then the 
line touches the circle 


(A) 

(C) 


3-x/5 


+ 2 
2 ’"7 


(B) |±2V3,±^ 


(A) x 2 + y 2 = 4 
(C) x 2 + y 2 = 2 


(B) x 2 + y 2 = 3 
(D) x 2 + y 2 = 1 


3^5 Vl9 


(D) 


w, 


11. The angle between the asymptotes of the hyperbola 


2 2 

fL_>L = i 

n 2 b 2 
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is 60° and the product of the perpendiculars drawn 
from the foci onto any tangent is 9. Then the equa¬ 
tion of the director circle of the hyperbola is 


(A) ei 2 -4e 2 2 =6 
(C) 4e 2 2 -e 2 =6 


(B) 2e 2 -e 2 2 =6 
(D) e 2 + ef =6 


(A) x 2 + y 2 = 9 (B) x 2 + y 2 = 6 

(C) x 2 + y 2 = 18 (D) x 2 + y 2 = 12 

12 . P(a) and Q(p) are points on the hyperbola 


17. The locus of the midpoint of chords of the hyperbola 




where a + [5 = n. Then the chord PQ passes through 

(A) the centre of the hyperbola 

(B) a focus 

(C) the cone of the vertices of the hyperbola 

(D) either through (0, b) or through (0, —b) 

13 . The locus of the foot of the perpendicular drawn 
from the centre of the hyperbola xy = c 2 onto any 
tangent of the same curve is 

(A) (x 2 + y 2 ) 2 = 4c 2 xy (B) x 2 + y 2 = 4c 2 x 2 y 2 
(C) (x 2 + y 2 ) 2 =2c 2 xy (D) (x 2 -y 2 ) 2 = 4c 2 xy 

14 . If the ellipse 



where a > b, and the hyperbola x 2 -y 2 =c 2 cut 
orthogonally, then 

(A) a 2 +b 2 = 2c 2 (B) a 2 -b 2 =2c 2 

(C) a 2 -b 2 = c 2 (D) a 2 b 2 = 2c 2 

15. The tangent at (jc 0 , y 0 ) to the hyperbola xy = c 2 meets 
the coordinate axis at P and Q. If O is the centre of 
the curve, then the circumcentre of the A OPQ lies 
on the curve 

(A) x 2 -y 2 =c 2 (B) xy = c 2 

(C) xy= C — (D) x 2 —y 2 = 2c 1 

16. The director circles of the ellipse 



and the hyperbola 



respectively, are x 2 + y 2 = 4r 2 and x 2 + y 2 = r 1 and their 
eccentricities are e 1 and e 2 , respectively. Then 


which pass through a fixed point (h, k) is 


(A) an ellipse with centre 

(h k 

(B) hyperbola with centre I —, — 


'h k 

(C) a circle with centre | —,— 


h 

(D) a parabola with focus at | — 


18. The ordinate MP of the ellipse 

2 2 

^ + ^ = 1 
25 9 

meets the auxiliary circle at Q. The locus of the point 
of intersection of the normals at P and Q to the 
ellipse and the circle, respectively, is 

(A) x 2 + y 2 = 64 (B) x 2 + y 2 = 34 

(C) jc 2 + y 2 = 15 (D) jc 2 + y 2 = 8 


19. The locus of the midpoint of the portion of the tan¬ 
gent lying between the coordinate axes of the ellipse 


2 2 
^ + ^=1 
16 9 


is 


2.2 


(A) 9x z +l 6y l =x l y 


4 3 

(C) —+ — = 4 
* y 


(B) 4 + 4 = 4 
y x 

(D) 4 + 4 = 4 
jr y 


20 . P(a),Q(P) and R(y) are vertices of one equilateral 
triangle which lie on the ellipse 

2 2 
^ + ^=1 
« 2 b 2 

If (v |, y j) is the circumcentre of A PQR, then 
Xcos (a-p) = 


9x 2 9y, 2 3 

(A) — 5 - + ^- + - 
a 2 b 2 2 


2 U 2 


(B) 9x 1 z -9y 1 z + a z b 
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for which the area of APON is maximum where O 
is the centre and N is the foot of the perpendicular 
from O onto the tangent at P are 


(A) |±V’4 


(B, ,4 ± f 


(C) |+—,+— 
w 1 25 25 


(D) (±16+9) 


(C) ^ + ^+3 


(D ) ^ + 

^ ] 2a 2 2b 2 2 


21 . The coordinates of the point P on the ellipse 


2 2 

16 9 


Multiple Correct Choice Type Questions 

1. If t'j and e 2 , respectively, are the eccentricities 
of the ellipse 9x 2 + 4y 2 = 36 and the hyperbola 
9x 2 - 4 y 2 = 36, then 

,,, V5 Vl3 

(A) e i = ~f ( B ) e 2= — 

(C) ei 2 +e 2 2 =— (D) ei 2 +e 2 2 = — 

v ’ 1 2 36 v ' 1 2 36 

2. Which of the following are true to the ellipse 
4.r 2 + y 2 - 8x + 2y +1 = 0 ? 

(A) Foci are (1,-1 +V3) 


5. An ellipse intersects the hyperbola 2x 2 - 2y 2 = 1 or¬ 
thogonally. The eccentricity of the ellipse is reciprocal 
of that of the hyperbola. If the axes of the ellipse are 
along the coordinate axes, then 

(A) Equation of the ellipse x 2 + 2y 2 = 2 

(B) The foci of the ellipse are (+1,0) 

(C) The equation of the ellipse is x 2 + 2 y 2 = 4 

(D) The foci of the ellipse are (+V2,0) 

(Hint: Conics which intersect orthogonally have the 
same foci.) 


(B) Directrices are y = — 1 + —j= 

v 3 


(C) 

(D) 


Eccentricity is — 


Latus rectum is 8 


3. Let P(x v }q) and Q(x 2 , y 2 ), y 1 < 0, y 2 < 0 be the end 
points of a latus rectum of the ellipse x 2 + 4 y 2 = 4. The 
equation of the parabola with latus rectum PQ is 

(A) x 2 +2\/3y= 3 + \/3 

(B) x 2 -2^3y= 3 + *j3 

(C) x 2 +2^3y = 3-V3 

(D) x 2 -2\/3y = 3-V3 

(IIT-JEE 2008) 


4. On the ellipse 4.v 2 + 9y 2 = 1, the points at which the 
tangent are parallel to the line 9y = 8 x are 




6 . Let a hyperbola passes through foci of the ellipse 


2 2 

^ + ^ = 1 
25 16 


The transverse and conjugate axes of the hyperbola 
coincide with the major and minor axes of the ellipse. 
If the product of the eccentricities of the given ellipse 
and hyperbola is 1 , then 

2 2 

X V 

(A) The equation of the hyperbola is — - — = 1 

2 2 
X V 

(B) The equation of the hyperbola is ^ = 1 

(C) A focus of the hyperbola is (5,0) 

(D) A vertex of the hyperbola is (5%/3,0) 

(IIT-JEE 2006) 


7. If the normals at P to the rectangular hyperbola x 2 - 
y 2 = 4 meet the major and minor axes at G and g, re¬ 
spectively, and C is the centre of the hyperbola, then 

(A) PG = PC (B) Pg = PC 

(C) PG = Pg (D) Gg = 2PC 


Matrix-Match Type Questions 

In each of the following questions, statements are given in column I are labeled as (A), (B), (C) and (D), while those 
two columns, which have to be matched.The statements in in column II are labeled as (p), (q), (r), (s) and (t). Any 
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Exercises 


given statement in column I can have correct matching with 
one or more statements in column II. The appropriate bub¬ 
bles corresponding to the answers to these questions have 
to be darkened as illustrated in the following example. 

Example: If the correct matches are (A) —»(p), (s), (B) —> 
(q), (s), (t), (C) —» (r), (D) —> (r), (t),that is if the matches 
are (A) -4 (p) and (s); (B) -» (q), (s) and (t); (C) -» (r); 
and (D) —» (r),then the correct darkening of bubbles will 
look as follows: 



P 

q 

r 

s 

t 

4 

1 

o 

O 

'Ml 

o 

B 

o 

i 

o 


i 

C 

o 

o 

'ML 

o 

O 

D 

o 

o 

rUHi 

o 

a 


1. Some conics are given in Column I and their direc¬ 
trices are given in Column II. Match the items of 
Column I with those of Column II. 


Column I Column II 

(B) Point Z in the complex (q) a parabola 
plane satisfying 

|Z + 2| —|Z —2| = 3 is 

(C) The conic represented by (r) an ellipse 
the equation 

2 1 


is 

(D) The conic whose eccen- (s) a hyperbola 
tricity is greater than or 
equal to 1 is 



3. Let the foci of the hyperbola 



Column I 

Column II 

(A) 3x 2 - Ay 2 + 6x + 24y - 

(P) 

, „ f34 
x = -1+2,/— 

135 = 0 

V 7 

(B) 2x 2 + 3y 2 -8x+6y - 
7 = 0 

(q) 

x = 1 + 17./-^- 
V 23 

(C) 2x 2 + 3y 2 - Ax + 12y - 

(r) 

x = -2 + ~^= 

20 = 0 

V7 

(D) 3x 2 - Ay 2 + 12x + 8y - 

(s) 

x = 2± 3^3 

4 = 0 

(t) 

[34 


—1 — 2,/— = x 

V 7 


2. Match the items of Column I with those of Column II. 

Column I 

Column II 

(A) The locus of the point (h, k) 
such that the line hx + ky = 

1 touches the circles x 2 + y 2 
= 4 is 

(p) a circle 


( Continued) 


be the vertices of the ellipse 



and the foci of the ellipse are the vertices of the hyper¬ 
bola. Let e 1 and e 2 be the eccentricities of the ellipse 
and hyperbola, respectively. Match the items of 
Column I with those Column II. 


Column I 

Column II 

(A) ^ is equal to 

(P) 4 

(B) e y + is always greater than 

(q) 3 

(C) If the angle between the asymp¬ 
totes is 2n/3, then Ae x = 

(r) 2 

(D) If e 1 = 1/V2 and ( h , k) is a point 
of intersection of the ellipse and 
hyperbola, then 9h 2 /2k 2 = 

(s)l 


Comprehension Type Questions 

1. Passage: Consider the ellipse 



(i) Which line among the following lines touches 
the ellipse? 

(A) 2x + 3y = 12 

(C) 2x +y = 12 


Answer the following questions. 


(B) x + 3y = 12 
(D) x + y = 6 
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(ii) The product of the perpendiculars drawn from 
the foci onto a tangent of the ellipse is 

(A) 4 (B) 8 (C) 16 (D) 4V2 

(Hi) The locus of the feet of the perpendiculars drawn 
from the foci onto a tangent of the ellipse is 

( A ) y ^ + ^“ = 1 ( B ) x 2 +y 2 = 9 

(C) x 2 + y 2 = 81 (D) x 2 + y 2 = 91 

2. Passage: Consider the ellipse 



Answer the following questions. 

(i) If the latus rectum is half of the major axis, then 
the eccentricity of the ellipse is 

(A, i (B) | (C) ± (D) Jj 

(ii) If the angle between the lines joining the foci to 
an extremity of the minor axis is 90°, then the ec¬ 
centricity of the ellipse is equal to 

(A) ± (B) f (C) £ (D, i 

(Hi) If the latus rectum is equal to half of the minor 
axis then the eccentricity is equal to 

(A) | CB) 1 (O | (D) ± 

3. Passage: Consider the hyperbola 9x 2 - 16y 2 + 18x + 
32 y - 151 = 0. Answer the following questions. 

(i) The eccentricity of the curve is 


(A) 


4 

3 




(D) 


5 

2 


(ii) The eccentricity of the conjugate hyperbola is 


(A) 


4 

V7 



(Q ± CD) 


5 

V 21 


(Hi) The product of the perpendiculars drawn from 
any point on the hyperbola onto its asymptote is 
equal to 


(A) 


144 

~75 


(B) 

v 144 



(D) 


25 

y 


4. Passage: The circle x 2 + y 2 - 8 x = 0 and the hyperbola 



intersect at points A and B. Answer the following 
questions. 

(i) The equation of a common tangent with positive 
slope to the circle as well as to the hyperbola is 

(A) 2x-V5y-20 = 0 

(B) 2x-*j5y + 4 = 0 

(C) 3x - 4 v + 8 = 0 

(D) 4x-3y+4 = 0 

(ii) The equation of the circle with AB as diameter 
is 

(A) x 2 + y 2 - 12x + 24 = 0 

(B) x 2 + y 2 + 12x + 24 = 0 

(C) x 2 + y 2 + 24 x -12 = 0 

(D) x 2 + y 2 -24x + 12 = 0 

(IIT-JEE 2000) 


Integer Answer Type Question 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2 ,4 ,6 are to be darkened. 


X Y Z W 



© 

® 

© 

® 

® 

® 

® 

<D 

• 

© 

© 

© 

® 

® 

© 


• 

© 

@ 

© 

© 

© 

© 

© 

• 

© 

© 


® 

® 

© 

® 

® 

© 

© 

® 

® 

© 

© 



















Answers 


383 


1. The line 2x + y = 1 is a tangent to the hyperbola 



If this line passes through the point of intersection of 
the nearest directrix with x-axis, then the eccentricity 
of the hyperbola is_. 

[Hint: The line 2x + 3 = 1 meets the x-axis at (1/2,0).] 

2. If the line 2x + Jby = 2 touches the hyperbola x 2 - 

2y 2 = 4 at (x x , y x ), then y\ - x 3 is equal to_. 

3. The circle x 2 + y 2 = 16 cuts the hyperbola xy = 1 at four 

points (x r ,y r ) (where r = 1,2,3 and 4). Then the value 
of x 1 x 0 x 3 x 4 + y l y 2 y 3 y 4 is equal to_. 


4. If e 1 and e 2 are the eccentricities of the hyperbolas 


2 2 2 2 

^_3L = land ^_3L = _! 
16 9 16 9 


respectively, then 


2 2 
e l e 2 

2 2 
ef + e. 


is equal to. 


5. The tangent to a rectangular hyperbola xy = 1 at a 
point meets the coordinate axis at P and Q. If O is 
the center of the hyperbola, then the event A OPQ is 
_sq. unit. 


2 2 

^ + ^ = 1 
50 20 


from which a pair of perpendicular tangents are 
drawn to the ellipse 


2 2 

^ + ^ = 1 
16 9 


is_. 

8 . If the equation of the pair of asymptotes of the hy¬ 
perbola 3x 2 - 5xy - 2 y 2 + 17x + y + 14 = 0 is 3x 2 - 
5xy - 2y 2 + 17x + y + l + A: = 0, then the value of k is 


9. If p i and p 2 are the lengths of the perpendiculars 
drawn from the point (v5,l) onto the asymptotes 
of the hyperbola x 2 - y 2 = 4, then p x p 2 is equal to 


10. If //is the angle of rotation required to transform the 
equation x 2 - y 2 = a 2 into xy = c 2 , then the value of 
|tan0| is_. 


11. If the foci of the ellipse 


2 2 

16 b 2 


and the hyperbola 


6 . The tangent to the ellipse x 2 + 4y 2 = 4 meets the el¬ 
lipse 

2 2 

^+^=1 
6 3 

at P and Q. If 6 is the angle between the tangents 
drawn to the ellipse 

2 2 

^ + ^ = 1 
6 3 


at P and Q, then the value of cos 6 is_ 
7. The number of points on the ellipse 


_ y_ 

144 81 


25 


coincide, then b 2 is equal to . 


12. A and A' are the vertices of the ellipse 


2 2 

^ + ^ = 1 
25 16 


and P is a point on the ellipse. The tangent at P meets 
y-axis at point Q. Let R be the image of point Q in 
the line y = x. Then, the circle described on the seg¬ 
ment QR as diameter passes through a fixed point 
whose abscissa is_. 


ANSWERS 


Single Correct Choice Type Questions 


1. (A) 

4. (D) 

2. (B) 

5. (D) 

3. (C) 

6. (A) 
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7. (B) 

8 . (A) 

9. (B) 

10. (A) 

11 . (C) 

12. (A) 

13. (A) 

14. (B) 

15. (B) 

16. (C) 

17. (B) 

18. (A) 

19. (D) 

20. (D) 

21. (A) 

Multiple Correct Choice Type Questions 

1. (A), (B), (C) 

2. (A), (B) 

3. (B), (C) 

4. (B), (D) 

5. (A), (B) 

6 . (A), (C) 

7. (A), (B), (C), (D) 

Matrix-Match Type Questions 

1. (A) -> (p), (t); (B) -> (s); (C) -> (q); (D) -> (r) 

2. (A) -> (p); (B) -> (s); (C) -> (r); (D) -> (q), (s) 

3. (A) -> (s); (B) (s), (r); (C) -> (s); (D) -> (p) 

Comprehension Type Questions 


1. (i) (A); (ii) (B); (iii) -> (B) 

2. (i) (D); (ii) (A); (iii) (C) 

3. (i) (B); (ii) (B); (iii) (A) 

Integer Answer Type Questions 

1 . 2 

7. 4 

2 . 2 

8 . 9 

3. 2 

9. 2 

4. 1 

10 . 1 

5. 2 

11. 7 

6. 0 

12 . 0 



Three-Dimensional 

Geometry 
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6.1 Pre-Requisites 

6.2 Coordinates, Direction Cosines 
and Direction Ratios 

6.3 Plane 

6.4 Line 


Worked-Out Problems 

Summary 

Exercises 

Answers 


Geometry is divided into two major 
parts, namely, (a) plane geometry 
and (b) solid geometry. 

The branch of elementary geometry 
that is dealt in two dimensions is 
called plane geometry. Solid geome¬ 
try is called three-dimensional geom¬ 
etry. The three coordinate axes divide 
the space R 3 into eight parts called 
octants. 
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Chapter 6 I Three-Dimensional Geometry 


Geometry is a fascinating and thought-provoking topic since its origin. Greek philosopher Plato once pronounced 
that “God always geometrizes” and he went on this philosophy to such an extent that he denied entry into his acad¬ 
emy to anyone who knew nothing about geometry. Fundamentally, geometry is divided into two parts such as plane 
geometry (two-dimensional geometry) and solid geometry (three-dimensional geometry). In this chapter, we learn 
three-dimensional geometry for which we have to know some fundamentals of Euclidean pure geometry, solid 
geometry and vectors. 

The aim of this chapter is to present standard properties of lines and planes with vector algebra approach. 


6.1 Pre-Requisites 


Though we have discussed about vector algebra in Vol. 2, we list out some of the concepts and results (without proofs) 
of vector algebra in this section for the convenience of the students. In this chapter, though coordinate methods are 
explained, we give significance to vector methods since they are easy to understand. We begin the discussion with non¬ 
empty set S (R 3 ) called space and the elements of S are called points. Lines and planes are certain sub-sets of S. They 
would be the central point of discussion in this chapter. First, let us discuss about the axioms on which Euclidean 
geometry was built. This approach was propounded by Euclid which was further developed by Hilbert. Throughout 
this chapter, R represents the set of all real numbers. 


Axiom 6.1 


Given any two distinct points, there is one an d on ly one line passing through them. If the two 
points are A and B , then the line is denoted by AB. ■ 


Axiom 6.2 


Three non-collinear points determine unique plane. The plane determined by three non-collinear 
points A, B and C is denoted by ABC. B 


Axiom 6.3 


If two distinct points lie in a plane, then the line passing through them also lies in the same 
plane. g 


Axiom 6.4 


If two planes intersect, they intersect in a unique straight line (see the proof using coordinates in 
Section 6.2). ■ 


Axiom 6.5 


On every straight line, there are at least two points. In every plane, there are at least three non- 
collinear points and in the space there are at least four non-coplanar points. g 


Axioms 6.1-6.5 are called incidence postulates. 


Axiom 6.6 


For any two points, there corresponds a non-zero real number called distance. The function which 
spell this correspondence is called distance function which is denoted by d and the distance 
between the points A and B is denoted by d(A, B). The distance function satisfies the following 
conditions: d: S x S —» R is a function such that 


1. d(A,B)> 0. 

2. d(A, B) = 0 if and only if A = B. 

3. d(A,B) = d(B,A). 

Hereafter, in this chapter we will denote d(A, B) by AB. 


DEFINITION 6.1 Coordinate System Let L be a straight line and f. T —> R an injection such that 

\f(P)~f(Q)\=PQ VP,QeL 

Then/is called coordinate system on the line L and/(P) is called .r-coordinate of P. 
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Axiom 6.7 Every line has a coordinate system.This is called Rooler axiom. ■ 

Note: 

1. Every line may have many coordinate systems. 

2. If A and B are two points on line L, then there exists a coordinate system on L such that the coordinate of A is zero 
and the coordinate of B is positive. 


Axiom 6.8 
(Betweenness) 


If A, B and C are collinear points such that 

AB+BC=AC 


then B is said to be in between A and C and is denoted by A - B - C. If A and B are two points, then 
{P e AB \ A —P — B) is called segment joining A and B and is denoted by AB. Generally A B is 
also denoted by AB\ howeve r, as per the context, we can know whether it refers to the distance 
between A and B or segment AB. ■ 


DEFINITION 6.2 Ray Let A and B be two distinct points. Then { P e AB | A £ BP j is called a ray from A through 
point B. 

Generally, there exists confusion while mentioning a ray and a vector. T he ra y is denoted by AB . The vector with A 
as initia l po int and B as terminal poi nt is also denoted by AB. G ene rally AB denotes vector AB. Hence, while men¬ 
tioning AB as ray, we mention that AB is a ray. Further, vector AB has a finite length whereas ray AB has no finite 
length. 


DEFINITION 6.3 Parallel Lines and Parallel Rays 

1. Let L y and L n be two coplanar lines (i.e., in the same planes).Then L x and L ? are said to be 
parallel if either L 1 = L 2 or L 1 and L n do not have a common point. If L x and L-, are parallel, 
then we write L, \\L 2 and if they are not parallel, then we write L 1 '^L 2 . 

2. Let AB and CD be two rays. They are said to be parallel either if b oth AB and CD are 
on the same line and one is a sub-set of the other or if theJines AB and CD are distinct 
parallel lines and B and D he on the same side of the line ^4C. 


Axiom 6.9 There will be one and only one line passing through a given point and parallel to a given line. 

(Parallel 

Axiom) ■ 


Using the above definitions and axioms, we can prove the Euclidean geometry theorems. However, for this process, we 
need some of the solid geometry theorems which we list below without their proofs. 


Theorem 6.1 


If two distinct lines intersect, then they intersect at a unique point. 


Theorem 6.2 


If a line, which is not in a given plane, intersects the plane, then it intersects at one and only one 
point. ■ 


Theorem 6.3 


There is one and only one plane containing a given line and a point which is not located on the 
line. ■ 


Th eorem 6.4 Two distinct intersecting lines determine unique plane. 
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DEFINITION 6.4 


Suppose L is a line intersecting a plane E at point P. If L is perpendicular to every line in the 
plane E which passes through point P, then L is said to be perpendicular to E and we write 


LEE. 


Theorem 6.5 


If a line is perpendicular to two intersecting lines at their point of intersection, then it is perpen¬ 
dicular to the plane determined by the two intersecting lines (see Fig. 6.1). 



FIGURE 6.1 ■ 


Theorem 6.6 


There is only one plane perpendicular to a given line at a given point on it. 


Theorem 6.7 


The locus of the point in the space which is equidistant from two given points is a plane bisecting 
the segment joining the two points perpendicularly. ■ 


Theorem 6.8 The lines perpendicular to the same plane are parallel. 


Theorem 6.9 


For a given plane, there is one and only one line perpendicular to the plane at a given point 
in it. ■ 


Theorem 6.10 


The set of all lines perpendicular to a given line at a given point constitutes a plane which is per¬ 
pendicular to the line at that given point. y 


Theorem 6.11 
(Theorem of 
Three Per¬ 
pendiculars) 


Let E be a plane and P be a point in the space, but not located in E. Let M be the foot of the per¬ 
pendicular drawn from P onto E. Let N be the foot of the perpendicular drawn from M onto a line 
l in E. Then, PN is perpendicular to the line / (see Fig. 6.2). 



FIGURE 6.2 















Theorem 6.1 


Theorem 6.1 


Theorem 6.1 


Theorem 6.1 


Theorem 6.1 
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2 


If a plane intersects two parallel planes, then it intersects in two parallel lines (see Fig. 6.3). 



3 


If a line is perpendicular to one of the parallel planes, then it is also perpendicular to the other 
planes. B 

Planes perpendicular to a line are parallel. — 

If Lj, L 2 and L 3 are three lines such that L x || L 2 and L 2 || L 3 , then L x || L 3 . 


6 


The intercepts made by parallel planes on the lines perpendicular to them are equal. The length 
of those equal intercepts is called the distance between the parallel planes (see Fig. 6.4). 



FIGURE 6.4 
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Theorem 6.17 


If a line is parallel to another line in a plane, then the line is parallel to the plane itself (see Fig. 6.5). 



Theorem 6.18 


Three planes, in which no two planes are parallel, intersect either in parallel lines or in concurrent 
lines (see Fig. 6.6). 



DEFINITION 6.5 Skew Lines Two lines are said to be skew lines if there exists no plane containing both the 
lines. 


Note: Skew lines never intersect and they are also non-coplanar. 


Theorem 6.19 If L t and L 1 are two skew lines, there exists a unique plane containing L x and parallel to L r a 


Theorem 6.20 
(Orthogonal 
Projection) 


Let E be a plane and L be a line in the space. Then, the locus of the feet of the perpendiculars 
drawn from the point on L onto the plane £ is a straight line and this line is called orthogonal 
projection of L on E. 



Note : If a line is parallel to a plane, then the line is parallel to its orthogonal projection in the plane. 
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DEFINITION 6.6 Angle between Line and Plane Let £ be a plane and L be a line which is not parallel to E. 

Let L' be the projection of L on E. Then, the angle between L and L' is called the angle be¬ 
tween the line L and the plane E. If #is the angle between L and a normal to E, then either 
90°-<9or #-90° is the angle between L and E (see Fig. 6.8). 




(b) 


FIGURE 6.8 


Theorem 6.21 


Let L [ and L n be two skew lines. Then, there exists a unique line L perpendicular to both and 
L 7 . The intercept of L between L x and L ? is called the shortest distance between L x and L 1 (see 
Theorem 6.43, Chapter 6, Vol. 2). g 


6.1.1 Vectors 

We shall recall some of the concepts and results of vector algebra. 


Theorem 6.22 


Let a and b be the position vectors of points A and B. If point P divides the segment AB in the 
ratio t.m (l + m ^ 0), then the position vector of P is 


ma + Ib 
l + m 


In particular, the position vector of the midpoint of AB is 

a + b 

~Y~ ■ 


Theorem 6.23 


1. The position vector of the centroid of a triangle whose vertices are a, b and c is 


a + b + c 
3 


2. Let d, b, c and d be the position vectors of four points A, B, C and D. Let G v G 2 , G 3 and G 4 
be the cen troid s of A BCD, ACAD, A ABD and A ABC, respectively. Then lines AG 4 , BG 2 , 
CG 3 and DG 4 are concurrent. The point of concurrence is denoted by G and is called the 
centre, or the centroid of the tetrahedron ABCD. Its position vector is 


a+b+c+d 


4 
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Theorem 6.24 


If a and b are non-collinear vectors and r is any vector in the plane determined by a and b, 
then there exists a unique pair of scalars x and y such that r = xa + yb (see Fig. 6.9). In particular, 
if i and j are unit vectors along the positive directions of the coordinate axes in the given plane, 
then every vector r in the coordinate plane is expressed as r = xi + yj in one and only one way. 



Theorem 6.25 


Suppose a, bandc are non-coplanar vectors and r is any vector in the space (Fig. 6.10). Then, 
there exist a unique triad of scalars ( x , y,z) such that r = xa + yb + zc. In the space if /, j. k are unit 
vectors along three mutually perpendicular lines, then r = xi + yj + zk for some unique triad of 
real numbers ( x , y, z). 




FIGURE 6.10 ■ 


In Section 6.2, we show that this (x,y, z) are the coordinates of the point whose position vector is r. 


Theorem 6.26 


Let a, b and c be the position vectors of three points A, B and C, respectively. Then the points 
A,B and C are collinear if and only if there exist scalars /, m and n (where all scalars are not equal 
to zero) such that la + mb + nc = 0 and l + m + n = 0. ■ 


Theorem 6.27 


1. The equation of the line passing through the point A(a ) and parallel to a vector b is r = a + tb , 
where te R (see Fig. 6.11). 

2. The equation of the line passing through two points A(a) and B(b) is r = (l—t)a + tb, 
where t e R. 



FIGURE 6.11 
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Theorem 6.28 
(Parametric 
Vectorial 
Equations of 
a Plane) 


1. The equation of the plane passing through the point A (a) and parallel to the vectors b and 
c is r = d + tb + sc, where t, s e M. 

2. The equation of the plane passing through two points a and b and parallel to vector c is 
r=(l-t)d + tb + sc, where t,s e M. 

3. The equation of the plane passing through three non-collinear points cl b and c is 

r = (l-t-s)d + tb + sc. ■ 


Theorem 6.29 


Four points a , b, c and d in the space are coplanar if and only if there exist scalars x, y, z and u 
(where all scalars are not equal to zero) such that xd + yb + zc + ud = 0 and x + y+z + u = 0. g 


DEFINITION 6.7 Angle between Vectors Let a = OA and b = OB be two non-zero vectors (see Fig. 6.12). 

Then, the measure of ZAOB which does not exceed 180° is called the angle between a and 
b which is denoted by (a,b). 



FIGURE 6.12 


Note: See Fig. 6.13. 

1. 0°< (a, b) < 180°. Unlike the angle between the two lines, the angle between two non-zero vectors is only one angle 
so that (d,b) = (b,a) = (-a,-b). 

2. Let A and p be two positive real numbers. Then 

(i) (Ad,/iib)=(d,b) = (-Ad,-/ub) 

(ii) (-a,h)=(fl,-h)=180°-(fl,£>) 

(iii) (-Aa,/db) = (Ad, = 180° - (a, b) 



DEFINITION 6.8 Right-Handed and Left-Handed Systems Let a = OA, b = OB and c = OC (see Fig. 6.14). 

When observed from point C, if the rotation of a towards b is in anticlockwise sense not 
exceeding 180°, then the triad ( a,b,c ) is said to be in right-handed system. If ( a,b,c ) is not a 
right-handed system, then it is called left-handed system. 
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Note: 

1. Triads (a, b, c), ( b , c, a) and (c, a, b) all exist in one system only. That is, all exist in right-handed system or all exist 
in left-handed system. 

2. In a system, if two vectors are interchanged, then the system changes. 

3. In a system, if one vector is replaced by its additive inverse, then the system changes. 

DEFINITION 6.9 Scalar Product or Dot Product Let a and b be two vectors. Then the scalar product (or dot 
product) denoted by ab of a and b is defined as follows: 

1. ab- 0 if one of a, b is a null vector 

2. If a, b are non-zero vectors and #is the angle between them, then a-b = \a || b| cos 9. 

Note: 

1. a ■ b is a real number (scalar). 

2. When a-b> = < 0, the angle 9 between a and b becomes acute or right angle or obtuse accordingly. 

3. a b = b a, a-(-b)=(-a)-b = -(ci-b), (Xa)-(pb) = Xp(a-b), where Tand p are scalars. 

DEFINITION 6.10 Orthogonal Projection Let 0^a=OA and b = LM in the space (see Fig. 6.15). Draw LP 
and MQ perpendicular to the support of the vector ci . Then PQ is called the projection 
vector of b on a and \PQ\ is called the orthogonal projection of b on a. 



FIGURE 6.15 

Note: In the definition of projection of b on a, we considered the supporting line of a and hence the projection of 
b on a is equal to the projection of b on any vector which is collinear with a. 


Theorem 6.30 


Projection of bona is 


(u A 
ba 

ci = 

( ba\ 

l_,2 

IN J 

{ N J 



(ba\ 



{N J 


where e is the unit vector along the direction of a. The magnitude of the projection of b on a is 

\b-a\ 




















395 


6.1 I Pre-Requisites 


DEFINITION 6.11 Suppose a and b are not collinear vectors. Then the vector 


( - 

\ 

b ■ a 




IM 

/ 


is called the component of b along a and 

- (ba)^ 
b — -—z —a 


is called the component of b perpendicular to a. 

Hereafter, ( i,j,k ) denotes the right-handed system of mutually perpendicular unit vectors. 

FORMULA 6.1: If a=aj + a 2 j + a 3 k and b = b x i +b 2 j + b 3 k, then 

a ■b = a 1 b 1 +a 2 b 2 + a 3 b 3 

ab + a 2 b 2 + a 3 b 3 


and 


COS0 = 


a\\b\ yjal+al+al 


\Jt>l +b 2 +bj 


Hereafter, we denote a - a by a~. 


6.1.2 Equations of a Plane Using Scalar Product 


Theorem 6.31 


Let E be a plane, O be its origin and ON be perpendicular drawn to E (Fig. 6.16). If ON = p and 
n is the unit vector in the direction of ON, then the equation of the plane E is r n = p. In par¬ 
ticular, if the plane passes through the origin, then its equation is rn- 0. 



Theorem 6.32 


If q is any real number and 0, then the equation r m-q represents the plane perpendicular 
to the direction of ±m and the plane is at a distance of q|/|m| from its origin. 


Theorem 6.33 


The equation (r - a) m = 0 represents a plane passing through the point a and the plane is per¬ 
pendicular to the direction of m. ■ 


Note: The distance of the plane (r-a)-m = 0 from the origin is 


Theorem 6.34 The distance of a point A(a) from the plane r n = p is \a-n-p\. 
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DEFINITION 6.12 The angle between two planes is defined to be the angle between their normals. If #is the 
angle between the planes r-m 1 =q 1 and rin 2 —q 2 , then 


COS0 = 


in 2 • m 2 

| mi 11 m2 


6.1.3 Cross Product 

DEFINITION 6.13 Consider two vectors a and b. Then the cross product of a and b (in this order), denoted 
by axb, is defined as follows: 

1. axb=0 if either a or b is a null vector or they are collinear vectors. 

2. If a and b are non-zero and non-collinear vectors, then 

flxh = (|a||h|sin0)i7 

where 0=(a,b ) and h is the unit vector perpendicular to both a and h such that ( a,b,n ) 
is a right-handed triad. 


Note: 

1. Since sin 6>Q (for 0 < <9<180°), the vector axb is in the direction of h and also axb is perpendicular to the 
plane of a and b. 


2 . 


The unit vectors 


axb 



are perpendicular to the plane of a and b. 


3. bxa = -(axb). 

4. ax{-b) = {-a)xb = -{axb). 

5. (Afl)x( J uh) = (A J u)(flxh) VT,/t e K. 


Theorem 6.35 


The distributive laws are as follows: 


1. ax(b + c) = axb + axc 

2. (a + b)xc = axc + bxc 

Also, if ( i,j,k ) is a right-handed system of mutually perpendicular unit vectors triad, then we 
have i xj =k = -(j xi),j xk = i =-(kx j) and kxi =j=-(i xk). g 


FORMULA 6.2: If a=a 2 i +a 2 j +a 2 k and b = b l i +b 2 j +b 3 k, then 


txb = 


hi b 2 


Note: 

1. \axb\ = ^J^(a 2 b 3 -a 3 b 2 ) 2 . 

2. If 0 is the angle between a and b, then 
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DEFINITION 6.14 Vector Area Let D be a plane region enclosed by a curve C (see Fig. 6.17). Let P v P 7 and 
P 3 be three points on the closed curve C and A be the real area of D. If n is the unit vector 
perpendicular to the plane region D, such that from the side of n, the points P v P 7 and P, 
(in this order) are in anticlockwise sense, then Ail is called the vector area of D. 


P 3 




FIGURE 6.17 

Note: If n is a unit vector perpendicular to the plane of D and A is the real area of D. then +(An) is the vector area 
of D. Magnitude of the vector area is the real area. 


Theorem 6.36 


If A, B and C are three non-collinear points (see Fig. 6.18), then the vector area of A ABC is 


^(ABxAC)=^{BCxBA)=^{CAxCB) 

Further, if a, b and c are the position vectors of the points A, B and C, respectively, then its vector 
area is 


and its real area is 


— (bxc + cxa + axb) 


1 

2 


\bxc + cxaxaxb 



FIGURE 6.18 


Note: 

1. The vector area of a parallelogram with a and b as adjacent side vectors is cixb and its real area is |«xZ?|. 

2. The real area of a parallelogram (in fact, any quadrilateral ABCD) in terms of its diagonal vectors is — | AC x BD\ 

3. Three points a, b and c are collinear <=> bxc + cxci + axb = 0. 
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DEFINITION 6.15 


Scalar Triple Product _a-(bxc ) is called the scalar triple product of vectors a, b and c 
which is denoted by [a b c]. 


Theorem 6.37 


1 . d-(bxc) = (dxb)-c (i.e., placement of dot and cross can be interchanged). 

2. If any two of three vectors a, b and c are collinear, then [dbc]=0. 

3. The vectors a, b and c are coplanar o [dbc] = 0. 

4. The volume V of the parallelepiped with coterminous edges a, b and c is V = ±[d be]. 
Accordingly ( a,b,c ) is considered as a right-handed system or a left-handed system. 


5. The value of [abe ] changes if any two vectors are interchanged or any of the vectors is 
replaced by its additive inverse. 


6 . 


[abc]=[bca]=\cab]. That is, the value does not change, by cyclically permuting the 
vectors. ■ 


FORMULA 6.3 

1. If a = a x i +a 2 j + a 3 k, b = b l i +b 2 j +b 3 k and c = c l i +c 2 j + c 3 k, then 




Ui 

a 2 

«3 

[a be 

: ] = 

b i 

b 2 

b 3 



C 1 

c 2 

C 3 

are non-coplanar and a 

= cii I +a 2 m + a- 


a \ 

a 2 

a 3 


[abc] = 

b \ 

b 2 

b 3 

[/ ! 


Cl 

c 2 

c 3 



c x / + c 2 m + c^h, then 


Note: The vectors a, b and c are coplanar if and only if 


a i CI2 


’2 ^3 


b i b : 


C 1 c 2 


= 0 


Theorem 6.38 


1. Let V be the volume of the tetrahedron ABCD. Then 


6 

1 

6 


|[AB AC AD ]| 
\\b-a c—a d — 


5] 


where a, b, c and d are the position vectors of the points A, B, C and D, respectively. 
2. The volume of triangular prism ABCDEF is given by 

\AB AC AD]| 


3. Four points A,B,C and D are coplanar if and only if [AB AC AD] = 0. 











399 


6.2 I Coordinates, Direction Cosines and Direction Ratios 


6.2 Coordinates, Direction Cosines and Direction Ratios 


Let O be a point in the space called origin of reference and x'x and y'y be the two perpendicular lines passing through 
O called x- and y-axes, respectively (see Fig. 6.19). The plane determined by the lines x'x and y'y (see Theorem 6.4) is 
called xy-plane. Let z'z be the line perpendicular to xy-plane at point O (Theorem 6.9). z'z is called z-axis. On 
Ox,Oy and Oz, mark points i,j and k. respectively, such that Oi = Oj = Ok. Those points are called unit points. 

According to Rooler axiom (Axiom 6.7) on x'x, y'y and z'z, there exist coordinate systems with O as origin and i, 
j and k as unit points. We call the coordinates of points on x-, y- and z-axes as x-coordinate, y-coordinate point and 
z-coordinate, respectively, and they are denoted by x, y and z, respectively. The plane determined by x'x and y'y is 
called xy-plane. The plane determined by y'y and z'z is called yz-plane and the plane determined by z'z and x'x is 
called zx-plane. These are also called coordinate planes. Oxyz is called frame of reference. 



6 . 2.1 Coordinates of a Point 

Let P be any point in the space. Let the feet of the perpendiculars drawn from P onto x-, y- and z-axes be L, M and 
L, respectively. Suppose coordinates oiL,M and N are x, y and z, respectively. These are called x-, y- and z- coordi¬ 
nates of P, respectively, and we write P = (x, y, z). That is, with reference to a frame of axes, to each point P in the 
space, there corresponds an ordered triad (x, y, z) of real numbers. Conversely, suppose (x, y, z) is an ordered triad 
of real numbers. Let L, M and N be the points on x-, y- and z-axes such the x is the coordinate of L, y is the coordi¬ 
nate of M and z is the coordinate of N. At L, M and N, draw the planes perpendicular to x-, y- and z-axes, respec¬ 
tively, meeting at point P (see Fig. 6.20). Since the line PL lies in the plane perpendicular to x-axis at L, it follows 
that PL is perpendicular to x-axis (see Definition 6.4). Similarly, the lines PM and PN are perpendicular to y-axis 
and z-axis, respectively. Flence x, y and z are the coordinates of P where P = (x, y, z). That is, to each ordered trial 
(x, y, z) of real numbers, there corresponds unique point P such that P = (x, y, z) with reference to Oxyz. Thus, with 
reference to a frame of reference, we established a one-to-one correspondence (bijection) between the set of all 
points in the space and the set or all ordered triad (x, y, z) of real numbers. This space is called three-dimensional 
space which is denoted by R 3 . 

The three coordinate axes divide the space K 3 into eight parts called octants. Table 6.1 shows the signs of the coor¬ 
dinates of any point in the space. Since PQ is perpendicular to zx-plane at Q, by Theorem 6.5, it is perpendicular to 
both QL and QN so that OLQN is a rectangle and hence OL = NQ and ON = QL. Also OQPN is a rectangle, so we 
have Ox = PQ. Thus, 

QN = OL = \x\,PQ=ON = \y\ and LQ=ON = \z\ 


That is, if P = (x,y,z), then |x|,[y| and |z| are the distances of the point P from yz-, zx- and xy-planes, respectively. 
Also by Pythagoras theorem, 


PL 2 = PQ 2 +QL 2 = y 2 + z 2 
=> PL = yjy 2 +z 2 
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That is, the distance of P(x, y, z) from x-axis = PL= \Jy 2 + z 2 ■ Similarly, the distance P(x,y,x) from y- and z-axes, 
respectively, are y] z 2 + y 2 and^j x 2 + y 2 . Also PL is perpendicular to A-axis which implies that ZPLO is 90° so that 

OP 2 = PL 2 + OL 2 = y 2 + z 2 + x 2 


and OP=-yJx 2 + y 2 +z 2 

Table 6.1 


Octant with bonding lines 

Oxyz 

Ox'yz 

Oxy'z 

Oxyz' Ox'y'z Ox'yz' 

Oxy'z' Ox'y'z' 

Sign of the coordinates (x, y, z) 

+, +, + 

9 + 

+> ” + 


""^9 9 99 



s, QUICK LOOK 1 


We can describe the coordinate axis and the coordi 
nate planes as follows: 

1. x-axis = |P(x,y,z)|y=0,z = 0} = {P(x,0,0)|xeR} 

2. y-axis = {P(0, y, 0 |y e R)} 

Note: If i, j and k are unit vectors along Ox, Oy, and Oz, then i = (1, 0, 0), j = (0,1, 0) and k = (0, 0, 1) and 
P = (x,y,z) => OP = xi + yj + zk. Hereafter, we identify the vector xi+yj + zk with the point (x,y, z). 


3. z-axis={p(0,0,z)|zeR) 

4. xy-plane = |p(x, y, z) |z = 0} = {p(x, y, 0)| x, y e M} 

5. yz-plane = {p(0,y,z)|y,z e M} 

6 . zx-plane = {p(x,0,z)|x,z eR} 


Theorem 6.39 


Proof 


If A = (x x , y v Zj) and B = (x 2 , y 2 , z 2 ), then the distance between A and B is 

7(x 2 -x x f +(y 2 -yi) 2 +(z 2 -Zi) 2 

We have 

A B=OB—OA=(x 2 —X]) i +(y 2 -y 1 )j+(z 2 -z 1 )k 


\ab\= yj(x 2 - Xj f+(y 2 -y if + (z 2 - Z! f 


and hence 
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Theorem 6.40 


Proof 


Let A=(x 3 ,y 1 ,Z\)sndB=(x 2 ,y 2 ,z 2 )- Suppose point P divides AB in the ratio l:m (l + m^0). 
Then 


P = 


' lx 2 + mx ] ly 2 + myi lz 2 + mz\ ^ 
v l+m ’ l + m ’ l + m j 


In particular, the midpoint of AB is 


*i+*2 yi+yi ^t+^2 


We have OA = x 1 i + y x j + Z\k and OB = x 2 i + y 2 j + z 2 k an d also AP:PB = l:m. Hence, by 
Theorem 6.22, we have 


xi + yj + zk = OP= 


l OB + m OA (lx 2 + mi| )i + ( ly 2 + my l )j + ( lz 2 + mzi)k 


1 + ) 


l+i 


Therefore 


and 


y= 


z= 


lx 2 + mx l 
1 + m 

lyi+myi 

l+m 

lz 2 + mz,] 
l + m 


, QUICK LOOK 2 


1. If A(x l ,y 1 ,z 1 ),B(x 2 ,y 2 ,z 2 )andC(x 3 ,y 3 ,z 3 ) are 
the vertices of a triangle, then the coordinates of its 
centroid are given by 

x 1 +x 2 + x 3 yi + y 2 +y 3 zi+zi+zs ] 

3 ’ 3 ’ 3 J 


2. If (x r , y r ,z r ) (where r = 1,2, 3 and 4) are the ver¬ 
tices of a tetrahedron, then the coordinates of its 
centre are given by 

X 1 + x 2 + x 3 + x 4 yi + >'2 + y3+y4 Z 1 +Z 2 +Z 3 +Z 4 \ 

4 ’ 4 ’ 4 J 


Example 


6.1 


Show that the points A = (—l,-3,4),5=(-2,l,-4) 
C = (3,-11,5) form an isosceles triangle. 

Solution: We have 

AB = 05-04 = (-l,4,-8) 

=> I ASl = -y/l 2 + 4 2 + 8 2 =9 


and Also BC = (5,-12,9). This implies 

\BC\ = ^5 2 + (- 12) 2 + 9 2 = V250 

Finally CA = (-4,8,-l). This implies 
\AC\ = ^4 2 +8 2 +l 2 =9 
Since AB = 9 = AC, AABCis isosceles. 


Example 


6.2 


Show that the points A = (1, -1,2), B = (0,1,1) and C = Solution: We have 

(2, -3, 3) are collinear and find the ratio in which B 2 /, m 2 , / 1 , « 1X 2 , 

divides the segment AC. {AB) + + ( 2 “ 1 ) = 6 

(BC) 2 = (2 - 0) 2 + (- 3 - 1) 2 + (3 - 1) 2 = 24 
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(AC) 2 = (2-l) 2 + (-3 +1) 2 + (3—2) 2 =6 
Therefore 


( 0 , 1 , 1 ) =5 


2A + 1 -3A-1 3A + 2 ' 
A + l ’ A+l ’ A + l 


AB+AC = 2*j6 = BC 


Therefore 


This implies that A, B and C are collinear. Suppose B 
divides AC in the ratio A : 1. Therefore, from Theorem 
6.40, we get 


2A + 1=0, 


- 3A-1 -3/1+ 2 

A + l ~~ ’ A+l 


From t hese three equations, we get A = -1/2. Hence, B 
divides AC externally in the ratio 1:2. 


Example 


6.3 


If z4 = (2,3,4) and 5=(- 3,5, - 4), find the ratio in which 
yz-plane divides the segment AB. 


Solution: Suppose yz-plane meets the line AB at P and 
AP :PB= A : 1. Therefore, from Theorem 6.40, we get 

p ( 2-3A 5A-3 4-4A" 

A+l A + l A + l 


Since P belongs to yz-plane, its x-coordinate should be 
zero so that 


2-3A=0 => A=2/3 


The ratio is 2:3. 


Example 


Find the centre and radius of the sphere passing through 
the points 0(0,0,0), A(a, 0,0), 5(0, b , 0) and C(0,0, c). 


and 


HO=HC=>z = - 


Solution: Let H(x, y, z) be the centre of the sphere so 
that HO = HA = HB = HC = Radius. Now 

HO=HA=$(x-a) 2 +y 2 +z 2 =x 2 +y 2 +z 2 
a 

=> x=— 

2 

Similarly 


Therefore, the centre H is given by 


a b c 
2 ’ 2’2 


and the radius is given by 


HO= — Ja 2 +b 2 + c 
2 ’ 


HO=HB^y=- 

2 


Example 


6.5 


Suppose z4 = (-2,2,3) and 5=(13,-3,13). If P is a vari¬ 
able point such that 3PA=2PB, then find the equation 
of the locus. 


Solution: Suppose P=(x,y,z). Now 
3PA=2PB 


^>9PA 2 = 4PB 2 
=*9[(x+2) 2 + (y-2) 2 + (z-3) 2 ] 

= 4[(x-13) 2 +(y+3) 2 +(z-13) 2 ] 

=>5(x 2 +y 2 +z 2 ) +140x-60y + 50z-1235 = 0 
=> x 2 + y 2 + z 2 + 28 x - 12y + lOz - 247 = 0 


DEFINITION 6.16 Direction Ratios and Direction Cosines Let L be a line in the space and L' be a line pass¬ 
ing through the origin and parallel to L (see Fig. 6.21). If P (a, b , c) * (0, 0, 0) is a point on 
L\ then a , b and c are called direction ratios of the line L or the vector (a, b, c), where at least 
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one of a, b and c is non-zero, is called the direction ratio of L. Generally, “DRs” denotes 
the direction ratios. If Q ^ (0, 0, 0) is any point on L', then OQ=AOP => (Aa, Ab, Ac) are 
also DRs. Hence, a straight line has many DRs and it is known that the vectors (a, b, c) and 
(Aa,Ab,Ac) are parallel. In particular, if P (a, b, c ) * (0, 0,0) is on L' and OP= 1, then a, b 
and c are called the direction cosines (DCs) of the line L ( a , b and c are DCs of L). If a , b and 
c are DCs of L, then - a , -b, and -c are also DCs of L. Generally, DCs of a line are denoted 
by (/, m, n). Remember that (-/, -m, -n) are also DCs. 



v, QUICK LOOK 3 


1. DRs of a line L means any vector in the space par¬ 
allel to L. 


2. DCs of L means any unit vector parallel to the line. 

3. If (/, m n) are DCs of a line L, then l 2 + m 2 + n 2 = 1. 


DEFINITION 6.17 DCs of Array Suppose AB is an ray in the space. Then any unit vector parallel to AB in 
the direction of the ray AB is called DC of the ray AB. 


, QUICK LOOK 4 


See Fig. 6.22. 

1. A line has two sets of DCs. 

2. A ray has only one set of DCs. 

3. If (/, m, n) are the DCs of a line, then we have 
/ 2 + m 2 + n 2 = 1 and hence if we know any two val¬ 
ues of I, m and n, and the sign of the third, then we 
can write the DCs of the line. 

4. If (a, b, c ) are the DRs of a line L, then the DCs of 
L are 


/ 

a 

b 

\ 

c 


a 2 +b 2 +c 2 yj 

a 2 +b 2 +c 1 yj 

a 2 +b 2 +c 2 ^ 

/ 

-a 

-b 

\ 

-c 

A 

la 2 +b 2 +c 2 \ 

la 2 +b 2 +c 2 y 

la 2 +b 2 + c 2 j 


5. The DCs of the positive coordinate axes Ox, Oy 
and Oz are i = (1,0,0), j = (0,1,0) and k = (0,0,1), 
respectively. 

6 . The DRs of parallel lines are proportional. 



Theorem 6.41 


If a ray PQ makes angles a, ft and y with the positive directions of the axes, then the DCs of the 
ray PQ are (cosa, cos/l, cosy). 
























404 


Chapter 6 I Three-Dimensional Geometry 


Proof 


Suppose the DCs of the ray PQ are (/, m, n). Let A = (/, m, n) so that OA is parallel to PQ and 
|cm| = 1. Further, the vector OA makes angles a, and y with Ox, Oy and Oz . Since i is the 
unit vector in the direction of Ox, we have 


OA ■ 1 =| CM | / cos a =cos a => 1 =cos a 
Similarly m .= cos {5 and n = cosy. Also 

l 2 +m 2 +n 2 =1 
=>cos 2 a+cos 2 /J+cos 2 y=l 


Note: If (/, m, n) are the DCs of the line PQ, then (-/, -m, -n) are the DCs of the ray QP. The angles made by QP 
with Ox, OyandOz are n-a, K-pandK-y so that the DCs of QP are - cos a, - cos p and-cosy. Hence, for the 
line PQ, both (cos a, cos p, cosy) and (- cos a, -cos p, - cosy) are DCs. 


Theorem 6.42 
Proof 


The DRs of the line joining A{x 1 ,y 1 ,Z\) and 5(jc 2 ,y 2 >^2) are i x 2 ~ x iAi~ yhZ- 2 ~ Z\)- 
Let 0(0,0,0) be the origin (see Fig. 6.23). Now, complete the parallelogram OABC so that 


OC = AB = OB-OA = (x 2 -x 1 ,y 2 -y 1 ,z 2 -zQ 



FIGURE 6.23 


Theorem 6.43 


Suppose (/, m, n) are DCs of a ray AB. If P = (x 1 ,y 1 ,z 1 ) and Q=(x 2 ,y 2 ,z 2 ), then the projection 
vector of PQ on AB is 


V(xi ~ x i)+>n(y 2 ~y\)+n(z 2 ~ Zi )](H + mj + nk) 

and it modulus is |/(x 2 -x 1 ) + m(y 2 -y 1 ) + n(z 2 -Zi)|. 


Proof 


The vector e = li +mj +nk is the uni t ve ctor in the dir ectio n of AB. Therefore, from Theorem 
6.30, the projection vector of PQ on AB is given by =(PQ e)e. That is 

[l(x 2 - x,)+ m(y 2 - y,)+ n(z 2 - z,)] (// +mj + nk ) 


Theorem 6.44 Suppose (l v m v u x ) and (/ 7 , m 2 , n 2 ) are the DCs of the lines L x &ndL 2 , respectively. If #is the 
angle between L x and L 2 , then cos 9=l x l 2 + m x m 2 + n , n 2 . 

Proof Let A = (l 1 ,m 1 ,n 1 ) andB = (l 2 ,m 2 ,n 2 ) so that OA and OB are unit vectors parallel to L 2 and L^, 
respectively. Hence, 6 is also the angle between OA and OB. Therefore 
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Example 


6.6 


If (l l , m l5 n-i) and (/ 2 , m^, n 2 ) are the DCs of the lines 
L, and L 2 , respectively, then show that the DRs of a line 
perpendicular to both L 1 and L 2 are {m^n 2 - m 2 n v 
k n t ~l\n 2 , l\m 2 -l 2 m \). 


OA x OB = 


h 

k 


i 

777 ] 


/c 

«1 


Solution: Let A = (/,, m,, n 1 ) and B = (l 2 , m 2 , n 2 ) so that 
the DRs of the line perpendicular to both L x andL 2 are 
given by 


= (m, n 2 -m 2 n\) i - (/, n 2 - l 2 n x ) j + (/, m 2 - l 2 m } ) k 
= {m 1 n 2 -m 2 n l , / 2 «i —1^, l 1 m 2 —l 2 m ^) 


Example 

If the DCs of two lines satisfy relations 1 + m + n = 0 and 
m/7 - 2«/ - 2/m = 0, then find them. Also show that one of 
the angles between the lines is 2k/3. 

Solutions: We have 

l+m+n= 0 (6-1) 

mn — 2nl — 2/m = 0 (6-2) 

From Eq. (6.10), we have /=-(m+n) and substituting 
the value of / in Eq. (6.2), we have 

mn + 2n(m + n) + 2m(m + n)=0 
=> 2m 2 +5mn + 2n 2 =0 
=> (2m + /z)(m + 2/7) = 0 
=>2m= — n orm = -2/7 

If we substitute 2m = - n in / = - (m + n), we have 
l=—(m—2m)—m 

and m = -2n=>l = -(m + n)=n 


Case 1: 


Case 2: 


, / m 77 

/ = / 77 , 2m= — n =>-= — = — 
1 1 -2 


/= 77 , 777 = — 2/7 : 


/ 777 77 

1 _ -2 _ T 


Hence, the DRs of the lines are (1,1, -2) and (1, -2,1) 
and the DCs are given by 

'J_ J_ -2' 

j 

1-2 1 

If 6 is the angle between them, we get 
12 2 1 


and 


cos0=- 


6 6 6 


so that 2k/3. 


Example 


6.8 


The DCs of two lines satisfy the equations 21 + 2m -n = 0 
and 777/7 + 77/+ /m=0. Show that the two lines are at right 
angles to each other. 

Solution: We have 

2/+2/77-77 = 0 (6.3) 

77777 + 77 /+ /m=0 (6.4) 

From Eq. (6.3), we have n = 2I + 2m. Substituting the 
value of 77 in Eq. (6.4), we have 

777(2/ + 2/77) + 1(21+2m) + Im= 0 

=> 2 1 2 + 5lm + 2m 2 = 0 
=>(2/+m)(/+2m)=0 


=> 777 = — 2/, / = — 2 m 

Now 7/7 = -2/and 77 = 2/ + 2 t77 = 2/-4/=-2/. This implies 
that 

/ 777 77 I 777 77 

T - A2~A2 _ y~2 

Hence, l=-2m and n = 2l + 2m = -2m. This implies 
that 

/ 777 77 

2 _ -I _ 2 

Therefore, the DRs of the lines are (-1,2,2) and (2, -1, 
2) and the dot product is given by -2 - 2 + 4 = 0. Hence, 
the lines are at right angles to each other. 
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Example 


6.9 


If L 1 and L 1 are two straight lines whose DCs satisfy the 
equations al+bm+cn= 0 and ul * 2 + vm 2 + wn 2 = 0, then 
prove that 


(a) a 2 (v + w)+b 2 (w+ v) + c 2 (u + v) = 0 if Lj and L 1 are at 
right angles 

2 ,2 2 

(b) — + — + —= 0 ifL, and L 7 are parallel. 

u v w 


Solution: Eliminating n from the given two equations, 
we have 

(c 2 u + a 2 w)l 2 +2 abwlm+(c 2 v+b 2 w)m 2 =0 
Dividing this equation with m 2 , we have 

(c 2 u + a 2 w)( — 1 +2 abw( — \+c 2 v+b 2 w = 0 (6.5) 
\m) \ m) 

which is a quadratic equation in Urn. If (Z 1 ,m 1 ,n 1 ) and 
( l 2 ,m 2 ,n 2 ) are the DCs of the two given lines, then l l lm l 
and l 2 /m 2 are the roots of Eq. (6.5) so that 


( o 

(1 \ 
l 2 

c 2 v+b 2 w 

l m \ J 

(m 2 j 

2 2 

c u + a w 


Therefore 

l 2 l 2 

c 2 v + b 2 w c 2 u + a 2 w 
Similarly, we can show that 


m^m 2 n^n 2 
c 2 u + a 2 w b 2 u+a 2 v 


Therefore, 


kk 


L V n 2 


l \ rL 2 


c’v+b’ w c 2 u + a 2 w i> 7 (( + n 2 v 


= k 


(say) 


(a) As L l is perpendicular to L 7 , we have 

/j/ 2 + m ] m 2 + n x n 2 = 0 
=>k[c 2 v+b 2 w+c 2 u + a 2 w + b 2 u + a 2 v]=0 
=> a 2 (v + w) + b 2 {w + u) + c 2 (« + v) = 0 

(b) As Lj is parallel to L 2 , we have 

ic = iL 

«!] m 2 

That is, the roots of Eq. (6.5) are equal. Therefore, we 
get 

4a 2 b 2 w 2 =4(c 2 u + a 2 w)(c 2 v+b 2 w) 

_. 2 / 2 2 4 , 1.2 2 ,22 ,2 >2 2 

=c uv + b c uw + a c vw + a b w 
=>c 2 (c 2 uv+b 2 wu+a 2 vw)=0 
=>a 2 vw + b^uw + c 2 uv=0 (6-6) 

Dividing Eq. (6.6) by uvw, we have 



ll v w 


Example 


6.10 


If (/,.,7w,.,7z r )(where r= 1,2 and 3) are the DCs of three 
concurrent lines, then show that the condition for them 
to be coplanar is that 


k 

m x 

«t 

h 

m 2 

«2 

h 

m 3 

«3 


Solution: It is known that the lines are coplanar if and 
only if the vectors (l r , m r , n r ) are coplanar. These vectors 
are coplanar if and only if their scalar triple product is 
zero. That is, if and only if 


/, m 1 

h m 2 

h n h 


= 0 


Example 


6.11 


If a line makes angles a,p, yand 5 with the diagonals of a Solution: Suppose A -(1,0,0), B -(0,1,0) and C(0,0,1) 
cube, then show that are the unit points on the coordinate axes and consider 

the cube OADCBEFG (see Fig 6.24) so that D = (1,0,1), 
cos 2 a + cos 2 /J + cos 2 y + cos 2 S=- E= !> °). F = (1.1.1) G = (0.1. !)• Suppose the given 

3 line makes an angle a with the diagonal OF. If (/, m, n) 

are the DCs of the given line, then 
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(l,m,n) ■ ( 1 , 1 , 1 ) l + m+n 
cosa=-— I =-=- -j =— 

(l)7l 2 +l 2 +l 2 ^ 

Also ~BD = (1,-1,1), CE = (1,1,-1), and AG = (-1,1,1). 
Suppose P is the angle made by AG with the line. We 
have 


cos/3= 


— l + m + n 

V3 


cos y = 


l — m+n 


. 0 l + m-n 

and cos o - 1 =— 

V3 

Therefore 

cos 2 a + cos 2 p+cos 2 7 +cos 2 8 
=— [(l+m+n ) 2 +{—l+m+n ) 2 +{l—m+n ) 2 + (l+m-n ) 2 ] 


= i[4(/ 2 +m 2 +n 2 )] 

= - (v I 2 +m 2 +n 2 = 1 ) 

3 v 2 

6(0,1,0) 



FIGURE 6.24 


Example 


6.12 


If the DCs of the rays AB and AC are (l 1 ,m 1 ,n l ) and 
(l 2 ,m 2 ,n 2 ), respectively, then s how that DCs of the angle 
bisectors of the rays AB and AC are 
ih ±l 2’ m\±m 2 , n^nj). 

Solution: Let AM and AN be the angle bisectors 
of the angle between AB and AC. If P=(l 2 ,m 1 ,n 1 ) 
and Q=(l 2 ,m 2 ,n 2 ), then we know that OP is parallel 
to A5and OQ is parallel to AC and hence the angle 
between AB and AC is same as the angle between OP 
and OQ. Let (OP,OQ) = 6. Let OM x be one of the an¬ 
gle bisectors of OP and OQ. Suppose AM is paral¬ 
lel to OM x . Suppose PQ meets OM at R (see Fig. 6.25). 
Since OP and OQ are unit vectors, A OPQ is isosceles 
so that R is the midpoint of PQ and hence 

(P +l 2 m 1 + m 2 n l +n 2 \ 

Sin ce R lies on OM x , and the fact that OM x is parallel 
to AM it follows that (l 1 +l 2 ,m l +m 2 ,n 1 +n 2 ) are the 

DRs of AM. 


Suppose ON l is the second bisector of the angle 9, 
that is, bisector of n-9. Now 

ONl 1 OM 1 and OM[ ±PQ=>ONl\\PQ 

and (/ 2 - /], m 2 - m 1 , n 2 - n 1 ) are the DRs of PQ. Hence, 
the DRs of OiVj are also (l 2 -l 1 ,m 2 -m 1 ,n 2 -n 1 ) or 
(l 1 -l 2 ,m 1 -m 2 ,n 1 -n 2 ). 



FIGURE 6.25 


Example 


6.13 


Cos 1 


'±a 2 ±b 2 ±c 2 ' 
a 2 +b 2 +c 2 , 


where all + signs or all are - signs should not be taken. 


If a, b and c are the lengths of the edges of a rectangular 
parallelepiped, then show that the angle between any 
two diagonals of it is 
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Solution: Let OA, OB and OC be coterminous 
edges of a rectangular parallelepiped (see Fig. 6.26). 
Suppose OA, OB and OC are x-, y- and z-axis, re¬ 
spectively. Also we have OA = a, OB = b and OC = c. 
Therefore, OA = (a,0,0),OB = (0,b,0) and OC=(0,0,c). 
Consider the angle between the diagonals BD and 
OE. Now, OE=(a,b,c) and BD=(a,-b,c). Let 
(BD, OE) =a so that 


OE ■ BD a 2 —b 2 +c 2 

COS«= ._||_I =—- - -- 

OE a 2 +b~+c 2 


=> a= Cos 1 


V-fr 2 +c 2N 

v a 2 + b 2 + c 2 y 


Similarly, the other angles are 


Cos 


ci + b — c 
a 2 +b 2 +c 


2 A 


2 


Cos 1 


-a 2 +b 2 +c 2 ' 
a 2 +b 2 + c 2 , 


Cos -1 


'a 2 -b 2 -c 2 N 
K a 2 + b 2 +c 2 , 


and 


Cos 1 
Cos -1 


-a 2 +b 2 - c 2 ' 
a 2 +b 2 +c 2 y 

-a 2 -b 2 + c 2 ' 
a 2 +b 2 +c 2 , 



% QUICK LOOK 5 

Since i 

Cos 1 

two diagonals 
(±a 2 ±b 2 ±c 2 ) 

are not parallel, in the formula or all - signs. Further, if a = b = c, then the angle is 

* * , „ • Cos -1 (1/3). 

we should not take all + signs v 7 

a 2 +b 2 +c 2 j 


Example 


6.14 


Suppose (/ m r ,« ) (where r— 1,2 and 3) are the DCs of 
the three mutually perpendicular lines. The DRs of 
another line L are proportional to (l x + l 2 + L, + m 2 + 
m 3 , n l + n 2 + n 3 ). Find the DCs of L and show that L is 
equally inclined to all the three lines. 

Solution: Let L v L 0 and L 3 be the lines. Since these 
lines are mutually perpendicular to each other, we have 

/,/ 2 + + 77,77, = 0 

l 2 l 3 + m 7 m 3 +n-,n 3 =0 
/ 3 /j + m 3 m 1 + n 3 n x = 0 

i2 , 2 , 2 -i 

l x + m 1 + n x — 1 
l\ +m 2 +n\ =1 


and / 3 + m 2 + tz 3 = 1 

Therefore, 

(/,+/, +h ) 2 + ( m i + m 2 +m 3 ) 2 +(ni + n 2 +n 2 ) 2 

= 3+ 2(0+ 0+0)=3 


Hence, the DCs of L are 

h + l 2 + h 777, + 777, + 777 3 /Zj + « 2 + «3 ^ 

l V3 ’ 73 ’ 73 J 

Suppose 6hs the angle between L and L r Therefore 

kik+h+h) , 777,(7771 + 77? 2 + 777 3 ) 77 ,( 77 , + 77 2 + 77 3 ) 

COS (7 —- 1 = -1--1- 7 =- 

73 73 73 

_ l\+m- y +n\ 1 1 

73 73 W 73 
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=> 0=Cos _1 


1 


6.2 I Coordinates, Direction Cosines and Direction Ratios 

Similarly, the angles made by the line L with and L ? 
are equal to Cos” 1 (1/V3). 


Example 


6.15 


Show that in a tetrahedron OABC, the opposite pairs of 
edges are at right angles if and only if (OA) 2 + (BC) 2 = 
(OB) 2 + (CAf = (OC) 2 + (AB) 2 . 

Solution: See Fig. 6.27. In the tetrahedron OABC, 
(OC,AB),(AC,OB) and ( BC,OA ) are the pairs of op¬ 
posite edges. Let OA = a, OB = b and OC=c. Assume 
that 

(OA) 2 + (BC) 2 =(OB) 2 +(AC) 2 

=> a 2 + (c-b) 2 =b~ + (c -a) 2 

~2 - 2-2 — - -2 -2 -2 - - 
=>a +b +c -2(b c)=a +b +c -2 ca 

=$bc=ca 

=>c-(h-n) =0 

This implies that OC is perpendicular to AB. Similarly, if 
(OB) 2 +(AC) 2 =(OC) 2 +(AB) 2 


we have 

b 2 +(c-a) 2 =c 2 +(b-a) 2 
=>ca=ab 

Therefore, a ■ (c - b) = 0 => OA and BC are at right angles. 



Example 


6.16 


Find the equation to the locus of a point whose distance 
from the z-axis is three times the distance from the point 
(-1,2,-3). 


=> * 2 + y 2 = 9 [(* ^+1) 2 + (y - 2) 2 + (z + 3) 2 ] 


Solution: P(x, y, z) is a point whose distance from the => 8v 2 + 8y 2 + 9z 2 + 18- 36y+ 54z +126 = 0 

z-axis is three times its distances from the point (-1,2, -3). 

This implies 


Example 


6.17 


Three vertices of a parallelogram ABCD are A (1, 2, 3), 
B (-1, -2, -1) and C (2,3,2). Find the coordinates of the 
fourth vertex D. 

Solution: In a parallelogram, diagonals bisect each 
other. Therefore, if D(x,y,z) is the fourth vertex, then 
we have 


1+2 2 + 3 3 + 2^\ 

^T’^r + ^r J 


Midpoint of AC 

Midpoint of BD 
(x-1 y—2 z-l'l 

2~’~2~ J 


Therefore 


and 


x-1 3 

-= - => x = 4 

2 2 

y-2 5 

-= — => y = 7 

2 2 


z-1 5 

-=-=> z = 6 

2 2 


Therefore, D = (4,7,6). 
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Example 


6.18 


Find the length and the direction cosines of a line seg¬ 
ment whose projections on the coordinate axes are 6, -3 
and 2, respectively. 

Solution: See Fig. 6.28. Let P=(x 1 ,y 1 ,z 1 ) and Q (x 2 , 
y 2 , z 2 ) be the extremities of the given line segment. Let 
PA and PB be perpendicular to the z-axis. Now, 

OA=z 1 ,OB=z 2 =>AB=z 2 -Z\ 

Therefore, z 2 -z 1 = 2. Similarly, x 2 -x 1 =6 and y J -y 1 = 
-3. Therefore 

PQ=^6 2 + (~3) 2 + 2 2 =1 

FIence,the DRsofPQare (6,-3,2) and the DCs of PQ 




6.3 Plane 

Suppose P(x,y,z ) is a point with reference to the frame of reference Oxyz . In this case OP is a vector. Conversely, if 
r is any vector in the space, there corresponds a unique point P in the space such that OP=r. Lienee, there is one-to- 
one correspondence between the set of space vectors and the set of all points in the space. Lienee, hereafter, we iden¬ 
tify space with vector space and denote it by R 3 . 

DEFINITION 6.18 Let /:R 3 —> M be a function. Then the set 5={P(x,y,z) | f(x,y,z)= 0} is called a surface 
represented by the equation f(x,y,z)=0 . 

One equation represents only one surface. Flowever, a surface may be represented by more than one equations, 
because, if f(x,y,z) = 0 represents a surface S and T^O, then Af(x,y,z) = 0 also represents the same surface S. 

DEFINITION 6.19 If/is a polynomial in x, y and z, then the surface represented by f(x,y,z) = 0 is called alge¬ 

braic surface. 

DEFINITION 6.20 If a, b,c and d are real numbers and at least one of a , b and c is not zero, then the equation 

ax + by + cz+d = 0 is called first-degree equation in x, y and z. The surface represented by 
first-degree equation is called first-degree surface. 


Theorem 6.45 


The equation of a plane is a first-degree equation in x,y and z (normal form). 


Proof 


See Fig. 6.29. Let £ be a plane and O be its origin. Let N be the foot of the perpendicular drawn 
from the origin O onto E. Let h be the unit vector in the direction of ON . If n=(l,m,n), then 
ON = pn where p=ON. 


P(x,y, z) is any point in E <=> NP ■ ON = 0 

<=> (r — pn)- pii = 0 

<^>rn = p 

Now OP=xi +yj +zk and n = li +mj +nk. Then 

r n=p <=> lx + my + nz = p 

Since n=(l,m,n) is a unit vector, l,m,n^ 0. Here, the equation of the plane £ is lx + my+nz-p = 0, 
a first-degree equation in x,y and z and this equation is called normal form of the plane. 
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, QUICK LOOK 6 


1. If E passes through origin O, then P = 0 so that its 
equation is lx + my+nz = 0. 

2. /^0,n7^0=>(/,m,0)-(0,0,l) = 0. Hence, the line 
having (l,m, 0) as DRs is perpendicular to the z-axis. 


Hence, the plane Ix+my-p is parallel to z-axis. Sim¬ 
ilarly, the plane my+nz=p is parallel to jc-axis and 
lx + nz = p is parallel to y-axis. 


DEFINITION 6.21 If a plane meets the axes at (a,0,0),(0,h,0)and(0,0,c), then a , b and c are called the inter¬ 
cepts of the plane on the axes. 


Theorem 6.46 


Proof 


If abc^ 0, then the equation of the plane having intercepts on coordinate axes a, b and c is 

x y z . 

—+ —+ -=1 
a b c 

This form is called intercept form. 


Suppose E is the plane meeting the axes at zl(u,0,0), 5(0, h,0) andC(0,0,c). Let h = (l,m,n ) be 
the unit vector perpendicular to the plane E so that the equation of the plane is of the form 

lx + my+nz=p (6-7) 

Now A(n,0,0) belongs to E. This implies 

(a,0,0) (l,m,n)=p =3, a l=p=$ l= — 

a 

Similarly m = plb and n = p/c. Hence, from Eq. (6.7), the equation of the plane is 

x y z . 

-+-+-=1 
a b c 

Aliter: P(x,y,z ) is a point in the plane E « the four points A,B,C and P are coplanar. This is 
possible if and only if the vectors AP, AB and AC = 0. This means 

[APABAC] = 0 


x-a y z 
—a b 0 
—a 0 c 


= 0 


> bc( x — a) + cay + abz=0 

> bcx + cay + ab z=abc 

X y z i 
>—+-+-=1 
abc 
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Theorem 6.47 
Proof 


A first-degree equation in jc, y and z represents a plane. 

Suppose 

ax + by + cz + d = 0 (6-8) 

is a first-degree equation in x, y and z. Since both equations ax + by+cz + d = 0 and ~(ax + by+ 
cz + d ) = 0represent the same surface (see Quick Look 6), we can suppose that -d> 0. Now, we 
can write Eq. (6.8) as 

a b c -d 

yja 2 +b 2 +c 2 yj,a 2 +b 2 +c 2 yja 2 +b 2 + c 2 y]a 2 +b 2 +c 2 

Take 


l- 


yja 2 +b 


2 2 

+ C 


m = 


yj(i + b 


2 i 
+ C~ 


and 


yja 2 +b 


2 2 

+ C 


If n= then n isaunitvector.lt r = (x,y,z ) and 

-d 
P= 


yja 2 +b 


2 2 

+ C 


then Eq. (6.8) becomes rn = p, which represents a plane. 


\ QUICK LOOK 7 


1. Since 


( l,m,n ) 


a b c 

^yja 2 + b 2 +c 2 yja 2 + b 2 +c 2 yja 2 + b 2 + c 2 y 


is a normal to the plane provided in Eq. (6.8), it follows 
that ( a , b, c ) are the DRs of the plane ax + by+cz + 
d= 0. 

\d\ 

2. p= is the distance of the plane from 

yja 2 +b 2 +c 2 
the origin. 


DEFINITION 6.22 If one of a, b and c is not zero, then the equation ax + by+cz+d = 0 is called general equation 
of a plane. 


Theorem 6.48 


Proof 


Two first-degree equations 

a 1 x + b l y + c l z+d 1 =0 (6-9) 

and a 2 x + b 2 y+C 2 Z+d 2 = 0 (6.10) 

represent the same plane if and only if a 1 :b 1 :c 1 :d 1 =a 2 :b 2 :c 2 :d 2 . 

Suppose a 1 :a 2 -b 1 :b 2 =c 1 :c 2 =d 1 :d 2 =k^ 0, then 

a 2 x + b 2 y+c 2 z+d 2 = 0 <=> k(a 2 x + b^y + cpz + d 2 )=0 

Therefore, Eqs. (6.9) and (6.10) represent the same plane. 

Conversely,suppose Eqs. (6.9) and (6.10) represent the same plane, then ( a 1 ,6 1 , q) and ( a 2 ,b 2 ,c 2 ) 
are the DRs of the normal to the plane [Quick Look 8, part (1)]. Therefore 

(a 2 ,b 2 ,c 2 )=k(a 1 ,b 1 ,c l ) 
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for some k^O. If (x 1 ,y 1 ,z 3 ) is a point of the plane represented by Eqs. (6.9) and (6.10), we have 
d 2 = - {a 2 x 1 + b 2 y l + c 2 z x ) = - k(« + b 2 y 1 + qzj) = ■- kd 1 

Therefore, a 2 : a t = b 2 : b } = c 2 ■ C\ = d 2 '■ d ] . _ 


, QUICK LOOK 8 


The equation of the plane passing through the point 
A(x 1 ,y 1 ,Zi) which is having n = (a,b,c) as normal is 
a(x — x l ) + b(y — y 1 ) + c(z — Zi) = 0 ( see Theorem 6.33). 


Hence, we can write the equation of the plane if we 
know one point in the plane and DRs of the normal to 
the plane. 


Theorem 6.49 


The equation of the plane determined by three non-collinear points A( x x , y 1 , z 1 ) , B(x 2 , y 2 , z 2 ), and 
C(x 3 ,y 3 ,Z 3 )is 


X-X 1 

X 2 -Xi 

x 3 -x 1 


y-y i 
y 2 -yi 

y 2 -yi 


Z-Zi 


Z 2 -Zl 


=0 


Z3-Z1 


Proof 


We have 


P(x,y,z ) is a point in the plane ABC 
<=> AP, AS, and AC coplanar vectors 


= 0 


« 

AP,AB, AC J = 

= 0 


X — X\ 

y-yi 

z-z 1 

<=> 

X 2 — X] 

y 2 -yi 

Z 2 -Zi 


X 3 -X 1 

y 2 -yi 

Z 3 -Z 1 

are coplanar if and only if 

x 4 -x 2 

y4~yi 

Z 4 -Z 1 


x 2 -x 1 

y 2 -yi 

Z 2 -Zi 

= 0 

*3“*1 

y 2 -yi 

*3“*1 



Theorem 6.50 


The distance of the plane ax+by + cz + d= 0 from a point A{x 1 ,y\,Zi) is 

\ax l + by l +cz\+d\ 
yja 2 +b 2 + c 2 


Proof 


Let E be the given plane and r n = p be its equation. Let B(b) be a point which is not equal to N 
(see Pig. 6.30) where N is the foot of the perpendicular from A onto E so that b h = p. Therefore 


Projection of AS on AiV = - 

\ab-an\ 

A/V 


(b— a) ■ /i| 


n 


|/7 —5-n| 


\n\ 
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Now, a = (x 1 ,y 1 ,Zi), h=(a,b,c ) and p=-d imply 

lax, + by, + czi + 
AN = \ 1 =J=- 

■Ja 2 +b 2 +c 2 



Theorem 6.51 


Proof 


The equation of any two parallel planes are of the form ax + by+cz + d 1 = 0 and ax + by + cz + d 2 = 0 
and the distance between them is equal to 

1^1 ^ 2 1 


s\a 2 +b 2 +c 2 


Let 


E 1 =a l x + b 1 y+c 1 z + d 1 =0 
and E 2 = a 2 x + b 2 y + c 2 z + d 2 =0 

be two parallel planes so that n 1 = (a 1 ,h 1 ,c 1 )andn 2 = (a 2 ,b 2 ,c 2 ) are the normal vectors to 
E 1 and E 2 , respectively (see Quick Look 7). Since E x and E 2 are parallel, their normals h, and n 2 
are parallel. Hence, let n 2 =kn 1 so that a 2 = ka l ,b 2 =kb 1 andc 2 =kc x . Thus, the equation of E 2 is 
k(a l x + b l y + c 1 z) + d 2 = 0. Dividing by k, we have E 2 =a 1 x + b l y + c l z + d 2 = 0 (here,in the place of 
d 2 /k, we take d 2 ). Let E 1 =ax+by+cz + d l = 0 and E 2 =ax + by + cz+d 2 =0 be the two parallel 
planes. Let A{x l ,y 1 ,Z\) be a point in E 2 so that 

ax l + by l +cz 2 +d 2 = 0 (6.11) 

Now, 

Distance between E l and E 2 = Distance of E ] from point A 

\ax^ + by x + cz x + d l | 


^/n 2 +b 2 +c 2 
| d 2 + d 11 


(Theorem 6.49) 




2 + b 2 + c 2 


[by Eq. (6.11)] 


Notation: If E denotes ax + by +cz + d, then we denote ax 1 + by 1 + cz 2 + d by E {[ and ax 2 + by 2 + cz 2 +d 2 by E. 




Theorem 6.52 

Proof 


The ratio in which the plane E = ax + by+cz+d= 0 divides the segment joining the points 
A(xi,yi,zi) and B(x 2 ,y 2 ,z 2 ) is ~E n :E 22 . 

See Fig. 6.31. Let E = ax + by+ cz + d= 0 be the plane meeting the line AB at P and suppose 
AP : PB= Aj: A 2 so that 


P = 


A 1 x 2 +A 2 x 1 A 1 y 2 + A 2 y 1 


Ai + A-2 


Ai + A 2 


X 2 z 2 + A 2 z 1 
Aj + X 2 J 
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Since P e £, we have 


A. 1 x 2 +k 2 x 1 


+ b 


A l x 2 + A 2 x 1 

A± + A 2 


+ c 


' A 1 x 2 +A 2 x 1 x 
Ai + A 2 


+ d =0 


> A, (ax 2 + by 2 + cz 2 + rf 2 )+ A 2 (fljfj + byj + czj + J) = 0 


A] (njcj + by 1 + cz x + d) _~E U 
A 2 nx 2 + by 2 + cz 2 + d E 22 



Note 

1. Points A and B lie on the opposite sides of the plane E= 0 <=> the ratio -E n :E 22 is positive <=> E u and E 22 should have 
opposite signs. A and B lie on the same side of E <=> the ratio -E n :E 22 < 0 <=> E n and E n should have the same sign. 

2. Let O = (0, 0, 0), A = ( x 1 , y±, Z\) and E = ax+ by + cz +d = 0, then A lies on non-origin side of the plane E= 0 <+> 
£ n and E 22 = d have opposite signs and A lies on the origin side <=>£ 11 , d have the same sign. 

For example, if £ = x + 2y + 3z-land^4 = (l,2,3), then £^ = 1+4 + 6-1=10 and d = -l so that the point A lies on the 
non-origin side of £ = 0. 


6 . 3.1 System of Planes 

We have discussed that the first-degree equation ax + by + cz + d = 0 represents a plane. This equation is called general 
equation of a plane. Since one of a, b and c is not equal to zero, we can consider a^ 0. Then, the plane equation can be 
written as 

b c d' 

x+—y+—z +—=0 
a a a 

Hence, if the values of bla, da and dla are given, then we can determine the plane equation. If the three ratios 
b/a, da and dla are to be determined uniquely, we need three conditions. If lesser number of conditions is given, then 
the ratios bla, da and dla can be determined in many ways. The planes so obtained are called system of planes. 

For example, if we fix a, b and c and vary d, then ax + by + cz. + d = 0 represents system of parallel planes. For all those 
planes (a, b, c ) is the normal. If (x 1 ,y 1 ,Zi) is a fixed point, then for different values of a, b and c, the equation 

a(x-x 1 ) + b(y-y 1 )+ c(z-z 1 ) = 0 
represents the planes passing through the point {x^y^zf). 


Theorem 6.53 Let E 1 =a 1 x + b 1 y + c 1 z + d l =0, E 2 =a 2 x + b 7 y+c 2 z+d 2 =0 be the two intersecting planes which 
intersect in a line £ (since there are two planes, when they intersect, they intersect in a line). If 
A, and A 2 are any two real numbers such that at least one of them is not zero, then the equation 
A 1 E 1 + A 2 £ 2 =0 represents plane passing through the line L. 

Proof Let 

£ = A l E 1 + A 2 E 2 — (A^£q + A 2 a 2 ).r + (A^h^ + A 2 b 2 )_y + (A + A 2 c^ )z+(A q/ j + A 2 d 7 ) — 0 


Ai«i + A 2 a 2 - Ajhj + A 2 h 2 -A^ + A 2 c 2 -0 
=> a 1 : a 2 = b± :b 2 =c 1 :c 2 =—A 1 :A 2 


Now 
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Therefore, E 1 =0 and E 2 =0 are parallel planes, which is not true in this case. Therefore 

E=X 1 E l + X 2 E 2 =0 

is a first-degree equation and hence it represents a plane. Since the line L is contained in both 
E 1 =0and E 2 =0, it is also contained in the plane represented by A, E i + X 2 E 2 =0. 


n, QUICK LOOK 9 


X x E x + A 2 £ 2 =0 represents E 1 =0, if A 2 =0 and X x =1, 
and represents E 2 =0, if A x =0 and A 2 =l. Hence, we 


can take the equation of any plane other than E x and 
E-, passing through the line L as E 1 + A E 2 =0 (A is a 
parameter). 


Theorem 6.54 is the converse of Theorem 6.53. 


Theorem 6.54 If E 1 =a l x + b l y+c l z + d l =0,E 2 =a 2 x + b 2 y + c 2 z + d 2 =0 are two intersecting planes which inter¬ 
sect in a line L, then the equation of any plane passing through line L is of the form A, P, + A 2 E 2 =0 
where |A 1 |+|A 2 | ^0. 

Proof Suppose E = px+qy+rz+t= 0 is a plane containing the line L. Let n x ={a l ,b l , c x ) and n 2 = (a 2 ,b 2 ,c 2 ) 
be the normals to £ 1 =0and£ 2 =0, respectively. Hence, n x x n 2 is parallel to the line L so that 
(b x c 2 -b 2 c x ,c x a 2 -c 2 a x ,a x b 2 -a 2 b x ) are the DRs of the line L. Since one of the DRs is not zero, we 
consider that a 1 h 2 -a 2 h 1 ^0. Therefore, the equations a 1 x + a 2 y=p and b 1 x + b 2 y=q are uniquely 
solvable for a non-zero solution and let x=X x and y=A 2 be the solution. Therefore, 
a 1 X 1 +a 2 X 2 = p and b x Xi+b 2 X 2 =q. Let k = r-X x c x -X 2 c 2 and l = t — X x d x -X 2 d 2 so that 

E= X x (ci x x +b x y+c x z+d x ) + X 2 (a 2 x + b 2 y + c 2 z + d 2 ) + kz + l=0 (6.12) 

Suppose P (jq, y 1 , Z\ ) and Q ( x 2 ,y 2 ,z 2 ), where z x ^z 2 , are points on line L. Therefore, 

a x x 1 + b l y 1 + c x z x +d 1 = 0 
and a 2 x x + b 2 y x +c 2 z 2 +d 2 =0 

so that point P(x x ,y x ,Z\) satisfies the equation E = 0 and similarly point Q(x 2 ,y 2 ,z 2 ) satisfies 
E = 0 [from Eq. (6.12)].Therefore, kz x +l= 0, kz 2 +/=0andz 1 ^z 2 =>k = 0 and then 1 = 0. Hence, 
the equation of the plane E = 0 is of the form X l E l + X 2 E 2 =0. g 


Theorem 6.55 


Proof 


Let E x =a 1 x + b 1 y+c 1 z + d 1 =0 and E 2 =a 2 x+b 2 y+c 2 z+d 2 =0 be the two intersecting planes. 
Then, the equations of the planes bisecting between the angles are 

a 1 x + b 1 y+c 1 z+d 1 + a 2 x + b 2 y+c 2 z+d 2 

ja 2 +b 2 +c 2 ~ yja 2 + b 2 +c 2 

We have 


P(x , y, z) is a point on a bisecting plane of the given planes 
<=> The distance of P from both the planes are equal 

a x x + b x y + c x z+d l | |fl 2 x+h 2 y + c 2 z+f/ 2 | 


<=> 


ija 2 + b 2 +c 2 
a x x + bpy + c x z + d x 
y]a 2 +b 2 +c 2 


= + 


yja 2 +b 2 +c 2 
a 2 x + b 2 y+c 2 z + d 2 
yja 2 + b 2 +c 2 


(by Theorem 6.12) 
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>, QUICK LOOK 10 


To determine the plane bisecting the acute angle 
between the planes, consider one of the planes E 1 or 
E 1 and one of the bisecting planes, say, E. If the angle 


between the plane E and one of E 1 and E 1 and one of 
the bisecting planes, say, is less than Tan -1 1, then E is 
the acute angle bisector plane. 


Note: As in the case of straight lines, on the similar lines, we can find acute and obtuse angle bisecting planes and 
plane bisecting the origin angle (see Theorems 2.25 and 2.26 and Quick Look 14, Chapter 2). 


Example 


6.19 


Find a point on x-axis which is equidistant from points 
A (4,-3,7) and B (2, —1,1) and also find the equation of 
the plane passing through this point and perpendicular 
to the line AB. 

Solution: Let P(x,0,0) be a point on the x-axis. 
Therefore, 

PA=PB 
=>(PA) 2 = {PB) 2 


=> (x - 4 ) 2 + (-3 ) 2 + 7 2 = (x - 2) 2 + (-1) 2 +1 2 

=>4x=68 

=>x=17 

Hence, P (17,0,0). Now, from Quick Look 8, the equation 
of the plane passing through P (17,0,0) and perpendicular 
to AS =(-2,2,-6) is -2( x -17) + 2(y-0) -6(x - 0)=0 

=>2x — 2y+6z-34 = 0 
=>x-y+3z-17 = 0 


Example 


6.20 


Find the equation of the plane passing through the point 
(—1, 3, 2) and perpendicular to both the planes 
E 1 =x+2y+2z-5=0 and E 2 =3x + 3y+2z-8 = 0. 

Solution: Let E = 0 be the required plane. Since E is 
perpendicular to both £^=0 and £ 2 =0, its normal is 
parallel to the cross product of the normals of E l = 0 and 
E 2 =0. Therefore, the normal of E is 


i j k 
12 2 
3 3 2 


2 i+4j - 3 k 


Therefore 


£=-2(x + l) + 4(y-3)-3(z-2)=0 
= -2x+4y-3z-8=0 
= 2x-4y + 3z+8 = 0 


Example 


6.21 


Two sets of axes have the same origin. If a plane makes 
intercepts a,b and c on one set of the axes and u 1 , b x and cq 
on another set of the axes, then show that 
a ~ 2 + b -2 + c~ 2 = flq 2 + Zq 2 + ci 2 . 

Solution: Let £ be the given plane. Therefore, its equa¬ 
tions are 

x y z . 
a b c 


Since the perpendicular distance from origin onto the 
plane is the same, we have (see Theorem 6.50) 

|-1| I" 1 ! 

n t r n i r 

\ T + 72 + T Jt + 72' i "T 
V a b c b x c x 

1 1 1 _ 1 1 1 

^ _ T + 7T + ~ — — 2 + T2 + ~Y 
a b c a x b x c x 


and 


a l t>l 



=1 
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Example 


6.22 


Find the equation of the plane passing through the Since it passes through (2,-1,3), we have 
point (2,-1,3) andparalleltotheplane E, =3x+4y-lz+ 

5=0. 3(2) + 4(-l) - 7(3) + = 0 


Solution: Let E be the required plane. Since E is par¬ 
allel to the plane E 1 = 0, E is of the form 

3x + 4y- 7z+ d=0 


=>d=19 


E = 3x + 4y-7z + 19=0 


Example 


6.23 


A plane intersects the coordinate axes in A, B and C, 
respectively. If (a,p,y) is the centroid of A ABC, then 
show that the equation of the plane 


—+—+—=3 
a p 7 


Solution: Let A= (a,0,0),B=(0,b,0) andC= (0,0,c) 
so that 


G= 


a b c\ 
3’3’3J 


and the equation of the plane is 

* + ^=l (6.13) 

a b c 

Since (a,p,y) is the centroid, we have 

a _ b c 
a = ~, p = -,y = - 
3 H 3 3 

=> a = 3a, b = 3/1, c = 3y 

so that from Eq. (6.13), the equation of the planes is 

—+—+—=3 
a p y 


Example 


6.24 


If the sum of the squares of the intercepts of a variable 
plane on the coordinate axis is constant k 2 , then show 
that the locus of the foot of the perpendicular drawn 
from the origin onto the plane is 


^ {xl+yl+zl)lx x + (xj+y 2 1+ zf)/ yi + (xf+yj+zf)^ 
Therefore, the intercepts of the plane on the axes are 


(x 2 + _y 2 +z 2 ) 2 (x 2 + y~ 2 + z 2 ) = k 2 

Solution: Let E be the variable plane and a, b and c 
be the intercepts of the plane E on the coordinate axes. 
Therefore, by hypothesis, we have 

a 2 +b 2 +c 2 = k 2 (6.14) 

Let P(x 1 ,y 1 ,z 1 ) be the foot of the perpendicular from 
the origin onto E. Hence, by Quick Look 8 , the equation 
of the plane is 

xi(x-^i) + yi(y-yi) + zi(z-zi) = 0 

=> xx x + yy 1 + zzj = x\ + y\ + z\ 


2 222 222 22 

xj+yi+zi Xj+yj+Zi x 1 +y 1 +z 1 


x i y 1 *1 

Hence by Eq. (6.14), we have 

(xl + yl+zl? , (x 2 + y 2 + z 2 ) 2 , {xl+yl+zlf ^ 


x i y\ 

Therefore, the locus is 


Zi 


(x 2 +y 1 +z 2 ) 2 


/ 1 1 1 ^ 

2 + 2 + 2 
xyz 


= k A 


Example 


6.25 


A variable plane is moving such that its distance from C, respectively. Show that the locus of the centroid of 
the origin is 3 p (constant) and meets the axes at A, B and A ABC is x~ 2 + y~ 2 + z~ 2 = p~ 2 ■ 
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Solution: Let A=(a,0,0),B=(0,b,0), C=(0,0,c). Let 
G = (x 1 ,_y 1 , z x ) be the centroid so that 


Xl = 3 ,yi = 3 ,Zl = 3 


The equation of the plane is 

Z + 2 ~. 

a b c 


so that 


x y z . 


x y z 1 

- + ^— + -= 1 

3x 1 3 y l 3 Zi 


By hypothesis, we have 


V(l/9^) + (l/9y?) + (l/9z?) 


9x\ + 9yl + 9zl 9 p 2 


Therefore, the locus of G(x 1 ,y 1 ,z 1 ) is 
1 1 1 _ 1 
x y z p 


= 3 p 


Example 


A variable plane is passing through a fixed point (a, b, c ) 
and meeting the coordinate axes at A , B and C. Then 
show that the locus of the point of intersection of the 
planes through A, B and C and parallel to the coordinate 
planes is 

a b c . 

-+-+-=1 
x y z 

Solution: Let A=(a,0,0),B=(0,/l,0)andC = (0,0,y) 
so that equation of the plane is 

x y z 1 
-+—+-=1 
a p y 


Since this plane is passing through (a, b, c), we have 

(6.15) 


a b c _ 
-+—+-=1 
a p y 


Now, the equation of the plane passing through A (a, 0,0) 
and parallel to yz-plane is x = a. Similarly, the other two 
planes are y=P and z=y. Since the intersection of these 
planes is (a,P,y), from Eq. (6.15), the locus of the point 
(a, (3, y) is 

a b c „ 

-+-+-=1 
* y z 


Example 


6.27 


P is a variable point in the plane 


Since P belongs to the plane 


x y z . 

a b c 


x y z 1 
-+-+-=1 
a b c 


The plane passing through P and perpendicular to OP 
(O is the origin) meets the coordinate axes at A, B and C. 
Show that the equation to the locus of the point of inter¬ 
section of the planes through A, B and C and parallel to 
the coordinate planes is 

v -2 + _v -2 +z~ 2 ={ax)~ l + (by)~ 1 + ( cz)~ 1 

Solution: Suppose P=(a,(3,y). Therefore, the equa¬ 
tion of the plane passing through P and perpendicular 
to OP is 


a{x-a) + f5{y-f}) + y(x - y)=0 
=s> ax+f3y+yz=cc 2 + fi 2 +y 2 (6.16) 


we have 


a fi y . 
a b c 


(6.17) 


The plane represented by Eq. (6.16) meets the coordi¬ 
nates axes at 


A 


f a 2 +p 2 +y 2 


a 


( 


B 


\ 

,0,0 

2 \ 


0, ^2l21 r 


and 


C 


0 , 0 , 


a 2 + p 2 + y 2 ^ 


V 


7 


/ 
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Hence, the equations of the planes passing through A, B 
and C and parallel to coordinate planes are 

x _a 2 + p 2 + y 2 
a 

a 2 + p 2 + y 2 

y ~ P 


and 


z=- 


a 2 +p 2 + y 2 


7 

Suppose the point of intersection of these three planes is 
Q(x x ,y x ,z x ) so that 


and 


Zi = - 


a 2 + p 2 + y 2 


7 


Therefore, from Eq. (6.17), we have 


1 1 1 _(a / a)+(PIb) +(y/c) _ 1 

ax l by 1 czi a 2 +p 2 + y 2 a 2 +p 2 +y 2 


Also 


J_ J_ 1 _ a 2 +p 2 + y 2 _ 1 

'x 2+ 7i + ^~(oc 2 +p 2 + y 2 ) 2 ~ a 2 +p 2 + y 2 


Therefore 


x, = - 


7i=- 


a 2 +/I 2 + y 2 
a 

a 2 + p 2 + y 1 


1111 1 1 
x{ y{ z{ ax 1 by l cz 1 

Hence, the locus of Q(x 1 ,y 1 ,z 1 ) is 

111111 
x y z ax by cz 


Example 


A plane E is intersecting three mutually perpendicular 
planes on the sides AB , BC and CA of AABC. If the 
angles between the plane E and the three planes are a , ft 
and % respectively, then prove that cos 2 y = cot5cotC, 
cos 2 [3 =cot C cot A and cos 2 a = cot A cot B. 

Solution: Without loss of generality, we can consider 
that the three mutually perpendicular planes are the co¬ 
ordinate planes. Suppose the equation of the plane E is 

x y z , 
a b c 

so that A = (a,0,0),B = (0,b,0) and C = (0,0,c). Hence, the 

DRs of Ail and AC, respectively, are (-a, b, 0) and 
(-a,0,c). Therefore, from the dot product and cross prod¬ 
uct of vectors, we have 


tan A = 


hi 2 , 2 2 , 2 >2 

b c +c ci + ci b 


Similarly 


• cot A= 


cot 5 = 


^ Jb 2 c 2 +c 2 a 2 + a 2 b 2 


■<jb 2 c 2 +c 2 a 2 +a 2 b 2 


and 


cot C = - 


1,2 2 , 2 2 , 2 t2 

^b c +c a +a b 
If a is the angle between the plane E and yz-plane, then 
(l/a) + 0 + 0 be 


cosa = 


yj(l / a 2 ) + (1 / b 2 ) + (1 / c 2 ) sjb 2 c 2 +c 2 a 2 +a 2 b 2 


Therefore 


cos a = 


b 2 c 2 


b 2 c 2 +c z a 2 +a 2 b 2 


=cot B cotC 


Similarly, we can prove the other parts. 


Example 


6.29 


Let E x = 2x-7y + 4z-3=0 and E 2 = 3x-5y+4z + ll = 0 
be two intersecting planes. Find the equation of the plane 
passing through the intersecting line of E 1 = 0 and E 2 =0 
and also through the point (-2,1,3). 


Solution: Let the required plane be E. Then by Theo 
rem 6.54, we have E=E 1 + XE 2 for some A. That is, 

L = (2x-7y + 4z-3) + A(3x-5y + 4z + ll) =0 
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Now, £ passes through the point (-2,1,3). So 

(-4-7 + 12-3)+A(-6-5+12+ll)=0 
=>-2 + 12 A =0 

=>k=- 

6 


Therefore, the plane 


£ = (2x-7y+4z-3) + -(3x-5y+4z + ll)=0 
6 

■£ = 15x-47y+28z-7=0 


Example 


Find the equation of the plane passing through the inter¬ 
section of the planes E 1 =x + 2y + 3z-4 =0 and 
E 2 =2x + y-z + 5=0 and perpendicular to the plane 
5x + 3y+6z + 8 =0. 

Solution: Let E=E 1 + XE 2 = 0 be the required plane. 
That is, 

£ = (l+2A)x+(2 + A)y+(3-A)z-4 + 5A=0 


E = 0 is perpendicular to the plane 5x + 3y + 6z + 8 = 0. So 
their normals are at right angles. This means 

5(l+2A) + 3-(2 +A)+6(3-A)=0 
=>7A =-29 
5 -29 

=S> A =- 

7 

Therefore, £' = 51x + 15y-50z +173 = 0. 


Example 


6.31 


Let E 1 =x+2y + 2z~9=0 and£ 2 = 4x-3y+12z + 13 = 0 
be two planes. Find the following planes: (a) The bisect¬ 
ing planes of the angle between E 1 and E 1 . (b) The acute 
angle bisector plane of E 1 and E r (c) The angle which 
contains the origin. 

Solution: 

(a) Bisecting planes are 

x + 2y + 2z~9 4x-3_y + 12z+13 
a/i 2 + 2 2 +2 2 _ a/4 2 + (-3) 2 + 12 2 

That is, 

x + 35y-10z-156 = 0 (6.18) 

and 25x-17y + 62z-78 = 0 (6.19) 

(b) Let 9 be the angle between E 1 and the plane pro¬ 
vided in Eq. (6.18). Therefore 

m ,p- l(l) + 2(35) + 2(—10) 17 

•y/l 2 +2 2 +2 2 y] 1 2 +35 2 +10 2 v/1326 


Now 


=» sec 9 = 


V1326 
17 


tan 2 9= sec 2 


1326 1027 

289 ~ " 289 


=>tan0= 


VT027 

17 


>1 


Therefore, Eq. (6.18) represents the obtuse angle 
bisecting plane and hence Eq. (6.19) represents 
acute angle bisecting plane. 

(c) The constant terms of the given planes are -9 and 
13. Multiply E 2 = 0 with (-1) so that 

E 1 = -x-2y-2z+9 = 0 
and E 2 = 4.r-3y + 12z+13=0 
Now, 

a x a 2 + b^b 2 +c x c 2 = -4 + 6-24= —18 <0 
Flence, the origin lies in the acute angle region. 


6.4 Line 

It is said that if two planes intersect, they intersect in a straight line (Axiom 6.4) and the equation of a plane is a first- 
degree equation in x, y and z. Flence, a straight line can be represented by a pair of intersecting planes. For example, 
x-axis is the intersection of xy-plane and zx-plane and hence x-axis equations are y =0 and z = 0. Similarly, y-axis 
equations are z = 0and x = 0 and z-axis equations are x = 0 andy=0. 
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Theorem 6.56 
(Parametric 
Form of 
a Straight 
Line) 

The equations of the line passing through the point A(x 1 ,y 1 ,z i ) (see Fig. 6.32) and having the 
DCs (Z,m,n) are x=x 2 +lr, y=y 3 +mr and z=Z\ +nr, where r is real. 

Proof 

It is known that the equation of the line passing through the point a and parallel to a vector h is 
r = a + tb,te R (see Theorem 5.27, p. 333, Vol. 2). Now, take a=(x l ,y 1 ,z 3 )-x 1 i+yj+z 3 k and 
b=(l,m,n)=li+mj + nk. Let r-{x,y,z) = xi+yj + zk be any point on the line.Then 

xi + yj + zk = (jq i + yq /+ Z\ k) + t(li + mj + nk ) 

=$x = x 1 +tl, y=y 3 +tm, z = Zi+tn 

Replacing t by r , we have 

x = jq + Ir, y = y 3 + mr and z = Z\ + nr 

(/, m, ri) 


4(*i.ki’ z i) P(x,y,z) 

FIGURE 6.32 ■ 


Before pronouncing the symmetric form of a line we adopt the following convention. 

Convention: Let a x ,a 2 ,...,a n and Zq, b 2 ,..., b n be real numbers. We write 

(l-y a 2 dyj 

b l b 2 b n 

only to mean that a x \a 2 :a 3 :--:a n =b l :b 2 :b 3 :---:b n . If some b. s are zeros, then we mean that the corresponding a. s 
are zeros. In this case the parametric form of the line can be written as 

x-x 1 _ y-y 1 _ z-z 1 

1 m n 

which is called the symmetric form of a line. 


s, QUICK LOOK 11 (SYMMETRIC FORM OF A LINE) 


The equation of the line passing through the point Here, DCs may be replaced DRs as well. Also 

(.X\,y\,Z\) having (l,m,n) as DCs is , 2 , , 

(*-*i) +{y-y 1 ) +{z-zf) =r 



x-x t y-yi z-Zi 

= = Hence, /' gives us the distance of ( x,y,z ) from the 

m n given point (x\,y\,Z\)- 

Theorem 6.57 

If E x =a 1 x + b 1 y + c 1 z+d 1 =0 and E 2 =a 2 x + b 2 y + c 2 z+d 2 =0 be the two intersecting planes where 
L is their line of intersection, then determine the symmetric form of the line L. 

Proof 

Let n 1 ={a l ,b l ,c 1 ) andn 2 ={a 2 , b 2 ,c 2 ) which are the normals of = 0 and E 2 = 0. respectively. 
Hence, the line L is parallel to n l x n 2 so that the DRs of the line L are (Zqc 2 - b 2 c 3 , c x a 2 - c 2 a 3 ,a 3 b 2 - 
a 2 bf). Now, we find a point on L. Since one of the DRs is not zero, we consider that ( a x b 2 -a 2 b x )^0. 
ITierefore, the equations a 1 x + b 1 y=-d 1 and a 2 x + b 2 y=-d 2 have unique solutions 
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6.4 I Line 


bjd 2 b 2 d 1 
a l b 2 -a 2 b l 


and 


y=- 


d^ci 2 d^ci^ 


a 1 b 2 -a 2 b 1 

so that the point (jc, y, 0) lies on L. Therefore, the symmetric form of L is 

x-[(b l d 2 -b 2 d 1 )l(a l b 2 -a 2 b l )] _y-[(d ] a 2 -d 2 a ] )l(a ] b 2 -a 2 b t )\_ z-0 


b i^ 2 ~ b 2 C\ 


c l a 2 ~ c 2 a l 


a 2 b 2 — a 2 b 2 


Theorem 6.58 


The plane E=ax + by + cz + d=0 contains the line 


Proof 


L . x ~ x i _ y-yi _ z-zi 

l m n 

if and only if (a) al + bm + cn = 0 and (b) ax 1 + by x +cz 1 +d = 0. 

Suppose the line L is contained in the given plane. Since (x 1 ,y 1 ,Z\) lies on L and L is contained 
in E - 0 we have 


ax 1 + by x + czi + d = 0 

Also the normal ( a,b,c ) of E = 0 is perpendicular to the line L. This implies 

(a,b,c)-(l,m,n)=0 
=>al+bm+cn=0 


Conversely, assume that 

and 


ax x + by 1 +czi+d = 0 
al + bm+cn =0 


( 6 . 20 ) 

( 6 . 21 ) 


Since one of a , b and c is not zero, we have that the vector ( a,b,c ) is normal to the plane 
E=ax + by+cz + d= 0. Also from Eqs. (6.20) and (6.21), we have that (jc 1 ,y 1 ,z 1 ) lies in 
E=0 and al + bm + cn = 0 which implies that ( l,m,n ) is perpendicular to the normal ( a,b,c ) ori? 
= 0. Hence, L must lie in the plane E = 0. B 


QUICK LOOK 12 


1. To show that a line lies in a plane, it is enough if we 
show one point of the line belongs to the plane and 
the normal to the plane is perpendicular to the line. 

2. If al + bm + cn = 0 then the equation of the plane 
containing the line 


a(x-x 1 ) + b(y-y 1 )+c(z-z 1 ) = 0 

In the relation al + bm + cn = 0, if a, b and c vary, then 
we obtain system of planes containing the line. 


6.4.1 Discussion on Nature of Three Planes 

If n 1; n 2 and II 3 are three planes, any one of the following three cases may arise: 

Case 1: All three planes IIj, n 2 and n 3 are parallel to each other (i.e., their normals are parallel). 

Case 2: Two planes are parallel and the third plane intersects them in parallel lines (see Fig. 6.3,Theorem 6.12). 
Case 3: No two planes of fl 3 , fl 2 and II 3 are parallel. In this case, there are three sub-cases: 
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1. All three planes interest at a point. That is, the three lines of intersection of the planes, which are taken 
pairwise, are concurrent [see Fig 6.6(a),Theorem 6.18]. Example: every corner of a room is a point of in¬ 
tersection of three planes. 

2. All three planes intersect in a single line [see Fig 6.6(b),Theorem 6.18], 

3. Every two planes intersect in a line which is parallel to the third plane. In this case, the planes form a 
triangular prism [see Fig 6.6(c), Theorem 6.18]. That is, if ITj nn 2 = 1^,112 nll 3 = L 2 andn 3 nllj = L 3 , 
thenZ^ | n 3 ,L 2 || n 1 and L 3 1| n 2 . Suppose the equation of the planes n^FE andll 3 are 

E 1 =a 1 x + b 1 y+c 1 z+d 1 — 0 (6.22) 

E 2 = a 2 x + b 2 y + c 2 z+d 2 =0 (6.23) 

E 3 = a 3 x + b 3 y+c 3 z+d 3 =0 (6.24) 

If a x :a 2 :a 3 :=b l :b 2 : b 3 = c, :c 2 :c 3 , then the three planes are parallel. Suppose n, and n 2 are parallel 
and they interest II 3 so that L 2 andL 3 are parallel. Then, E 2 =0 = E 3 represents L 2 and £, =0 = E 3 
represents L 3 . 

In the above three cases, let us discuss Case 3 (when no two planes out of n 1 ,n 2 andll 3 are parallel) in detail. Let us 
consider that 




h 

Cl 

A= 

a 2 

b 2 

c 2 


a 3 

h 

c 3 


d^ 

b i 

C 1 

Ai = 

d 2 

b 2 

c 2 


d 3 

b 3 

c 3 


a 3 

d 3 

Cl 

A 2 = 

a 2 

^2 

C 2 


a 3 

d 3 

C 3 


a i 

b i 

d 3 

A 3 = 

a 2 

b 2 

d 2 


a 3 

b 3 

d 3 


1. Suppose A^O. Then, by Cramer’s rule (Theorem 8.46, p. 413, Vol. 1), the three Eqs. (6.22)-(6.24) have unique solu¬ 
tion and hence the three planes are concurrent at a point. 

2. Suppose A = 0andA 3 =0. Since n 2 nII 3 =L 2 the DRs of L-, are 

0 a 2 ,b 2 ,c 2 ) x (a 3 ,b 3 ,c 3 ) = (b 2 c 3 -b 3 c 2 ,c 2 a 3 -a 2 c 3 ,a 2 b 3 -a 3 b 2 ) 

Now, 

A = 0=>n 1 (b 1 c 3 —b 3 c 2 ) + b 1 ( c 2 a 3 —c 3 fl 2 ) + c 1 ( a 2 b 3 -a 3 b 2 ) = 0 
So the line L 7 is parallel to the plane IIj. 

Also if a 2 b 3 -a 3 b 2 ^0, then by Theorem 6.57, the point 

(b 7 d 3 —b 3 d 7 d 2 a 3 -d 3 a 2 ' 

\a 2 b 3 -a 3 b 2 ’ a 2 b 3 -a 3 b 2 ’ , 


lies on L 2 . Therefore 


b 7 d 3 — b 7 d ^ 


J 3 U 2 


K a 2 b 3 -a 3 b 2 , 


+ Z?i 


d 2 Cl 3 ^^2 
\a 2 b 3 -a 3 b 2 j 


+ c 3 (0) + d 3 — 


a 2 b 3 — a 3 b 2 


-=0 


(••■ a 3 =0) 


That is, a point on the line L 9 also lies in the plane IE andL 2 is parallel to IE so that L ? lies in I1 1 . Therefore 
L l = L 2 =L 3 . Similarly, A = 0=> A 3 =0 and A = 0=> A 2 =0. 
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3. Suppose A = 0,A 3 * 0. A = 0 implies that the line L-, is parallel to n 3 .Also 

A, 

A 3 *0=>-5 

a 2 b 3 —a 3 b 2 

so that the line L-, does not lie in IT,. In this case, triangular prism is formed. 


s, QUICK LOOK 13 


If A = 0, then either all A ; (where j = 1,2 and 3) are zero or all A ; (where y = l,2 and 3) are non-zero. 


6.4.2 Method to Solve Problems on Three Planes 

1. Check whether all three planes are parallel. If all the three planes are parallel, then no common solution exists for 
the three equations. 

2. If two planes are parallel and the third intersects both in parallel lines, then there exists no common solution. 

3. If A*0, then all three planes meet at a unique point. 

4. If A = 0 and one of A 1; A 2 andA 3 is not zero, then the three planes form a triangular prism. 

5. If A = 0 and A 3 = A 2 = A 3 = 0, then the equations have infinitely many solutions and the three planes intersect in 
a single line. 


Example 


6.32 


Discuss the nature of the following three planes: 

1. 2x + y + z + 4=0, y- z + 4 = 0,3x+2y+z+8=0 

2. 4x-5y-2z-2 = 0, 5x-4y+2z + 2 = 0, 2x + 2y 
+ 8z-l=0 

3. 2x + 3y-z~2 = 0,3x + 3y+z-4 = 0, x-y+2z-5 = 0 

Solution: 

1. We have 


A = 


2 11 
0 1-1 
3 2 1 


= 2(1+2)-l(0+3) + l(0-3) = 6-6=0 


2. We have 

4 -5 -2 
5-4 2 

2 2 8 
-2 -5 -2 
2-4 2 

-12 8 


A = 


Ai = 


= 4 (-32-4) + 5(40-4)-2(10+ 8) 

= -144 + 180-36=0 

= -2(-32-4)+5(16 + 2)-2(4-4) 
= 72 + 90 = 162*0 


Hence, the three planes form a triangular prism (in 
this case, the system of equation has no common solu¬ 
tion). 


3. We have 



4 

1 

1 


1 

1 

1 



2 

3 

-1 

Ai = 

4 

1 

-1 

= 4 

2 

1 

-1 

= 4(0) = 0 

A = 

3 

3 

1 


8 

2 

1 


2 

2 

1 



1 

-1 

2 


Hence, the three planes intersect in a single line (thus, 
the three equations have infinitely many common 
solutions). 


= 2(6 +1) - 3(6 -1) -1(-3 - 3) 
= 14-15 + 6=5*0 


Hence, the three planes are concurrent at a point (i.e., 
the three equations have unique solution). 


The equation of the plane passing through the line 

x-x l= y-y l= z z z l 

/ x ni\ n 3 


Theorem 6.59 
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Chapter 6 I Three-Dimensional Geometry 


Proof 


and parallel to the line 


*2 y-yi 


is 


x-x 1 y-y 1 Z-Z l 


U 


= 0 


Let L x and L 2 be the given lines and A = (x l ,y l ,z{) (see Fig. 6.33). Let 
=(/ 1 ,m 1 ,n 1 ) and «2 =(Z 2 ,wt 2 ,n 2 ) so that n 2 xh 2 is perpendicular to the required plane. Now 

P(x,y,z ) is any point in the plane 
s^APAJ^ xn 2 ) = 0 




x-x 1 y-y-L z-Zi 
U mi n, 


m 2 


n 2 


= 0 



a 


QUICK LOOK 14 


The equation of the plane containing both the lines 
x-xi _ y-y 1 _ z-z 1 and x-^ 2 _y-y 2 _z-z 2 


L 


x-x x y-y 1 z-Z! 

/j m l «| 

h m 2 n 2 


= 0 


IS 


Example 


6.33 


If the points A(a,b,c), B(a',b',c') and the origin are col- 
linear, then show that 

| aa'+bb'+cc'\=sja 2 +b 2 +c 2 <Ja' 2 +b' 2 +c' 2 

Solution: The equation of the line AB is 

x-a y-b z-c 
a'—a b'-b c' — c 

This passes through origin which means 

a b c 
a-a' b-b' c—c' 

a-a' b-b' c—c' 

=>-=-=- 

a b c 



a' b' c' . 

> — = — = — = A 
a b c 


(say) 


Therefore 

0 a 2 + b 2 +c 2 ) (a' 2 + b' 2 +c' 2 )=A 2 ( a 2 +b 2 +c 2 f 


= (Aaa + Abb + Acc) 2 
= (a'a + b'b + c'c) 2 


Hence 


| a’a + b'b + c'c\=yja 2 +b 2 +c 2 ■ yja' 2 + b' 2 + c' 2 






































427 


6.4 I Line 


Example 


6.34 


Find the shortest distance and the equation of the line con- Let the given skew lines be L x and L 2 , respectively. The 
taining the shortest distance segment of the skew lines plane containing L } and LM is 


and 


x —3 y—4 z+2 
x-l y+1 z+2 


Solution: See Fig. 6.34. We have A = (3,4, -2), 
b = (- 1, 2,1), C = (l,-7,-2) and d=( 1, 3, 2). Let LM be 
the shortest distance between the lines. Flence, by Theo¬ 
rem 6.44, p. 413, Vol. 2, we have 

\AC-(bxd)\ 

LM =————- = V35 
\bx d\ 



x—3 y-4 
-1 2 
1 3 


z + 2 
1 
2 


= 0 


■ 13* + 4y + 5z-45 = 0 


(6.25) 


Flere we have used (1,3,-5 )=bxd. 

Also, the equation of the plane containing L 2 and LM is 


x-l y+7 z+2 
13 2 

13-5 


= 0 


=>3x-y-10 = 0 (6.26) 

Intersection of the planes provided in Eqs. (6.25) and 
(6.26) is LM. Hence, the equation of the line containing 
the shortest distance segment is 

13* + 4 y + 5z - 45 =0 = 3x-y-10 


Example 


6.35 


Suppose 5x-y-z=0=x-2y+z+3 and7*-4y-2z = 0 = 
x-y+z -3 represent skew lines. Find the shortest dis¬ 
tance between them and also find the equation of the 
shortest distance. 

Solution: Let the lines 

5x-y-z = 0=x-2y + z+3 (6.27) 

and 7x-4y-2z = 0=x-y+z-3 (6.28) 

be L y and L 1 , respectively. The equation of any plane 
passing through L v by Theorem 6.54, is 

(5x-y-z)+h(x-2y+z+3)=0 (6.29) 

and the equation of the plane passing through L 1 is 

(7x-4y-2z) + n(x-y + z-3)=Q (6.30) 

Equations (6.29) and (6.30) represent parallel planes. 
This means 


5+A_-l-2A_ A-l 
7 + n -4 ~n n~2 


Now, 


5+T _ (1+2T) 
7 + H (4+li) 
1+2/1 _ X-l 
4 + n fi-2 
5+A _ A-l 
7+n fi-2 


10A-4|t + A i u = 13 
8A-2 J u-A J u = 2 


9A-6 J u=-3 


Adding Eqs. (6.31) and (6.32), we get 


18A-6 J u=15 

=>62,—2fi=5 


(6.31) 

(6.32) 

(6.33) 


(6.34) 


Solving Eqs. (6.33) and (6.34) for A and fi , we have 
A = 2 and fi = 712. Substituting the values of A and fi in 
Eq. (6.29), we get the planes passing through L, andL 2 , 
which are parallel to each other, as 


7 x — 5y + z + 6=D 


7x-5y+z-7=D 


and 


(6.35) 

(6.36) 

































428 


Chapter 6 I Three-Dimensional Geometry 


The distance between the planes provided in Eqs. (6.35) 
and (6.36) is 

|6 + 7| 13 

a / 7 2+ ( _5 ) 2 + i2“ > /75 

The planes represented by Eqs. (6.29) and (6.35) are at 
right angles. This implies 

7(5+A) - 5(-l - 2A)+1(A -1)=0 

5 -13 
=>A = — 

That is the equation of the plane passing through L l and 
perpendicular to the plane provided in Eq. (6.35) is 



=> 17x + 20y-19z-39=0 (6.37) 


Also the planes represented by Eq. (6.30) is perpendicu¬ 
lar to the plane represented by Eq. (6.27). So 

7(7 + J u)-5(-4- J u)+l( J u-2)=0 

=t>13 J u = -67 

-67 

=>n =- 

13 

Substituting the value of ji = -67 / 13 in Eq. (6.30), we 
have 

8* + 5y-31z+67 = 0 (6.38) 

which is the plane passing through the line L 1 and per¬ 
pendicular to the plane represented by Eq. (6.30). From 
Eqs. (6.37) and (6.38), the equation of the line having the 
shortest distance is 

17x +20y-19z-39 = 0 = 8*+ 5y-31z+67 


Example 


6.36 


Find the equation of the line intersecting the lines 

2* + y —l=0 = *-2y+3z, 3* —y+z+2=0=4* + 5y-2z-3 

i , ,• *-l y- 2 z-3 

and parallel to the line -=-=-. 

F 12 3 

Solution: The required line equation is 

(2x+y— 1) + A(* - 2 y + 3 z) = 0 

= (3*-y+z+2) + /r(4* + 5y-2z-3) 

so we have 

(2 + A)*+(1 - 2 A)y+3Az -1=0 

= (3+4 J u)* + (-l + 5 J u)y + (l-2 J u)z+2-3 J u (6.39) 


is parallel to the line 

*-l _ y-2 _ z-3 
1 “ 2 “ 3 

Therefore 

1(2 + A) + 2(1- 2A) + 3(3A)=0 =1(3+4^)+2 (-1+5/x) 

+ 3(1—2//) 

=>6A = -4 and 8 /u = -4 

=>A=— and u = — 

3 2 

Substituting the values of A = -2/3and|t = —1/2 in Eq. 
(6.39), the required line equation is 

4x +1 y — 6z - 3 = 0 = 2x -1 y + 4z + 7 


Example 


6.37 


Find the angle between the planes *-y-2z + 9 = 0 
and * + 2y + z - 5 = 0. 

Solution: The angle between the two planes is equal 
to the angle between their normals (see Definition 6.12). 
n 1 = (l,-l,-2) and n 2 =(1,2,1) are normals to the given 


two planes, respectively. Suppose 6 is the angle between 
the normals. Hence 

\ni-n 2 \ |1 —2 —2| 1 

cos61= ' t p . =-— r r = — 
ni ■ U 2 v6y6 2 

Therefore, 9=kI3. 


Example 


6.38 


x-1 y—2_ z-3 


Find the foot of the perpendicular and also the perpen¬ 
dicular distance of the point (5,9,3) from the line 


2 


3 


4 
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Solution: See Fig. 6.35. Let M (x, y, z ) be the foot of 
the perpendicular drawn from P onto the given line. 
Therefore, x = 1 + 2A, y = 2 + 3 A and z = 3 + 4A for some 
real A Therefore, 

PM=( 2A-4, 3A-7.4A) 

PM is perpendicular to the line 

=>PM(2,3,4) = 0 
=> 2(2A - 4) + 3(3A - 7)+4(4A)=0 
=>29A = 29 
=> A=1 

Therefore, the foot of the perpendicular M = (1 + 2,2 + 3, 
3+4) = (3,5,7). Also 


6.4 I Line 

\PM\ = 7(5 - 3) 2 + (9 - 5) 2 + (3 - 7) 2 

= ^4 + 16 + 16 
= 6 


P(5,9, 3) 


4(1,2,3) M 


(2,3,4) 


FIGURE 6.35 


Example 


6.39 


Find the symmetric form of the line x + 2y-z-6 = 0 = 
2x + 3y - z - 8. 


Solution: Let E 1 = 2x + 2y-z-6 = 0 = 2x + 3y-z-8 
= E 2 and L be the line represented by the planes E x = 0 = 
E 2 . Therefore, the DRs of L is 


(2, 2, -1) x (2, 3,-1) 


1 j k 

2 2-1 
2 3-1 


= i + 2k 


Also, substitute z = 0 in the plane equations so that 2x + 
2y = 6 and 2x +3y = 8. Solving these equations, we get x = 
1 and y = 2. Therefore, (1, 2, 0) is a point on the line L. 
Flence, the equation of the line is 

x —1 y-2 z-0 

~+2 


Example 


Find the angle between the lines 

x + 2y-2z-ll = 0 = x-2y + z- 9 
x-3 y+5 z —1 


and 


1 -3 


Solution: Let L, be the line 


x + 2y-2z-ll = 0 = x-2y + z- 9 


so that DRs of L l is 


i j k 
12-2 
1-2 1 


= -2i -3j-4k 


Let L 2 be the line 


x-3 y+5 z-1 


1-3 2 

Let 9 be the acute angle between L x and L 1 . Therefore, 
|(— 2, — 3, — 4) - (1, — 3,2)| _ 1 


COS0 = 


V2 2 +3 2 + 4 2 Vl 2 +3 2 +2 2 V406 


Example 


6.41 


Find the equation of the plane through the point (1, 4,-2) Solution: Let L be the line of intersection of the 

and perpendicular to the line of intersection of the planes planes. Hence, the DRs of L is 

x + y + z-10 = 0 and 2x - y + 3z - 18 = 0. 
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1 j 
1 1 

2 -1 


= 4 i -j-3k 


Since the required plane is perpendicular to L, the DRs 
of the normal of the plane are the DRs of L. That is (4, 
-1, - 3). Hence the equation of the plane is 

4(x - 1) - l(y - 4) - 3(z + 2) = 0 
=> 4x - y - 3z - 6 = 0 


Example 


6.42 


Find the point of intersection of the line 
x-2 _ y-l _ z-3 

~^3~^r~~2~ 

and the plane 2x + y- z- 3 = 0. 


>-l-6A=0 

>A=— 

6 


Hence, the required point is 


Solution: Any point on the given line is of the form (2 
- 3 A, 1 + 2A, 3 + 2A). This point lies on the given plane. So 




,3 + 2 



5 2 8 
2’3’3 


2(2-3A) + (l+2A)-(3 + 2A)-3=0 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 

1. The angle between the lines whose direction cosines 
satisfy the relations l + m + n = 0 and 3 Im - 5 mn + 2nl 
= 0 is 


(A) f 

(C) f 


Solution: We have 


(B, f 

(D) Cos" 1 


>/l6. 


I + m + n = 0 
3 Im - 5 mn + 2 nl = 0 


(6.40) 

(6.41) 


From Eq. (6.40), we have « = -(/+ m). Substituting this 
value of n in Eq. (6.41), we have 

3 Im + 5m (/ + m) - 21 (/ +m) = 0 

=>21 1 -61m —5m 2 =0 

^ 2 (- T - 6 (- l - 5 =° 


If l 1 lm l and l 2 lm 2 are the roots of this quadratic in 1/m, 
then 


(/ ^ 
l l 

(/ ^ 
l 2 

m \ J 

{ m 2 J 


-5 

y 


(6.42) 


fi) 

fF) 




(6.43) 


Substituting m = - (1+ n) in Eq. (6.42), we have 

-5 

y 

Therefore, from Eqs. (6.42) and (6.43), we have 

^ = « = (say) 

-5 2 3 

Therefore 

(/ 1 ,m 1 ,n 1 )-(/ 2 ,m 2 ,n 2 ) = ^i^ +m 1 m 2 +n 1 n 2 
= ;i(-5 + 2 + 3) 

= A ( 0)=0 

Therefore, the two lines are at right angles. 

Answer: (B) 

2. The direction cosines of the line joining the points 
P(4,3, -5) and Q(- 2,1, -8) are 

(A) f-.-.-l or f—. — 


7 ’ 7 ’ 7 


111 


(6 -2 3) (-6 2 -3 

] [yyyj or [yy’y 

(C) f6,y,ilor^^y 

v 7 7 7 / l 7 7 7 
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Worked-Out Problems 


6 -2 -3 


(D) or 


111 


-6 2 3 


111 


Solution: The DRs of the line PQ are 

(-2-4,l-3,-8+5)=(-6,-2,-3) 

Therefore 


\pq\=^6 2 + 2 1 + 3 1 =1 
Therefore, the DCs of the line PQ is 


-6-2-3 

T’T’T 


6 2 3 
7 ’ 7’7 

Answer: (A) 


3. If A = (3, 6, 4), B = (2, 5, 2), C = (6, 4, 4) and D = 
(0,2,1), then the length of the projection of AB on 
CD is equal to 

(A) 4 (B) 3 (C) 1 (D) 2 

Solution: AB = {- 1,-1,-2) and CD-(- 6,-2,-3) are 
the DRs of the lines AB and CD . Therefore, the mag¬ 
nitude of the projection of AB on CD (see Theorem 


6.29) is 


\ab-cd\ 

(—!)(—6) + ( 1) ( 2)+(-2)(-3) 

\cd\ 

V(-6) 2 +(-2) 2 +(-3) 2 


Answer: (D) 


4. The DRs of the line 3x + l=6v-2 = l- z are 


(A) 



Solution: We have 
3x+l=6y— 2=1 —z 


(B) (3,i-l) 



JC+ (1/3) y-(l/3) z-1 
1/3 ~ 1/6 “ -1 


Therefore, the DRs are 



Answer: (C) 


5. The DRs of the line perpendicular to the plane deter¬ 
mined by the lines 

x y —1 z + 2 , x + 3 y+2 z-1 

— =-=- and -=-=- 

2-3-2 -12 3 


are 

(A) (5,4,1) (B) (5,4,-1) 

(C) (-5,4,-1) (D) (5,-4,1) 

Solution: We have n l = (2, — 3,- 2) and n 2 = (—1, 2, 3) 
as the DRs of the two given lines, respectively. Hence, 
is the normal to the plane determined by the 
given lines is 


1 7 

2 -3 
-1 2 


k 

-2 

3 


=—5 i -4/ +k 


Therefore, the DRs of the normal are (-5, -4,1) or (5, 
4,-1). 

Answer: (B) 


6 . The point of intersection of the lines 

x-1 y-2 z-3 x—4 y-1 

-= --=- and -= --= z 

2 3 4 5 2 

is 

(A) (1,1,1) (B) (1,1,-1) 

(C) (-1.1.-1) (D) (-1,-1,-1) 

Solution: Let the given lines be L x and L 2 ,respectively. 
Every point on L x is of the form (1 + 2t, 2 + 3t, 3 + At) and 
every point on L 1 is of the form (4 + 5s, 1 + 2s, s). These 
two lines intersect at same point P This implies 


1 + 2f = 4 + 5s => 2t - 5s = 3 (6.44) 

2 + 3t = 1 + 2s => 3f - 2s = - 1 (6.45) 

3 + 4t = s=>4t-s = -3 (6.46) 

Solving Eqs. (6.44) and (6.45), we have t=— 1 and s = - 1 


which also satisfy Eq. (6.46). Therefore, the point of inter¬ 
section is (-1, -1, -1). 

Answer: (D) 

7. The foot of the perpendicular drawn from the point 
(1,0,2) onto the line 

x+1 y-2 z+1 

is 

(A) (i-'-y) (B) (I - 1 -- 1 

(B) (f,y-2) (D) a-2,-1) 
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Solution: Any point on the given line is of th e fo rm 
Q = (-1 + 3A, 2 - 2A, - 1 - A). Let P = (1, 0, 2). PQ is 
perpendicular to the given line => PQ and the vector (3, 
-2,-1) are at right angles. So 

(3A-2,2-2A,-3-A)(3,-2,-l)=0 
=>9A-6-2(2-2A)-l(-3-A)=0 
=>14A = 7 



Therefore 


Q= 



is the foot of the perpendicular from P onto the line. 

Answer: (D) 


9. The image of the point (1, 6, 3) in the line 
x _y-l _z-2 j s 

(A) (1,0,7) (B) (3,-2,3) 

(C) (3,-1,1) (D) (-3,0,1) 

Solution: Let P = (1, 6, 3) and Q(A, 1 + 2 A, 2 + 3 A) be 
two points on the line so that 

PQ=(A- 1,2A-5,3A-1) 

Now, PQ is perpendicular to the given line. This implies 
(A-l, 2A-5,3A-1)-(1,2,3)=0 
=> (A -1) + 2(2A - 5) + 3(3A -1)=0 
=>14A=14 
=> A=1 


8 . The lines 



x- 1 y+1 z —1 

3 ” 2 “ 5 

and 

x—2 y— 1 z+ 1 

4 3 -2 

intersect at 

(A) (1,3,2) 

(B) (2,3,1) 

(C) no point 

(D) (2,-3,- 


Solution: Let L t and L ^ be the two given lines so that 
the general points on L x and L ? are (1 + 3f, - 1 + 2 1, 1 + 5f) 
and (2 + 4s, 1 + 3s, - 1 - 2s), respectively. The two lines L { 
and L-, intersect. This implies for same t and ,v we have 

1 + 3f = 2 + 4s => 3f - 4s = 1 (6.47) 

-l + 2t=l + 3s^>2f-3s = 2 (6.48) 

1 + 5t = -1 - 2s => 5t + 2s = -2 (6.49) 

Solving Eqs. (6.47) and (6.48), we have t = - 5 and s = - 4 
which do not satisfy Eq. (6.49). Hence L 1 and L 2 do not 
intersect. 


Aliter: Let A = (1, -1,1), B = (2,1, -1), iq = (3,2,5) and 
h 2 = (4, 3,-2). Also iqandiq are not parallel => the 
lines are not parallel. Now 


[AB n 2 n 2 \= 


12-2 

3 2 5 

4 3-2 


= 1(-4-15)-2 (-6-20)-2(9-8) 
= -19 + 52-2*0 


Therefore, the lines are not coplanar and hence they are 
skew lines. 


Therefore, the foot of the perpendicular from P onto the 
line is <9(1,3,5). If P'(x,y,z) is the image ofPin the given 
line, then <2(1,3,5) must be the midpoint of PP'. Hence, 
we get 

r±l=i,r±^=3,—=s 
2 2 2 

Therefore, P' = (1,0,7). 

Answer: (A) 

10. The angle between the lines whose DRs are (1,1,2) 
and (V3,-\/3,0) is 

(A) 60° (B) 45° (C) 90° (D) 75° 

Solution: Let ^=(1,1,2) and n 2 = {yj3,~y[3,0) and 9 
be the acute angle between the lines. Therefore 


\>h- 

«2 


V3-V3 + 0 

N 

|«2 


S Vl8 


Therefore, 9= 90°. 


Answer: (C) 


11. If A = (1, -1,2), B = (3,4, -2), C= (0, ^2) and D = (3, 5, 
6), then the angle between the lines AB and CD is 

(A) 60° (B) 90° (C) 75° (D) 45° 

Solution: The DRs of two lines AB and CD be 
(2, 5, -4) and (3, 2, 4), respectively. Let iq=(2,5,-4) 
and n 2 =(3,2,4). If #isthe angle between the lines, then 

cosg= AA = 2(3) + 5(2) + (-4)4 =Q 

Mbl V?+5^4 7 a /^+? + 4 I 

Therefore, 0=90°. 


Answer: (C) 


Answer: (B) 
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12. The points A{4, 2,4), 5(10,2, -2) and C(2,0, -4) are 
the vertices of 

(A) an isosceles, but not an equilateral triangle 

(B) an isosceles and a right-angled triangle 

(C) right-angled triangle only 

(D) an equilateral triangle 

Solution: We have 

( AB) 2 = (10 - 4) 2 + (2 - 2) 2 + (-2 - 4) 2 = 36 + 36 = 72 
(BC) 2 = (10 - 2) 2 + (2 - 0) 2 + (-2 + 4) 2 = 64 + 4 + 4 = 72 
(C4) 2 = (4-2) 2 +2 2 + (4 + 4) 2 = 4 + 4 + 64=72 

Since AB = BC = CA, the triangle is equilateral. 

Answer: (D) 

13. The locus of the point equidistant from the points 
(1,-2,3) and (-3,4,2) is 

(A) 8x-12y + 2z + 15 = 0 

(B) 8x + 12y-2z + 15 = 0 

(C) 8x-12y-2z + 15 = 0 

(D) 8x-12y + 2z-15 = 0 

Solution: Let A = (1, -2,3) and B = (-3,4,2). P(x,y, z) 
is a point on the locus <=> PA = PB. So 

( PA) 2 =(PBf 

=>(x-l) 2 + (y+2) 2 + (z-3) 2 = (x + 3) 2 + (y-4) 2 + (z-2) 2 
=> 8 x - 12_y + 2z +15=0 

Answer: (A) 

14. Given the points A{ 3,2,0) and 5(2,1, -5), the locus 
of the point P(x, y, z) such that PA is perpendicular 
to PB is 

(A) x 2 +y 2 +z 2 -5x-3y-5z + 8 = 0 

(B) x 2 +y 2 +z 2 -5x-3y + 5z + 8 = 0 

(C) x 2 +y 2 +z 2 -5x-3y + 5z-8 = 0 

(D) x 2 +y 2 +z 2 + 5x + 3y + 5z-8 = 0 
Solution: We can write 

AP=(x-3,y-2,z) 

and BP=(x-2,y-U + 5) 

Therefore 

APBP = 0 

=>(x-3)(x-2) + (y-2)(y-l) + z(z+5)=0 
=> x 2 +y 2 +z 2 -5x-3y+5z + 8 = 0 

Answer: (B) 


Worked-Out Problems 

15. The equation of the locus of a point whose distance 
from the yz-plane is twice its distance from the point 
(4,-2,1) is 

(A) 3x 2 + 4 y 2 + 4z 2 - 32x +16 y - 8z - 84 = 0 

(B) 3x 2 + 4.y 2 + 4z 2 - 32x +16 y + 8z + 84 = 0 

(C) 3x 2 + 4 y 2 + 4z 2 - 32x +16 y - 8z + 84 = 0 

(D) 3x 2 + 4 y 2 + 4z 2 + 32x +16 y - 8z - 84 = 0 

Solution: The distance of a point from yz-plane is the 
numerical value of the x-coordinate of the point. P(x, y, 
z) is a point on the locus 

=> 4[(x-4) 2 + (y+2) 2 +(z-l) 2 ]=|x| 2 

3x 2 + 4y 2 + 4z 2 - 32x + 16y - 8z+84 = 0 

Answer: (C) 

16. The equation of the locus of a point whose distance 
from (0, 0, -2) is one-third of its distance from the 
plane z + 18 = 0 is 

(A) 9x 2 + 9y 2 + 8z 2 =188 

(B) 9x 2 + 9y 2 + 9z 2 = 288 

(C) 9x 2 + 9y 2 + 8z 2 = 288 

(D) 9x 2 + 9y 2 - 8z 2 = 288 

Solution: P(x, y, z) is a point on the locus . So 

tJx~ +y~ +(z + 2) 2 = — |z +18| 

=> 9x 2 + 9y 2 + 9(z + 2) 2 = (z+18) 2 
=> 9x 2 + 9y 2 + 8z 2 = 288 

Answer: (C) 

17. The equation of the plane passing through the points 
(1, -2, 2) and (-3, 1, -2) and perpendicular to the 
plane 2x + y- z + 6 = 0is 

(A) x-12y-10z-5 = 0 

(B) x-12y-10z + 5=0 

(C) x-12y —lOz —10 = 0 

(D) x-12y-10z + 10 = 0 

Solution: Let E = ax + by + cz + d = 0 be the required 
plane. It passes through (1, -2, 2) and (-3, 1, -2). This 
implies 

a-2b + 2c + d-0 (6.50) 

and -3a + b-2c+d=0 (6.51) 

E = 0 is perpendicular to the plane 2x + y- z + 6 = 0. This 
gives 

2a + b - c = 0 (6.52) 

Subtracting Eq. (6.51) from Eq. (6.50), we get 
4a -3b + 4c = 0 


(6.53) 
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From Eqs. (6.52) and (6.53), we get 

12 a + b = 0 => b = -12 a 


Therefore, 


n x xn 2 = 


j 

-3 

-1 


k 

1 

-1 


4 i +11; +5 k 


c = 2a + b = - 10a 

and d = -a + 2b - 2c = - a + 2(- 12a) + 20a = -5a 
Hence, 

E = ax + by + cz + d =ax — 12a_y - 10az - 5a = 0 
=>E = x - 12 y - 10z -5 = 0 

Answer: (A) 

18. The equation of the plane parallel to the plane 2x - 
3y - 6z - 14 = 0 and at a distance of 5 units from the 
origin is 

(A) 2x-3y-6z±25 = 0 

(B) 2x-3y-6z±35 = 0 

(C) 2x + 3y+6z + 35 = 0 

(D) 2x — 3y-6z±45 = 0 

Solution: Required plane is of the form 2x - 3y - 6z + 
d = 0. Since its distance from origin is 5, we have 

\d\ 

. 1 1 ==5=>d = ±35 

V2 2 + 3 2 +6 2 

Answer: (B) 

19. If the equation of the plane parallel to the plane 2x - 
3y - 5z + 6 = 0 and passing through the point (-1,2, 
4) is 2x - 3y - 5z + d = 0, then the value of d is 

(A) 8 (B) 18 (C) -18 (D) 28 

Solution: Since 2x - 3y - 5z + d = 0 passes through (-1, 
2,4), we have 

2(-l) - 3(2) - 5(4) + d = 0 
=>d = 28 


Answer: (D) 

20. The equation of the plane passing through the point 
(3, -2,4) and perpendicular to each of the planes lx 
-3y + z- 5 = 0 and 4x - y - z + 9 = 0 is 

(A) 4.v + lly + 5z-10=0 

(B) x+y+z~ 5=0 

(C) 2x-y + 2z-16 = 0 

(D) 3x+2y-z- 1=0 

Solution: Let iq=(7,-3,1) and n 2 = (4,-1,-1) so that 
n l and h 2 are the normals to the respective planes. Hence 


is the normal to the required plane. Therefore, the 
required plane equation is 

4(x-3) + ll(y+2) + 5(z-4) = 0 
=>4x + lly+5z-10=0 

Answer: (A) 


21. Let P = (-3, 1, 1) and Q = (3, 4, 2). R divides PQ 
in the ratio PR: PQ = 1 :3. T hen, the equation of the 
plane perpendicular to PQ at R is 

(A) 18x + 9y+3z = 8 (B) 18x + 9y + 3z = 4 

(C) 9x+18y+3z = 4 (D) 3x + 9y+18z = 8 

Solution: See Fig. 6.36. 

PR:PQ = l:3=$3PR=PQ 

=>3 PR=PR + RQ 
=>2 PR = RQ 


Therefore, PR:RO =1:2. Hence 


R = 


"-6+3 2+4 2+2 
1+2 




7 



The normal to the required plane is PQ = (6,3,1). Hence, 
the equation of the required plane is 


6(x + l) + 3(y-2) + l^z-^j=0 
=>18x + 9y+3z-4 = 0 


12 

PRO 
(-3,1,1) (3,4, 2) 

FIGURE 6.36 

Answer: (B) 

22. From the point P(a, b, c), perpendiculars PL, PM, 
and PN are drawn to the coordinate planes. If the 
equation of the plane LMN is 

x y z , 

— h—+-=k 
a b c 

then the value of k is 

(A) 1 (B) -1 (C) -2 (D) 2 

Solution: It is known that L = (a,b,0),M= (0, b, c) and 
N = (a, 0, c) so that the equation of LMN is 
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x — a y — b z 
—a b 0 
0 -be 


= 0 


> be (x - a) + ca (y — b) + ( ab)z =0 

> bex + cay + abz=2abc 


x y z 0 
=> — +- + - = 2 
a b c 


Answer: (D) 


23. If the planes Ax + 3y-lz-l= 0 and 5x + 6y-/j,z = 0 
are parallel, then the integral part of A + p (i.e., A + 
b) is 


(A) 15 (B) 17 (C) 14 (D) 16 

Solution: The planes are parallel. So 

A_3_-7 
5 6 -/u 

, 5 

=>^=-,M=14 


Therefore, [A + ^t] 



= 16. 


Answer: (D) 


k k k , 

=> — + — + — = 1 
a b c 

Therefore, the plane passes through the fixed point 
(k, k, k). 

Answer: (B) 


26. The value of k such that the line 
x-4 _ y-2 _ z-k 
1 ~ 1 ~ 2 

lies in the plane 2x - 4y + z - 7 = 0 is 

(A) 7 (B) -7 

(C) no real value (D) 4 

(IIT-JEE 2003) 

Solution: Every point on the given line is of the form 
(4 + A, 2 + A, k + 2A), where A e [R. This point lies in the 
plane 

2x - 4y + z-7 = 0 
So 

2(4 + A)-4(2 + A) + l(k + 2A)-l = 0 
for all A e [R. 

In particular, for A = 0, we have 


24. The distance between the parallel planes 3x-2y + 6z 
+ 8 = 0 and 3x - 2y + 6z - 6 = 0 is 

3 4 3 1 

(A) - (B) - (C) - (D) - 

Solution: The distance between the planes, by Theo¬ 
rem 6.51, is 

|8-(-6)| 14 2 

^3 2 +(-2) 2 +6 2 7 


Answer: (C) 

25. If the sum of the reciprocals of the intercepts of a 
plane on the coordinate axis is the constant 1/ k, 
then the plane passes through the point 


8-8 + /c-7 = 0=> k = 7 


Note that the point (4, 2, k) lies on the given line and 
hence it lies in the given plane. So 

2(4) - 4(2) + k - 7 = 0 

=> k = 7 


Answer: (A) 


27. If the lines 


and 


x-1 y+1 z —1 
x—3 y—k z 

~T~ 2 ~1 


intersect, then the value of k is 



(C) (AT 2 , A: -2 , AT 2 ) 


(B) (k,k,k) 



Solution: Let the plane be 


x y z , 
-+-+-=1 
c b c 


1111 

-+—+-=— 
a b c k 


3 9-2 -3 

(A) - (B) - (C) — (D, — 

(IIT-JEE 2004) 

Solution: Let A = (1,-1, 1), B = (3, A:, 0), n, =(2,3,4) 
and n 2 = (1,2,1). The lines intersect <=> AB, n 1 , n 2 are 
coplanar. Hence 


2 A: + l -1 
2 3 4 =0 

12 1 

2(3-8)-(fe + l)(2-4)-l(4-3) = 0 


and 
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=>-10+ 2A:+ 2-1=0 
=>2£ = 9 



Answer: (B) 


‘1 

-2 

1 


-4 

0 

3 

0 

x= 

10 

0 

O 

1 

h-^ 

1_ 


-2 


The system is inconsistent if A = 1. 

Answer: (B) 


28. The value of A such that the planes 2x - y + 2z = 
2, x - 2y + z = -4, x + y +Az = 4 form a triangular 
prism is 

(A) 3 (B) 1 (C) 0 (D) -3 

(IIT-JEE 2004) 

Solution: Since the planes are not parallel, from Sec¬ 
tion 6.4.1, the planes form a triangular prism if 


A = 


2 

1 

1 


-1 

-2 

1 


2 

1 

A 


=0 


and 


Also 



2-12 
1 -2 -4 
12 4 


= 8*0 


A = 0=>2(-2A-l) + l(/l-l) + 2(l+2) = 0 
=>-3A-2-l+6 = 0 


29. A plane is parallel to two lines whose DRs are (1,0, 
-1) and (-1,1,0) and it contains the point (1,1,1). If 
it cuts coordinate axis at A, B and C, then the volume 
of the tetrahedron OABC (in cubic units) is 

(A) y (B) | (C) 7 - (D) 6 

(IIT-JEE 2004) 

Solution: Let n 1 = ( 1, 0, — 1) and h 2 = (-1,1, 0). Since 
the required plane is parallel to and n 2 , its normal 


U j x«2 = 


i j k 
10-1 
-110 


i + j +k= (1,1,1) 


Since the plane also passes through the point (1,1,1), its 
equation is 

l(x - 1) + l(y - 1) + l(z - 1) = 0 

=>x + y + z = 3 


=> A=1 

Aliter: The planes form a triangular prism if and only if 
the planes are not parallel and the planes are not having 
common solutions. We have 


where 








‘3 

0 

0" 

‘2 

-1 

2 


‘ 2 

1 










0 

3 

0 

1 

-2 

1 

X= 

-4 

6 

0 

0 

3 

1 

1 

A 


4 






A = 


x y z . 

=> —+-+-=l 
3 3 3 

Therefore, A = (3, 0, 0), B = (0, 3, 0) and C = (0, 0, 3). 
Hence, the volume of the tetrahedron OABC is 


27 9 
6 “2 


Answer: (B) 

30. The equation of the plane containing the straight 
line 

x_y__z_ 

2 _ 3 _ 4 


Interchanging R : and R ? , we get 


"1 

-2 

1 


-4 

2 

-1 

2 

A = 

2 

1 

1 

A 


4 


which is perpendicular to the plane containing the 
lines 


is 


x = y__z 

3~ 4~2 


and 


x_y_z 

4~2 _ 3 


"1 

-2 

1" 


-4 

0 

3 

0 

A= 

10 

0 

1 

1_ 


8 


R^ — 2Rj, R 3 — R x 


(A) x + 2y - 2z = 0 (B) 3x + 2y - 2z = 0 

(C) x-2y + z = 0 (D) 5x + 2y-4z = 0 

(IIT-JEE 2010) 





























437 


Worked-Out Problems 


Solution: The normal to the plane containing the given 
lines is 


(3, 4, 2) x (4, 2, 3) = 


i j k 

3 4 2 

4 2 3 


= 8 i - j -10 k 


Let E be the required plane so that the normal to E is 
perpendicular to (8, -1, -10). Let E = ax + by + cz + d = 0. 
E = 0 passes through (0, 0, 0)=> d = 0. Also E = 0 con¬ 
tains 


*_y__z 

2~3~ 4 


Therefore 


2a + 3b + 4c = 0 


(6.54) 

Further, the normal (a, b, c) is perpendicular to (8, -1, 
-10). Therefore 

8a - b - 10c = 0 (6.55) 

From Eqs. (6.54) and (6.55), we get 
a b c 

T _ -2 _ 1 

Therefore, the equation of E is x - 2y + z = 0. 

Answer: (C) 

31. If the distance of the point P(l, -2,1) from the plane 
x + 2y - 2z = oc, where a > 0, is 5, then the foot of 
the perpendicular from point P to the plane is 


w (M-t 

(c) (H'f 


(B) (f-T’l 
(D) (1-1*1 


(IIT-JEE 2010) 


Solution: By hypothesis, we get 

l+2(-2)-2(l)-a 


^l 2 +2 2 +(- 2) 2 


= 5 


=> a+ 5 = ± 15 

=> a = 10 , - 20 

Since a> 0, we have a= 10. Therefore, the plane is 

x + 2y - 2z = 10 (6.56) 

Let Q(x v y v Zj) be the foot of the perpendicular from 
P( 1, -2,1) onto the plane provided in Eq. (6.56). There- 


Also PQ is normal to the plane provided in Eq. (6.57), 
so that 

(x 1 -l,y 1 + 2,z 1 -l)= X (1,2,-2) 

Since (1, 2, -2) is normal to the plane provided in Eq. 
(6.56), we have 

x t = 1 + A, y 1 = -2 + 2A, z 1 = 1 -2A 

Substituting the values of x v y l and z 1 in Eq. (6.56), we 
have 

(1 + A) + 2(- 2 + 2 A)- 2(1 - 2 A) = 10 

=>9T-5 = 10 

, 5 

=> A= — 

3 


Therefore 


and 

So 


, 1 5_ 8 

X] —1 +A — 1h—— — 

3 3 

^ ^ 10 4 

Vi — — 2 + 2 A — — 2 H — — 

3 3 

z ! = 1-2A=1-— =— 

3 3 


f.f.y 


fore 

f t ') 


r t') 

( t \ 

2 

2+—j= 

+ 

-l + -7= 

+ 2 + —= 

x 1 + 2y 1 - 2zj = 10 (6.57) 



l s 

{ S) 


Answer: (A) 

32. A line with positive direction cosines passes through 
the point P( 2, -1,2) and makes equal angles with the 
coordinate axes. The line meets the plane 2 x+y + z = 
9 at Q. The length of the line segment PQ is equal to 

(A) 1 (B) V2 (C) V3 (D) 2 

(IIT-JEE 2009) 

Solution: Since the line makes equal angles with the 
axes and the DCs are positive, the DCs are 

,V3’V3’V3, 

Flence, the equation of the line is 

x-2 _ y+l _ z —2 
ia/3 ~yj3~vS 

Therefore, every point on the line is of the form 

* = 2+ 73 ,>, = ~ 1+ V3 ,Z=2 + V3 
This point lies on the plane 2x + y + z = 9. So we have 

= 9 
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=>5 + ^=9 

V3 

=>t = V3 

Therefore, Q = (3,0,3). This gives 

P0=V(3-2) 2 +(0 + l) 2 +(3-2) 2 =73 

Answer: (C) 


Since the plane passes through the point (1, -2, 1), its 
equation is 

- 3(x - 1) - 3(y + 2) + 0(z - 1) = 0 
3x + 3y- 3 + 6 = 0 

=>x + y + l = 0 (6.58) 

The distance of the point (1, 2, 2) from the plane pro¬ 
vided in Eq. (6.58) is 


33. Let P( 3, 2, 6) be a point in space and Q be a point 
on the line r=(i -j + 2k) + A (-3/ + j + 5k). Then the 
value of A for which the vector PQ is parallel to the 
plane x - 4y + 3z = 1 is 

1-11 -1 
(A) - (B) — (C) - (D) — 

v 2 4 v 4 v ’ 8 v 8 

(IIT-JEE 2009) 


Solution: The given line 

r = (i - j + 2k) + A (- 3 i + j + 5k) 


is written in the parametric form as 

x = 1 - 3 A, y = -1 + A, z = 2 + 5 A 

Therefore 


P<2=(l-3T-3,-l+T-2,2+5T-6) 

= (-3 A - 2, A - 3,5A - 4) 

PQ is parallel to the plane x - 4y + 3z = 1 

=> PQ is perpendicular to the normal of the plane 
=> 1(- 3A-2)- 4(A - 3) + 3(5T - 4) = 0 
=> 8A - 2 = 0 


4 

Answer: (B) 

34. A plane which is perpendicular to two planes 2x - 2y 
+ z = 0 and x - y + 2z = 4 passes through (1, -2,1). 
The distance of the plane from the point (1,2,2) is 

(A) 0 (B) 1 (C) V2 (D) 2V2 

(IIT-JEE 2006) 


1+2 + 1 

7^ 


2V2 


Answer: (D) 


35. If the equation of the plane passing through the in¬ 
tersection of the planes x + 2y + z- l = 0 and 2x + y + 
3z - 2 = 0 and perpendicular to the plane x + y + z- 1 
= 0 is x + ky + 3z - 1 = 0, then the value of k is 

(A) 4 (B) -4 (C) 2 (D) -2 

Solution: Let E 1 = 0 and E 2 = 0 be the given two planes 
and E - 0 be the required plane. Since E = 0 passes 
through the line of intersection of E 1 = 0 and E 2 = 0, 

E= E l + AE 2 = 0 

=> E = (x + 2y + z - 1) + A(2x + y + 3z - 2) = 0 
=> E = (1 + 2A) x + (2 + A) y + (1 + 3A) z - 1 - 2A= 0 
This is perpendicular to the plane x + y + z- l = 0. So 
1(1 + 2 A) +1(2 + A) + 1(1 + 3 A) = 0 
=> 6T + 4 = 0 



Therefore 

£ '( 1 ~d* + ( 2 ~i) ,,+( 1 ~ 2 )z ~ 1 + r 0 

=> E=-x+4y-3z + 4-Q 
=> E=x-4y+3z-4= 0 


Hence, k = - 4. 


Answer: (B) 


Solution: We have ^=(2, -2,1) and n 2 =(1, —1, 2). 
The normal to the required plane is 


n l xn 2 = 


i 

-2 

-1 


k 

1 

2 


= -3i -3j 


36 . The equation of the plane passing through the line of 
intersection of the planes x + 2y + 3z = 2 and x-y + z 
= 3 and at a distance 2 / V3 from the point (3,1, -1) 
is 

(A) 5x - lly + z = 17 (B) V2 x+y-3^2 +1=0 

(C) x + y + z=S (D) x-V2 y+V2 —1=0 

(IIT-JEE 2012) 
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Solution: The required plane is of the form Therefore 


(x + 2y + 3z - 2) + A(x - y + z- 3) = 0 

=>(1 + A) x + (2 - A) y + (3 + A) z - 2 - 3A = 0 (6.59) 

The plane provided in Eq. (6.59) is at a distance of 2 / V3 
from (3,1, -1). So 

(l+A)(3)+(2-A)(l) + (3 + A)(-l)-2-3A _ 2 
V(l+A) 2 +(2-A) 2 +(3+A) 2 V3 

|3 + 2-3-2-2A|_ 2 
^3A 2 + 4A + 14 V3 

=> 12A 2 = 4(3A 2 + 4A + 14) 

=> 16A= -56 



From Eq. (6.59), the required plane is 

7 

x + 2y+3z-2~ — (x-y+z-3) = 0 

=> -5x + ll_y - z + 17 = 0 
=> 5x - lly + z - 17 = 0 

Answer: (A) 

37. The point P is the intersection of the line joining 
<2(2,3,5) and i?(l, -1,4) with the plane 5x - 4 y — z- 
1 = 0. If S is the foot of the perpendicular drawn from 
the point T(2, 1,4) to QR , then the length of the line 
segment PS is 

(A) (B) V2 (C) 2 (D) 2V2 

(IIT-JEE 2012) 

Solution: We have QR = (-1,-4,-1). The equation of 
the line QR is 

x 1 y+1 z-4 . 

tt = 3t = ^t =a ( sa y) 

Therefore, every point on the line QR is given by 
x = l-A, y = -l - 4 A, z = 4 - A 
Point P lies in the plane 5x - 4y - z - 1 = 0. This implies 
5(1 - A) - 4(-l - 4A) - (4 - A) - 1 = 0 


P=(1-A,-1-4A,4-A) 


1 


-I 1 + + - l-l 


4 1 13 


Now, S = (1 - A, - 1 - 4A, 4 - A) is a point on QR and T = 
(2,1,4) and TS is perpendicular to QR. This implies 

TSQR=0 

=> (1 - A - 2, - 1 - 4A - 1,4 - A - 4) • (- 1, - 4, - 1) = 0 
=> (- A - 1, - 2 - 4A, - A) ■ (- 1, - 4, - 1) = 0 
=> (A +1,2 + 4A, A) ■ (1,4,1) = 0 
=> A + 1 + 8 + 16A + A = 0 


=> 18A= - 9 

=>A=-- 

2 

Therefore 


5= 4+- = 


Hence 


4 3 


3 2 


(PS) = T- —T- + ~1 + Kf-- 


13 9 


3 2 


_ 1 4 1 _ 18 _ 1 

_ 36 + 9 + 36 _ 36~2 


=$PS=-^= 

V2 



Answer: (A) 


=>5 + 4- 4-5A+ 16A + A - 1= 0 


38. Suppose a , b and c are real and 


=> 12A =-4 


A = 


-1 

T 


[uhc] 


“1 9 7 
8 2 7 
7 3 7 


[ 0 , 0 , 0 ] 
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If the point P(a, b , c), which is satisfying the above 
condition, lies in the plane 2x + y + z = 1, then the 
value of la + b + c is 


(A) 0 (B) 12 


Solution: We have 


(C) 7 (D) 6 

(IIT-JEE 2011) 


[flhc] 


19 7 
8 2 7 
7 3 7 


=[ 0 , 0 , 0 ] 


=> [a + 8b + 7c, 9a + 2b + 3c, la + lb + 7c] = [0,0,0] 
Therefore 


a + 8b + 7c = 0 

(6.60) 

9n + 2b + 3c = 0 

(6.61) 

a + b + c = 0 

(6.62) 


Hence 

9a + 2b + 3(- a — b)= 0 ( v c = - a - b) 

=>6a-b = 0,c = -la 
a b c 
~ 6~^1 


P(a, b, c) lies on the plane 2x + y + z = 1. This implies 
2n + b + c = 1 

=> 2a + 6a - la = 1 (v b = 6a,c — -la) 

=> a = 1 
Therefore 

7fl + b + c = 7(l)+ 6- 7 = 6 

Answer: (D) 


39. A line through origin meets the lines 

x—2 y — 1 z+ 1 , jc — (8/3) y + 3 z — 1 

1-21 2-11 

at P and O. respectively, then the length PQ is 

(A) V5 (B) S (C) V7 (D) 2V2 

(IIT-JEE 2010) 

Solution: The line PQ passes through (0, 0, 0). This 
implies OP=X(OQ) .Therefore 

2 + t 21 — 1 t — 1 

(8/3) +2s 3 + s s+1 

(i) (ii) (iii) 

(i) = (ii) => (2 + f)(3 + s)3 = (2 1 - 1)(8 + 6s) 


=^>3ts + 9t + 6s + 18 = 12fs - 6s + 16t - 8 
^9ts = -It + 12s + 26 (6.63) 

(ii) = (iii) => (2 1 - 1) (s +1) = (f - l)(s + 3) 

=> 2/s + 2t - s - 1 = ts + 3t - s - 3 
=> ts = t - 2 

=> s=- (6.64) 

t 

Substituting the value of s in Eq. (6.63), we have 
2? 2 - 7f + 3 = 0 

Hence t = 3 or 1/2. 


t-2 1 

Case 1: When? = 3 and s=-= — 

3 3 

(i) = (iii) =>3fs = - 5t + 12s + 14 (6.65) 

Now, t = 3 and s = l/3 also satisfy Eq. (6.65). Therefore, 
P =(5,-5,2) and g = (10/3,-10/3, 4/3). Hence 


( P 0 2 =^+±=^=6 

9 9 9 9 


Case 2: When f=l/2 and s = - 3 do not satisfy Eq. (6.65), 
P =(5,-5,2) and 0=(lO/3,-10/3, 4/3). Hence, 


PQ=J 6 

Answer: (B) 

40. A variable plane at a distance of 1 unit from the ori¬ 
gin cuts the coordinate axes at A,B and C. If the cen¬ 
troid D(x, y, z ) of A ABC satisfies the relation 

1 1 1 _/ 

— + — + ~i- k 
x y z 

then the value of k is 

(A) 9 (B) 1 (C) 1 (D) 3 

Solution: Let A = (a , 0,0), B = (0, b , 0) and C = (0,0, c). 
The equation of the plane ABC is 

x y z . 

-+-+-=1 
a b c 

Since the distance of the plane ABC from origin is 1, we 
have 


yl(l/a 2 ) + (llb 2 )+(llc 2 ) 



= 1 


( 6 . 66 ) 
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The centroid D(x,y,z ) is (a/3,6/3, c/3). This gives 


So 


x=—,y=—,z=~ 
3 3 3 


111 , 

— 

x y z 
9 9 9, 

> ~ + T7 + ~-^ 
a b c 


■9 = k 


Answer: (A) 


41 . The normal to the plane passing through the points 
A = (2, 1, -1), B = (1,1,1) and C = (3,3,0) is 

(A) (4,-3,2) (B) (4,3,2) 

(C) (-4,3,2) (D) (4,3,-2) 

Solution: The normal to the plane ABC is 


ABxAC= 


i j k 
-10 2 
12 1 


= - 4/ + 3/ - 2fc = - (4, - 3,2) 


Answer: (A) 


42. The image of the point P(3,5,7) in the plane 2x+y + 
z = Ois 

(A) (9,1,-1) (B) (-9,-1,1) 

(C) (-9,1,-1) (D) (9,-1,-1) 

Solution: See Fig. 6.38. Let Q(x v y v z x ) be the foot of 
the perpendicular from P( 3,5,7) onto the plane. There¬ 
fore, PQ is parallel to the normal to the plane. So 

(x 1 -3,y 1 -5,z 1 -7) = T(2,l,l) 

=> x l = 3 + 2 A, y l = 5 + A and z 1 = 7 + A 
(x p y v Zj) lies in the plane. This implies 

2(3 + 2A) + (5 + A) + (7 + 8) = 0 
=>6A=-18 
=> A = — 3 

Therefore, Q = (x v y v z x ) = (-3,2, 4). If P\a , $ y) is the 
image of P{ 3,5,7), then Q is the midpoint of PP' which 
implies that 


and 


a +3 
2 

p+5 

2 

y+7 


= -3 => a =-9 
= 2 => /? =—1 
= 4 => y =+l 


Flence, the image oiP = P' = (a, f3,f) = (-9, -1,1). 



Answer: (B) 

43. The planes E 1 = x - y - z - 4 = 0 and E 2 = x + y + 2z 
-4 = 0 intersect in line L. The plane E x = 0 is rotated 
about the line L through 90°. The equation of E l = 0 
in its new position is 

(A) 5x + y - 4z - 20 = 0 

(B) 5x - y + 4z - 20 = 0 

(C) 5x + y + 4z - 20 = 0 

(D) 5x + y + 4z + 20 = 0 

Solution: See Fig. 6.39. Let E be the required plane. 
Therefore, 

E = E x + AE^ = 0 

=>F=(x-y-z-4) + /l(x + y + 2z-4) = 0 
= (1 + A)x + (A - l)y + (2A - l)z - 4 - 4A = 0 
E is perpendicular to E r This implies 

(1 + A)( 1) + (A - 1)(- 1) + (2 A - 1)(-1) = 0 
=>-2T+l + l + l = 0 
2 3 

=> A = — 

2 

Therefore 

£^l+^jx + (J-l)y + (3-l)z-4-6 = 0 
^>£ = 5x + y + 4z-20 = 0 



Answer: (C) 
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44. The equation of the plane passing through the points 
(3,4,1) and (0,1,0) and parallel to the line 

x + 3 _ y-3 _ z-2 

2 ~ 1 
is 


(C) 


x _ y-2 _z 
2 ~ 3 ~ 4 



y + 2 
3 


z 

4 


Solution: Let L be the line of intersection. We know 
that h x = (4, 4,-5) and ii 2 = (8,12,-13) are the normals 
of the given planes. Therefore, the DRs of the line L is 


(A) 8jr+13y + 15z + 13 = 0 

(B) 8x+13y-15z - 13 = 0 

(C) 8*- 13y - 15z + 13 = 0 

(D) 8x- 13y + 15z + 13 = 0 

Solution: Let the required plane be E = ax + by + cz + 
d = 0. Since it passes through (3, 4, 1) and (0, 1, 0), we 
have 

3a + 4b + c + d = 0 (6.67) 

and b + d = 0 (6.68) 

Also since the plane E = 0 is parallel to the given line, we 
have 


2a + lb + 5c = 0 (6.69) 

From Eq. (6.68), we have d = -b. Substituting this value 
in Eq. (6.67), we have 


n 1 xn 2 = 


j k 
4 -5 

12 -13 


= 8 i +12/+ 16 k 


Therefore, the DRs of L is (2,3,4). Also, substituting z = 0 
in both plane equations, we get 

4.r + 4y = 12 and 8x + 12y = 32 

Solving these equations, we get x = 1 and y = 2. Hence, (1, 
2, 0) is a point on the line L. Thus, the equation of the 
line is 


x—1 y—2 z —0 
~2T~~3~~~ 

Answer: (A) 


3u + 3b + c = 0 (6.70) 

From Eqs. (6.69) and (6.70), we get 

2a + lb + 5(-3 a - 3b) = 0 
=> -13a - 8b = 0 

Therefore 



46 . The equation of the plane passing through the point 
(1, -1, 2) and perpendicular to each of the planes 
2x + 3y - 2z = 5 and x + 2y - 3z = 8 is 

(A) 5x + 4y - z = 7 (B) 5x - 4y + z = 7 

(C) 5x-4y-z = l (D) 5x + 4y + z = l 

Solution: Let iq=(2, 3,-2) and n 2 =( 1,2,-3) which 
are the normals of the given planes, respectively, so that 
the normal to the required plane is 


Hence 


„ 24, -15b 

c = -3a-3b = — b-3b = - 

13 13 


-8 


13 


-15 


a=\ — \b, c— - b, d = -b 


13 


Therefore, the equation of the plane is 


8x - 13y + 15z + 13 = 0 


Answer: (D) 


/Zj xii 7 = 


1 j k 

2 3-2 
12-3 


=-5i +4j +k 


The required plane passes through the point (1, -1, 2). 
Hence its equation is 

-5(x - 1) + 4(y + 1) + l(z - 2) = 0 

=> 5x - 4 v - z = 7 

Answer: (C) 


47. The coordinates of the point where the line 


45. The symmetric form of the line of intersection of the 
two planes 4x + 4y - 5z - 12 = 0 and 8x + 12y - 13z - 


32 = 0 is 


(A) 


x-1 

~Y~ 


y -2 

3 


z 

4 


(B) 


x + 1 

~Y~ 


y -2 

3 


z -1 
~ 


x+1_y+2 _z+3 

meets the plane x + y + 4z- 6 = 0 are 
(A) (-1.-1.-1) (B) (1.-1.-1) 

(C) (-1.1.-1) (D) (1,1,1) 

























Solution: P = (-1 + 2A, -2 + 3A, -3 + 4A) is a point on 
the given line. Point P belongs to the given plane implies 
that 
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(-1 + 2 A) + (-2 + 3 A) + 4(-3 + 4A) = 6 
=> 21 / 1 = 21 
=> A = 1 


Therefore, the required point is (-1 + 2, -2 + 3, -3 + 4) = 

(14,1). 

Answer: (D) 


48. The equation of the plane containing both lines 

x —3 v+1 z+2 x—1 y z+7 

2-3 1 -3 12 

is 

(A) x + y-z = 0 (B) x + _y + z = 0 

(C) x + y + z = l ( D)x+y+z=2 

Solution: The DRs of the required plane is 


1 J 

2 -3 

-3 1 


k‘ 

1 

2 


= -l~i-1 j -Ik 


Therefore, (1, 1, 1) is the normal vector which passes 
through the point (7, 0,-7). So we have 

l(x - 7) + l(y - 0) + l(z + 7) = 0 

=> x + y + z = 0 

Answer: (B) 


49. The equation of the plane passing through the inter¬ 
section of the planes x + 2y + 3z + 4 = 0, 4x + 3 y + 
2z + 1 = 0 and the origin is 

(A) x + y + z = 0 (B) 3x + 2y + z + l= 0 

(C) 2x + 3y + z = 0 (D) 3x + 2y + z = 0 

Solution: The required plane is of the form 

(x + 2y + 3z + 4) + A(4x + 3y + 2z + 1) = 0 
This passes through (0,0,0). This implies 
4 + A = 0 => A = - 4 
Therefore, the required plane is 

-15x - lOy - 5y = 0 
=> 3x + 2y + z = 0 

Answer: (D) 

50. A line with DCs proportional to 2,1,2 meets each of 
the lines x = y + a = z and x + a = 2y = 2z. The coordi¬ 
nates of each of the points of intersection are 


(A) (3a, 2a, 3a), (a, a, 2a) 

(B) (3a, 2a, 3a), (a, a, a) 

(C) (3a, 3a, 3a), (a, a, a) 

(D) (2a, 3a, 3a), (2a, a, a) 

Solution: The given line L y is 

x y + a z 

P is a point on L r Therefore 

P=(t,-a + t,t) (6-71) 

and the given line L 7 is 

x + a y z 

Q is a point on L 7 . Therefore 

Q = (-a + 2s, s, s) (6-72) 

From Eqs. (6.71) and (6.72), the DRs of PQ are 
(2 s-a — t,s-t + a,s — t) 

Therefore, by hypothesis, we have 

2s—a—t s—t+a s—t 

2 _ t 


Flence 

2 s—a—t s—t+a 


2 1 
s — t + a s — t 


t=3a 

s — t= — 2a =>s = a (v t=3a) 


1 2 

Therefore, P = (3a, 2a, 3a) and Q = (a, a, a). 


Answer: (B) 


51. If the angle 6 between the line 
x+1 y —1 z—2 

~T~^2T~^2~ 

and plane 2x-y+^z + 4 = 0 

is such that sin 6 = 1/3, then the value of A is 


(A) f (B) f (C) | (D) =* 


Solution: The DRs of the line = (1,2,2) = ^. The DRs 
of the normal to the plane = (2, -1, VX) = n 2 ■ By hypoth¬ 
esis, 90° - 6 is the angle between h x and h 2 . Therefore 


cos (90° -0) 


|«l||«2 


2-2+2VX 

3^2 2 +l 2 +A 
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Hence 


1 

3 


2VX 

3 ^ 5+1 


>5+A = 4A=> A= — 
3 


Answer: (A) 


52. If the lines 


and 


x-1 y-2 z-3 

x-2 _ y-3 _ z-l 
3 ~ k ~ 2 


intersect at a point, then the integer value of k is 

(A) 2 (B) -2 (C) -5 (D) 5 

Solution: P = (1 + kt, 2 + 2t, 3 + 3 1) is a point on the 
first line and Q = (2 + 3s, 3 + ks, 1 + 2s) is a point on the 
second line. The lines intersect. So 

1 + kt= 2 + 3s => kt - 3s = 1 (6.73) 

2 + 2t=3 + ks => 2t - ks = 1 (6.74) 

and 3 + 3t = 1 + 2s => 3t - 2s = - 2 (6.75) 

From Eqs. (6.73)-(6.75) and eliminating t and s, we have 

2 k 2 + 5k - 25 = 0 


whose roots are -5 and 5/2. Integer value of k is -5. 

Aliter: We know that the points A(l, 2, 3) and 5(2, 
3,1) are points on the first and the second line, respec¬ 
tively. Also the DRs of the lines are ( k , 2,3) and (3, k , 2), 
respectively. The lines intersect. So AB , ( k , 2,3) and (3, 
k, 2) are coplanar vectors. Therefore 


1 1 
k 2 
3 k 


-2 

3 

2 


= 0 


=>l(4-3k)-l(2k-9)-2(k 2 -6) = 0 
=>-2/c 2 -5k + 25 = 0 
=>2*r+ 5k-25=0 


Therefore, the integer value of k = - 5 or 5 / 2. 

Answer: (C) 


53. The line joining the points (5,1 ,a) and (3, b , 1) cross¬ 
es the yz-plane at the point (0,17/2,-13/2). Then 

(A) a = 6,b = 4 (B) a = 8,b = 2 

(C) a = 2,b = 8 (D) a = 4, h = 6 

Solution: Let 5= (5, l,a), Q = (3,b, 1) and 5 = (0,17/2, 
-13/2). The line PQ meets yz-plane in 5(0,17/2,-13/2). 
So the vectors PQ and QR are parallel vectors. This 
gives 

PQ=&QR 

=>(-2,6-U-a)=A^-3,y-&,^-lj 

-2 h-1 1-a 

^=3 ^~ \lj2-b~ -13/2-1 

2 2(ft-l) 2(a —1) 

^3 _ 17-2h _ 15 

=>a = 6,b = 4 

Answer: (A) 


Multiple Correct Answer Type Questions 

1. The equation of a plane containing the line 
x-1_ y+1_ z 

is 

(A) x + y + z = 0 (B) 4x + y-2z = 3 

(C) 3x + 2y + z = 2 (D) 3x + 2y + z = 0 

Solution: The required plane is of the form 
a(x - 1) + b(y + 1) + cz = 0 
Since (a, b, c ) is normal to the plane, we have 

a-2b + c = 0 (6.76) 

We know that a = 1, b = 1, c = 1; a = 4, b = 1, c = -2 and 
n = 3, h = 2, c = l satisfy Eq. (6.76). Substituting these in 
the equation of the plane we get 


x+y+z =0 
4x + y — 2z = 3 
3x + 2y + z = 2 

Answer: (A), (B), (C) 

2. Which of the following equations represent the line 
of intersection of the planes 4.v - 4v - z + H = 0 = x + 
2y-z-12 


(A) 

x-2 y z-3 

(B) 

2*-13 4y-15 z 

114 

4 4 4 

(C) 

x _y-2 _z-3 
2~ 1 4 

(D) 

x 4_ y 4_z 11 

-2 2 2 
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Solution: We have 


i i 
4 -4 
1 2 


k 

-1 

-1 


= 6 / +3 j + 12 k 


Hence, the DRs of the line are (2,1,4). In the given plane 
equations, substitute x = 0 so that we have 4y + 8 = ll, 
2y-z=l- On solving these equations, we have (0,2,3) is 
a point on this line. Hence, the line equation is 

x _ y-2 _ z-l 
2~ 1 “ 4 

Similarly, taking z = 0 and solving the two equations for 
x and y, we have x=-13/2 and y=-15/4 so that 
(-13/2, -15/4,0) is a point on the line. Hence, the equa¬ 
tion of the line is 


x+ (13/2) _ jy+(15/4) _ z 
2 14 


and L 3 = P 1 n P 2 be their lines of intersection two by 
two. Then 

(A) L v L 1 , L 3 are parallel. 

(B) At least two of L v L 2 , L 3 are parallel. 

(C) L v L 1 , L 3 intersect in a point. 

(D) The three planes do not have a common point. 
Solution: The DRs of L x are 


i j k 
11-1 
1-3 3 


4/ -4k 


The DRs of L 2 are 


L 2 - 


J k 

-3 +3 
-1 1 


2j+2k 


2x + 13 4y + 15 z 
4 “ 4 ~4 


The DRs of L 3 are 


It is clear that (2,0,3) is not a point on the line and (-2, 
2,2) is not parallel to (2,1,4). 

Answer: (B), (C) 


i J 
1 -1 
1 1 


k 

1 

-1 


—2j+2k 


3. A point on the line 

x —1 y—2 z+1 
1 2 3 

at a distance of V6 units from the origin is 


Therefore, 

-2(DRs of L 2 ) = DRs of L, = -2(DRs of L 3 ) 

Hence, the lines L v L 7 and P 3 are parallel. 

Answer: (A), (B), (D) 


(A) (5 10 -13 4 
U’ 7 ’ 7 J 


(C) (1,2, -1) 


(B) (-1-2,1) 


(D) 


-5 -10 134 


Solution: Any point P on the given line is of the form 
(1 + 1,2 + 2 1, -1 + 3/). If O is the origin and OP = V6, we 
have 


(1+f) 2 +4(l+i) 2 +(3f-l) 2 =6 
=»14/ 2 +4t+6 = 6 


Case 1: f=0=>P = (l, 2, -1). 


5. Consider the planes 3x - 6y - 2z = 15 and 2x + y - 
2z = 5. Then 


(A) Vector 14/+2) + 15k is parallel to their line of 
intersection. 

(B) The two planes are intersecting. 

(C) The symmetric form of their line of intersection 

. x-3 y+1 z 

is -=-= —. 

14 2 15 


(D) 


X 

The line of intersection meets the line — 
at (1,1,0). 1 


y 

1 


z 

T 


Solution: The DRs of the line of intersection of the 
planes are 


-2 


Case2: t= — =>P= 1—,2 —,-l — 


6 


5 10 -13 4 
7’ 7 ’ 7 J' 


Answer: (A), (C) 


1 J k 
3 -6 -2 

2 1-2 


14/+ 2/+ 15k 


4. Consider the planes Pp x - y + z = 1, P 2 : x + y - z — -1 
and P 3 : x - 3y + 3z = 2. Let = P 2 n P 3 , L 2 = P 3 n P x 


Clearly, the planes are not parallel. If we substitute z = 0 
in both plane equations and solve for x and y, we have 
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x = 3 and y = - 1 so that the equation of the line of inter¬ 
section is 

x-3 y +1 2 

lT"T"i5 

Answer: (A), (B), (C) 


F Pr 


Try it out Try that Choice (D) is not correct in 
Problem 5 above. 


6 . Let P be the point (1,2,3) and E=x+y+z+ 1 = 0 be 
a plane. Then 

(A) P lies on the origin side of the plane E = 0. 

(B) Distance of P from the plane E is ^712. 

(C) Foot of the perpendicular from P on the plane E 
= 0 is (-4/3,-1/3,2/3). 

(D) The line joining origin to P meets the plane E = 
0 at the point (1,1,1). 

Solution: 


>£ n =l+2+3+l=7>0 


(A) We have 

P=(x l ,y 1 ,z 1 ) : 

O = (0,0,0) = 1 > 0 

Flence, from the Note under Theorem 6.52, it is 
clear that P lies on the origin side of the plane. 

(B) Distance of P(l, 2,3) from the plane is 

|l+2+3 + l| 7 jf 


Vl 2 +2 2 +3 2 7l4 


(C) Let Q(x v y v zj be the foot of the perpendicular 
from P onto the plane E = 0. Therefore 

x 1 + y l + z 1 + 1=0 (6-77) 

Also PQ is normal to the plane E = 0 => PQ = 
A(l,l,l).So 

x 1 -l=Z,y 1 -2=A,z 1 -3=A 
=>x 1 = A+l,y 1 = A+2,z 1 = 3+A 

Substituting the values of x v y l and z 1 in Eq. (6.77), 
we have 

3A + 7 = 0 => A=-7/3 

Therefore 

Q=(x 1 ,y 1 ,z 1 )=(l+A,2+A,3+A) 


=| 1-—,2--,3-— 
3 3 3 


-4 -1 2 

7T’T’3 


7 . The DRs of the normal to the plane passing through 
(1,0,0), (0,1,0) which makes an angle n!4 with plane 
x + y = 3 are 

(A) (1,72,1) (B) (1,1,72) 

(C) (1,1,2) (D) (-1,-1,-72) 

Solution: The equation of the plane is 

a(x — l) + by + cz=0 (6.78) 

It passes through (0,1,0). So 

- a + b = 0 

=$a = b (6-79) 

Also 


1 n \a + b\ 

72 4 J 1 2 +1 2 +0 2^2 +Zj2+c 2 

1 12a | 

72 72^2 a 2 +c 2 

=>2a 2 +c 2 = 4a 2 
=>2 a 2 =c 2 

Therefore, a = b and c=72u. Hence, a:b:c= 1:1: 72. 
The DRs of the normal of the plane are (1,1,72) or 

(-1,-1,-72). 

Answer: (B), (D) 


8 . Consider the planes x-2y + 3z = l, - x + y-2z = k 

and x - 3y + 4z = 1. Then 

(A) The three planes have no common point for k * 3. 

(B) The three planes have infinitely many common 
points for k^3. 

(C) The three planes have infinitely many common 
points for k = 3. 

(D) The three planes have unique common point, 
for k = 3 


Solution: Consider the matrix equation 


■ 1 

-2 

3" 


-1 

-1 

1 

-2 

X= 

k 

1 

-3 

4 


1 


where 


X = 


y 


z 


Add Rj to R 2 and subtract R x from R 3 to get 


“1 

-2 

3" 


" -1 " 

0 

-1 

1 

X= 

k -1 

0 

-1 

1 


2 


Answer: (A), (B), (C) 
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Worked-Out Problems 


"1 

-2 

3" 


‘ -1 " 

0 

-1 

1 

X = 

k -1 

0 

0 

0 


3-k 


(R 3 -H> R 3 


R 2 ) (6.80) 


Therefore 


=>x + z=-5, -y + z = 2 
=>x=-5-z, y=z-2 


If k - 3, then the system is consistent and it can be 
written as 


"1 

-2 

3" 


-1 

0 

-1 

1 

X= 

2 

0 

0 

0 


0 


Also Rj - 2R 2 gives 


‘1 

0 

1 " 


"-5" 

0 

-1 

1 


2 

0 

0 

0 


0 


-5-z 


- 1 " 


-5 

z-2 

= z 

1 

+ 

-2 

z 


1 


0 


is a solution. That is, in this case, all three equations have 
infinitely many solutions. That is, they intersect in a line. 
If k*3, then 0A + 0y+0z=3-fc^0, which is illogical by 
Eq. (6.80). Hence, there is no common point. 

Answer: (B), (C) 


Matrix-Match Type Questions 

1. Match the items of Column I with those of Column II. 


Column I 


Column II 


(A) The foot of the perpen- (p) (-1,2,-3) 
dicular drawn from the 
point (2, -1, 5) onto the 
line 

x —11 y + 2 z+8 

io - ^T“mt 


is 

(B) The coordinates of the (q) (2,0,1) 
point on the line joining 
the points A{ 1, 2, 3) and 
5(3, 5, 9) at a distance 14 
units from the midpoint 
of AB are 


(C) The point of intersection 
of the planes x + 2y - z = 
6, 2x - y + 3z = - 13 and 
3x - 2y + 3z = - 16 is 

(D) (1, 3, -2) are the DRs of 
line L x and (-2, 2, 4) are 
the DRs of another line 
L 7 . If a line L is perpen¬ 
dicular to both Lj and L 2 , 
then the DRs of L are 


( r ) (1,2,3) 

(S) (b.y.is) 

(t) 


Solution: 

(A) Let P = (2, -1,5) and Q = (x p y p z x ) be the foot of 
the perpendicular from P onto the line 


x — 11 y + 2 z+8 

10 - ^4~ - Ml 

Therefore, 

x 1 =ll + 10? 

* = -2-4* 

= - 8 - lit 

for some t e R. . PQ is perpendicular to the given 
line. So 

52(10,-4,-11)=0 

=>(9+10f,—1— 4/,— 13—llt)(10,— 4,— 11)=0 
=> 10(9 + 10t) - 4(-l-4t) + 121f+143 = 0 
=> 237r+237=0 
=>t= — 1 
and hence 

Q = (x 1 ,y 1 ,z 1 ) = (1,2,3) 

Answer: (A) —^ (r) 

(B) The equation of the line AB is 

*-l _ y-2 _ z-3 
2 ” 3 “ 6 

and hence any point on this line is of the form 5(1 + 
2f, 2 + 3/, 3 + 6f). Also 

Q = Midpoint of AB = f 2, —,6 j 
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Now 


Column I 


Column II 


PQ =14 

(C) The equation of 


the locus of the 

=>(PQ) 2 =(14) 2 

point whose dis- 

( 35 2 

tance from (2, 

=>(2t-l) 2 + 3t — +(6t-3) 2 =196 

-1,3) is 4 is 


(D) The equation of 


the locus of the 

=>(2t l)- + v +(6t 3)-=196 

point whose dis- 


tance from the 

=> (16t 2 - 16t +4) + 5(6t-3) 2 = 784 

y-axis is equal 

=>196t 2 -196r-735=0 

to its distance 


from the point 

se roots are 5/2,-3/2. Now 

(2,1,-1) is 


(s) x 2 +y 2 -z 2 =0 


(t) x 2 +y 2 +z 2 — 4x + 2y—6z 
-2 = 0 



and t = ^ => P = ^6,^,18 j 

Answer: (B) -+ (s), (t) 


(C) By solving the three equations simultaneously, we 
get that x = - l,y = 2,z = - 3. 

Answer: (C) —> (P) 

(D) The DRs of L are givne by 


i j k 
13-2 
-2 2 4 


167 + 8^ = 8(2/ +k) 


Therefore, the DRs of L = (2,0,1). 

Answer: (D) —> (q) 


Solution: 

(A) The distance of a point from z-axis is ^x 2 +y 2 . The 
distance of the point from xy-plane is |z|. Therefore 

x 2 + y 1 = z 2 or x 2 + y 2 - z 2 = 0 

Answer: (A) —» (s) 

(B) Since the sphere touches yz-plane, its radius is |x|. 
Hence, the equation of the sphere is 

(x-3) 2 +(y+l) 2 +(z-2) 2 =3 2 

=> x 2 + y 2 + z 2 - 6x + 2y - 4z + 5=0 

Answer: (B) —> (P) 

(C) The locus is 

(x-2) 2 + (y+l) 2 + (z-3) 2 = 16 
x 2 +y 2 +z 2 -4x + 2y-6z-2 = 0 


2. Match the items of Column I with those of Column II. 


Column I Column II 

(A) The equation of 
the locus of a 
point whose dis¬ 
tance from the 
z-axis is equal 
to its distance 
from the xy- 
plane is 

(B) The equation of 
the sphere with 
centre at (3, -1, 

2) and touching 
yz-plane is 

( Continued ) 


Answer: (C) —»(t) 

(D) We have 

Jx 2 +z 2 =yj(x-2) 2 +(y-l) 2 +(z+l) 2 
=>x 2 +z 2 =(x-2) 2 +(y-l) 2 +(z+l) 2 
=>y 2 — 4x — 2y + 2z+6=0 

Answer: (D) -» (q) 

3. Match the items of Column I with those of Column II. 


Column I 

Column II 

(A) The equation of the plane 
parallel to the plane passing 
through the points (1,1,1), 
(2,3,5) and (-1,0,2) which 
is at a distance of 2 units 
from the given plane is 

(p) x + 2y + 3z 
= 3 


(p) x 2 +y 2 +z 2 -6x + 2y-4z 
+ 5 = 0 


(q) y 2 -2y-4x + 4z+6=0 


{Continued) 
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Worked-Out Problems 


Column I 


Column II 


(B) The equation of the plane 
passing through the inter¬ 
section of the lines 
, . x-l_y-2_z-3 
1 3 12 


(q) 19(x + 5_y - 
4 z) - 300 
= 0 


x-3 _y-l_ z-2 
2 ' i 2 3 

and perpendicular to the 
line joining the point of their 
intersection and origin is 

(C) A plane containing the line 

x-1 y-2 z -3 . 

-=-=- is 

12 3 

(D) The equation of the plane 
which is parallel to the 
plane x + 5y-4z + 5 = 0 
and whose sum of the 
intercepts on the coordi¬ 
nate axes is 15 is 


(r) 2x-3y+z+ 
2>/l4=0 

(s) 2x-3y+z 
-2^14=0 


(t) x + 2y + 3z - 
14 = 0 


Solution: 


(A) The equation of the plane passing through the 
points (1,1,1) (2,3,5) and (-1,0,2), from Theorem 
6.49, is 


x + 1 y 

1 2 

-2 -1 


Z -2 


4 

1 


= 0 


=>6(-r + l)-9y+3(z-2) = 0 
=>6.v-9y+3z = 0 
=>2x-3y+z=0 

Any plane parallel to the above plane is of the form 
2x - 3y + z + d = 0. Since the distance between those 
two planes is 2, we have 


^2 2 +(-3) 2 +1 2 
=$>d=± 2VT4 

Answer: (A) (r), (s) 


(B) Every point on the lines L 1 and L 1 is of the form 
P( 1 + 3f, 2 + f, 3 + 2 1) and Q( 3 + s, 1 + 2s, 2 + 3s), 
respectively. Now P = Q gives 


l + 3t = 3 + s=>3t—s = 2 

(6.81) 

2+t=l+2s^>t — 2s= — l 

(6.82) 

3+2t = 2 + 3s=>2t-3s=-\ 

(6.83) 


From the above equations t = 1 and .v = 1 and the 
point of intersection of the lines is (4, 3, 5). Now 
OP =(4,3,5). The required plane is 

4(.r-4) + 3(y-3) + 5(z-5) = 0 

=> 4.r + 3y+5z-50 = 0 

Answer: (B) (t) 


(C) The line 

x-l _ y-2 _ z-3 


passes through (1, 2, 3). Since the plane passes 
through (1,2,3) which is having normal DRs (1, 2, 
3), its equation is 

l(x -1) + 2(y - 2) + 3(z - 3) = 0 
=> x + 2y + 3z — 14 = 0 

Answer: (C) —» (P) 

(D) The plane parallel to the plane x + 5y - 4z + 5 = 0 is 
x + 5y - 4z = k. Now, 

15 = Sum of the intercepts on the axes 


20fc + 4A:-5 k 19 k 
20 ~^ 0 " 


Therefore, k= 300 /19. Hence, the equation of the 
plane 


x + 5y-Az 


300 

19 " 


Answer: (D) —> (q) 


Comprehension Type Questions 

1. Passage: The equation of the plane passing through 
a point (x 0 , y 0 , z 0 ) and having the vector (a, b, c ) as 
normal is 

a{x - x 0 ) + b(y - y 0 ) + c(z ~z 0 )=° 

and this plane is also parallel to the plane ax + by + cz 
+ d = 0. Answer the following questions. 


(i) The equation of the plane passing through the 
points A(2, 1,0),P(5,0,1) and C(4,1,1) is 

(A) x + y-2z-3 = 0 

(B) x-y + 2z-3 = 0 

(C) x + y + 2z- 3 = 0 

(D) x + y-2z + 3 = 0 
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(ii) The equation of the plane passing through the 
point (2, -3,1) and perpendicular to the vector 

3 i + 4j + lk is 

(A) 3x + 4y + 7z + ll = 0 

(B) 3x + 4y + 7y - 1 = 0 

(C) 3x + 4y + 7z + 12 = 0 

(D) Ix + Ay + lz - 12 = 0 

(Hi) The equation of the plane through the point (-3, 
-3,1) and normal to the line joining the points 
(2,6,1) and (1,3,0) is 

(A) x + 3y + z-ll=0 

(B) 2x + y + z + ll=0 

(C) x + 3y + z + ll = 0 

(D) x + 2y + 3z - 11 = 0 

Solution: 

(i) The normal to the required plane is 


is the cross product of the normals (a 1 , b v c 1 ) and (a 2 , b 2 , 
c 2 ) of the given planes. Answer the following ques¬ 
tions. 

(i) The equation of the line drawn from (1, -1,0) to 
intersect the lines 

x-2 y- 1 z-3 , x-4 y z+ 1 

-= --=- and -=—=- 

2 3 4 4 5 2 

orthogonally is 


(A) 

(B) 

(C) 

(D) 


x-1 y+1 z —1 
~\A~^Y2~^2~ 
x-1 y+l z 

x + l_y-l_z 

1T~^12~2 

x+1 y -1 z —1 
~\A~^Y2~^2~ 


ABxAC= 


1 j k 
3-11 

2 0 1 


=-i - j+2k 


The plane is passing through A( 2,1, 0). Hence, its 
equation is 

-l(x - 2) - l(y - 1) + 2(z - 0) = 0 
=>-x-y + 2z + 3 = 0 
=>x + y-2z-3 = 0 

Answer: (A) 

(ii) The equation of the plane through (2, -3, 1) and 
perpendicular to the vector 3/ + Aj +lk is 

3(x-2) + 4(y + 3) + 7(z-l) = 0 
=> 3x + Ay + lz - 1 = 0 

Answer: (B) 

(Hi) The normal to the plane is (1 - 2,3 - 6, —1)=(—1, -3, 
-1). Hence the equation of the plane is 

-l(x + 3) - 3(y + 3) - l(z - 1) = 0 
=> -x - 3y - z - 12 = 0 
=>x + 3y + z + ll = 0 

Answer: (C) 


2. Passage: The equation of the line passing through a 
point (x„, y 0 , z 0 ) and having DRs (/, m, n) is 

x-x 0 _ y-y 0 _ z-z 0 
l m n 

Also the DRs of the line represented by the planes 
AjX + b 2 y + CjZ + d l = 0 = a 2 x + b$ + c 2 z + d 2 


(ii) The symmetric form of the equation of the line 
Ax - Ay - z + 11= 0 = x + 2y-z-lis 


(A) 

(B) 

(C) 

(D) 


x-2 

y 

z-3 

1 

l 

A 

x — 2 

y 

-2 z 

2 


1 4 

x y- 

2 

z-3 

2 1 


4 

x + 3/2 


y-5/4 


2 1 


£ 

4 


Solution: 


(i) The DRs of the required line are given by 


1 j k 

2 3 4 
4 5 2 


14/ +12/ -2k 


Therefore, the DRs of the line are (14, -12,2). The 
line passes through (1, -1,0). Hence, its equation is 

x-l_y+l_z 

~14~~^12~2 

Answer: (B) 

(ii) The DRs of the line of intersection are 


i j k 
A -A -1 
12-1 


= 6/ +3) +12 k =3(2 i + j + 4 k) 


The DRs are (2,1, A). In the given equations, substi¬ 
tuting z = 0, we get 
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Worked-Out Problems 


4x -4 y = - 11 
and x + 2y = 1 

Solving the equations, we get 



Hence, (-3/2,5/4,0) is a point on the line. There¬ 
fore, its equation is 

* + (3/2) y-(5/4)) z 
2 14 

Answer: (D) 


Now 


jq x n 2 = 


i j k 
3 12 
12 3 


=—i -7j + 5k 


x n 2 1=V(-l) 2 + (-7) 2 + (5) 2 = V75 = 5V3 
Therefore 

/ZjXn, — i—7j+5k 


\n 1 xn, 


5V3 


Answer: (B) 


3. Passage: Consider the lines 

x+1 y+2 z+1 . r x—2 y+2 

/j| . — — and • = 


z -3 


Answer the following questions. 

(i) Unit vector perpendicular to both Lj and L 1 is 


(A) 

—i -\r1 j + Ik 
a/99 

(B) 

-i -7j+5k 
5a/3 

(C) 

—i + 7j +5k 

(D) 

7i-7 k-k 

5-V3 

a/99 


(ii) The shortest distance between L x and L 2 is 


(A) 0 



(C) 


41 

5^3 


(D) 


17 

5V3 


(«i) The distance of the point (1,1,1) from the plane 
passing through (-1, -2, -1) and whose normal is 
perpendicular to both L l and L ? is 


(A) 


2 

a/75 



(C) 


13 


(D) 


23 


a/75 V75 

(IIT-JEE 2008) 


Solution: and L ? are parallel to the vectors 

n x =(3,1,2) and n 2 =( 1,2,3), respectively. 

(i) Unit vector perpendicular to both n x and n 2 is 


(ii) A = (-l,-2,-1) and 5=(2,-2,3) so that A5 = (3,0,4). 
Now 




3 0 4 
3 12 
12 3 


3(3 _4) + 4(6-1) 


= -3 + 20^0 


Therefore, and L are skew lines. Hence, the 
shortest distance is 


\AB-{ ni xn 2 )\ |(3,0,4)-(-l,-7,5)| 17 

|«i xn 2 | 5^3 5^3 

Answer: (D) 

(iii) The plane passing through the point (-1, -2, -1) 
whose normal is n x x n 2 is 

-l(x + 1) - 7{y + 2) + 5(z + 1) = 0 

=> x + 7y - 5z + 10 = 0 (6.84) 

Now, the distance of the plane provided in Eq. 
(6.84) from the point (1,1,1) is 

|l + 7 —5 + 10| _ 13 

v/l 2 +7 2 +5 2 ~V75 

Answer: (C) 


+ 


n \ x «2 

«i xn 2 


Integer Answer Type Questions 

1. If the distance between the plane ax -2y + z = d and 
the plane containing the lines 

£-l =Z -2 =i -3 md *-2 = y-3 = z-4 
2 3 4 3 4 5 

is a/ 6, then the value \d\ is_. 


Solution: Let /7 j=( 2,3,4) and n 2 = (3,4.5). So 


n 2 x n 2 = 


1 j k 

2 3 4 

3 4 5 


i + 2 / - k 
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Hence, the equation of the plane containing the given 
lines is 


-l(x - 1) + 2(y - 2) - l(z - 3) = 0 
=>x-2y + z = 0 

This plane is parallel to the given plane if a = 1. Hence, 
the distance between the plane is 

l 2 + 2 2 +1 2 


Let D = (x^O, 0), E - (0, y p 0) and F= (0,0, z ( ) which are 
the midpoints of the sides BC , CA and A B, respectively. 
Then 

EF\\ BC and EF = ^BC =>4(y( +z 2 ) =a 2 
Similarly 

4(.r 2 + y 2 ) =c 2 and 4 (zl+x 2 )=b 2 
Therefore 


Thus, |rf| = 6. 

Answer: 6 

2. Point (a, /3 ’ f) lies in the plane x + y + z = 2. Let 

a = ai + pj + yk and kx(kxa) = 0, then y= _. 

(IIT-JEE 2006) 

Solution: By hypothesis, we have 

a+P+y= 2 (6.85) 

Therefore 

6 = kx(kxa) = (ka)k-(k- k)a 
=>0 = yk-a 
=>a = yk 

so that a= 0 and p= 0. Hence, from Eq. (6.85), we get 
7=2. 

Answer: 2 

3. The distance between the planes 2x-y + 2z-4 = 0 

and 2x - y + 2z - 1 = 0 is_. 

Solution: The distance is 

1 - 4+11 _ 3_ 1 

V2 2 +(-l) 2 +2 2 3 

Answer: 1 


4. A triangle is so placed that the midpoints of its sides are 
placed on the coordinate axes. If a, b and c are the sides 
of the triangle, then the equation of the triangle is 

x y z . 

— + —+ —=1 

x i Ti Z\ 

where a 2 +b 2 +c 2 =k{x\ +y\ +z 2 ). The value of k is 
equal to_. 

Solution: See Fig. 6.40. Let the intercepts of the plane 
on the axes be (x 1 ,0,0), (0,y p 0) and (0,0, zj so that the 
equation of the plane is 


x y z . 
— + —+ —=1 

-H y\ Zi 


8(jr 2 +y 2 +z 2 )=a 2 +b 2 +c 2 



Answer: 8 


5. If the point 5(3, 3, k) lies in the plane of the triangle 
with vertices A(l, 1,1), 5(0, -1,0) and C(2,1,-1), then 
the value of k is equal to_. 

Solution: AB = (—1, —2, —1) and TC=(l,0,-2) so 

that 


ABxAC= 


i J 
-1 -2 
1 0 


k 

-1 

-2 


4x — 3y + 2z 


Since the plane having (4,-3,2) as normal passes through 
the point 5(0, -1,0), its equation is 

=> 4(x - 0) - 3 (y +1) + 2(z - 0) = 0 

=> 4x - 3y + 2z - 3 = 0 

5(3,3, k) belongs to the plane. So 

4(3) - 3(3) + 2k-3 = 0=>k = 0 

Answer: 0 


6. If the coordinates of the points A, B, C and D are (3,6, 
4), (2,5,2), (6,4,4) and (0,2,1), respectively, then the 
length of the projection of AB on CD is_. 

Solution: AB = (-1,-1,-2) and CD = (- 6,-2,-3). 
The length of the projection of AB on CD is 
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Worked-Out Problems 


\AB CD\ _ |6 + 2 + 6|_ 2 
\CD\ 7 

Answer: 2 

7. If the plane 2 ax - 3 ay + 4az + 6 = 0 passes through the 
midpoint of the centres of the spheres 

x 2 + y 2 + z 2 + 6jt - 8y - 2z - 13 = 0 

and x 2 + y 2 + z 2 - 10* + 4y - 2z - 8 = 0 

then \a\ is equal to_. 

Solution: The centre of the sphere 

x 2 + y 2 + z 2 + 2ux + 2 vy + 2 wz + c = 0 

is (- u, - v, - w). Hence, the centre of the given spheres are 
A(-3,4, 1) an d 5(5,-2,1) whose midpoint is (1,1,1). Since 
(1,1,1) lies on the plane 2 ax - 3 ay + 4 az + 6 = 0, we have 

2a - 3a + 4a + 6 = 0 => a = -2 

Answer: 2 

8. If d is the shortest distance of the point (1,2, -1) from 
the surface x 2 + y 2 + z 2 = 54, then d / J 6 is equal to 

Solution: See Fig. 6.41. The equation 

x 2 + y 2 + zr = 54 

is a sphere with centre (0,0, 0) and radius = V54 = 3V6. 
5(1,2, -1) is a point inside the sphere such that 

OP = yjl 2 + 2 2 +(-l) 2 

Thus distance of P from the surface of the sphere is 
d = 3^j6 - \f6 = 2\[6 

Therefore 


d 2S 
>/6 



9. If the equation of the plane through the intersection 
of the planes x + 2y + 3z-4 = 0 and 2x + y- z + 3 = 
0 and perpendicular to the plane 5x + 3y + 6z + 8 = 0 
is ax + by + cz + 173 = 0, then b - 9 (a + c) is equal to 

Solution: The required plane is of the form 

{x + 2y + 3z - 4) + A (2x + y - z + 5) = 0 

whose normal is (1+2A,2 + A,3-A). This plane is per¬ 
pendicular to the plane 5x + 3y + 6z + 8 = 0. So we have 

5(l+2A) + 3(2 +A)+6(3-A)=0 

=t>7A=-29 



Therefore, the required plane is 

29 

{x + 2y+3z-4)- — (2.r+y-z+5) = 0 
=>51.r + 15y-50z+173=0 

comparing this with ax + by + cz + 173 = 0 we get a = 51, 
b = 15,c = -50. 
so that 

£>-9(a + c) = 15-9 = 6 

Answer: 6 

10. The equation of the planes passing through the line of 
intersection of the planes x + 3y + 6 = 0 = 3x-y-4z 
which is at a distance of 1 unit from the origin are 2x 
+ y - 2z + d l = 0 and x - 2y - 2z + d 2 = 0. Then - d x d 2 
is equal to_. 

Solution: The required plane is of the form 

(x + 3y + 6) + X(3x-y-4z)=0 

=> (l+3A)x+(3-A)y+-4Az+6= (6.86) 

The distance of this plane provided in Eq. (6.86) from the 
origin = 1. This gives 

. 161 =i 

V(l+3A) 2 +(3-A) 2 +16A 2 

=s>36=26A 2 + 10 
=i> A = + l 

Therefore, the required planes are obtained by substitut¬ 
ing A = ±l in Eq. (6.86) and they are 2x+y-2z + 3 = 0 
and x — 2y — 2z — 3=0. Therefore 

-d x d 2 = -3(-3) = 9 


FIGURE 6.41 


Answer: 2 


Answer: 9 
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Chapter 6 I Three-Dimensional Geometry 


SUMMARY 


6.1. Theorem: The distance between the points A(x v y ] , 
zf) and B(x 2 ,y 2 , z 2 ) is 

yj(x 1 -x 2 ) 2 +(yi-y 2 ) 2 +(zi-z 2 ) 2 


6.2. Theorem (Section formula): Let A = (x v y v z,) and 

B = (x 7 , y 2 , z 7 ) be two points and P(x, y, z ) be a point 
on the line AB such that 

AP : PB = l:m(l+mj=0) 

Then 


lx 7 + mx i /y 7 + my, /z 7 + mzi 

x =— f - ~,y=^ A r ——,z=- 


/ + m 


l + m 


l+m 


The coordinates of midpoint are 

f *i+x 2 T1 + V2 Zi + z 2 \ 

{ 2 ’ 2 ’ 2 J 

6 . 3 . The centroid of a triangle with vertices A(x v y v z 1 ), 
B{x 2 , y 2 , z 2 ) and C(x 3 , y v z 3 ) is 

( x 1 + x 2 + x 3 y 4 + y 2 + y 3 z 1 +z 2 +z 3 \ 

{ 3 ’ 3 ’ 3 J 

and centroid of a tetrahedron with vertices ( x r , y r , z r ) 
(where r= 1,2,3 and 4) is 

' x 1 + x 2 + x 3 + x 4 y l + y 2 + y 3 + y A z 1 +z 2 +z 3 +z 4 ) 

4 ’ 4 ’ 4 J 

6 . 4 . Definition ( DCs and DRs of a line): Let L be any 
line in the space. Any unit vector parallel to the 
line L is called DC (direction cosine ) of L and any 
vector parallel to L is called DR (direction ratio) 
of the line L. If a line makes angles a , /3 and /with 
the x-, y- and z-axes, respectively, and (/, m, n) are 
the DCs of L, then Z = cosa,m=cos/l,n = cosy or 
l = -cosa,m = -cosp,n = -cosy. That is, (cos a, 
cos /), cos7), (-cos a,-cos/?,-cos 7) are the DCs of 
L. 


6 . 5 . Theorem: If (l, m, n ) are the DCs of a line, then P + 
m 2 + n 2 = 1. 

Note: If (a, b, c) are the DRs of a line, then its DCs 
are 

( \ 

±a ±b c 

y yja 2 +b 2 +c 2 yja 2 + b 2 +c 2 yja 2 + b 2 +c 2 y 

where we have to take all + signs or all - signs. 

6 . 6 . Theorem: The direction ratios of the line joining 
the two points A(x v y v z,) and B(x v y 2 , z 2 ) are (x 7 
-x 1 ,y 2 -y 1 ,z 2 -z 1 ). 


6 . 7 . Theorem: If (/, m, n) are the direction cosines of a 
line AB andP=(x 1 ,y 1 ,z 1 ) and Q = (x 2 ,y 2 , z 2 ),then 
the projection vector of PQ on AB is 

/ (x 2 — X])i +m(y 2 -yP) j + n(z, 2 -z 4 )k 

6 . 8 . Theorem: If (/, m, n) are the DCs of the normal of 
a plane whose distance from the origin is p, then 
the equation of the plane is lx + my + nz= p. This 
equation of the plane is called normal form. 

6 . 9 . Definition: If a plane meets x-,y- and z-axes at the 
points (a, 0, 0), (0, b , 0) and (0, 0, c), respectively, 
then a, b, c are called the intercepts of the plane on 
the coordinate axes. 

6 . 10 . Theorem (Equation of the plane in interceptform): 

If n, b , c are the intercepts (abc^ 0) of a plane on 
the coordinate axes, then its equation is 

x y z 7 
a b c 

6.11. Definition: If a , b, c and d are real and at least one 
of a, b and c is not zero, then the equation ax + by 
+ cz + d = 0 is called a first-degree equation in x, y 
and z. 

6 . 12 . Theorem: The equation of a plane is a first-degree 
equation in x, y and z and every first-degree 
equation in x, y and z represents a plane. 

6 . 13 . Theorem: (1) Two first-degree equations 

ape + b 4 y + CjZ + = 0 and ape + b 7 y 

+ cpz + d 2 = 0 

represent the same plane if and only if 
a \ • b\ '■ Ci: d 4 = a 2 : b 2 : c 2 : d 2 
(2) Two first-degree equations 
ape + b 4 y + cpz + d 4 = 0 and ape + b 7 y + cpz + d 7 = 0 

represent parallel planes if and only if a 1 :b 1 :c 1 = 
a 2 :b 2 : c 2 . 

6 . 14 . Theorem: (1) The perpendicular distance of a point 
P(x v y v z x ) from a plane ax + by + cz + d = 0 is 

| ax 1 + by 4 + CZ\ + d\ 

yja 2 +b 2 +c 2 

(2) The distance between two parallel planes ax + 
by + cz + d 4 = 0 and ax + by + cz + d 2 = 0 is 

\d 4 —d 2 1 
yja 2 +b 2 +c 2 
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Summary 


6 . 15 . Theorem: The equation of the plane passing 
through the point (x 1 ,_y 1 ,z 1 ) and having h = {a,b,c ) 
as normal is 


Case 1: If a x a 2 + b l b 2 + c x c 2 > 0 , then the origin lies 
on the obtuse angle region and hence the acute 
bisector is 


a(x - xf) + b(y - yf) + c(z - z 1 ) = 0 


6 . 16 . Theorem: The equation of the plane determined by 
three non-collinear points (x r , y , z ) (where r= 1,2 
and 3) is 


x — x 1 
x 2 ~x, 

* 3“*1 


y-y i 
y 2 -yi 
ys-yi 


z-z 1 


Z 2 -Zi 


=0 


Z 3 -Z 1 


a x x+b x y+c x z+d x a 2 x + b 0 y + c 2 z+d 2 

y Ja 2 +b 2 + c 2 yjal+bl+cl 

Case 2: If a x a 2 + b { b , + c, c 2 < 0, then the origin lies 
on the acute angle region and hence the acute angle 
bisector is 

a x x+b x y+c x z a 2 x + b 2 y + c 2 Z + d 2 

yjaf + b 2 + c\ yjaj +bl + c\ 


6.17. Notation: If E = ax + by+cz+ d , then E n means 
ax 1 + by x + cz l + d. 

6.18. Theorem: If a plane E = 0 cuts a line joining two 
points A(x v y v z t ) and 5(x 0 , y 2 , z 2 ) at a point P, 
then the ratio 

AP: PB = - E n :E 22 

Further, A and B are on opposite sides the plane E 
= 0 if E n and E 22 are of opposite signs and A and B 
lie on the same side if E n and E 22 are of same signs. 
In particular, if E = ax + by + cz + d = 0, then a point 
(X|, y v z x ) lies in the origin side if E n and d are 
of same signs and (x l5 y v z,) lies on the non-origin 
side of the plane, if E n and d have opposite signs. 

6.19. Theorem: If E l = 0 and E 2 = 0 are two intersecting 
planes which intersect in a line L, then any plane 
passing through the line L is of the form 

A 1 E 1 + A 2 E 2 = 0 

where |Aj | +1A 2 1 =^0. For practical purpose, we can 
consider such a plane as 

£j + AE 2 =0 


6.22. Foot of the perpendicular and image: Let E = ax + 

by + cz + d = 0 be a plane and P(x ] ,y,, z x ) be a point 
which is not on the plane. 

(i) If (x 1 ',y 1 ',z 1 ') is the foot of the perpendicu¬ 
lar drawn from P(x v y v z 2 ) onto the plane, 
then 

x' 1 -x 1 _ y[ -y l _z' 1 -z l _ —( ax l +by l +cz 1 +d) 
a b c a 2 + b 2 +c 2 

(ii) If (x" y", z") is the image of P(x v y v z,) in 
the plane E = 0, then 

x \- x i _ y"~yi _ z"-zi _ 2 ( ax i + by\ + cz 2 + d) 
a b Z a 2 +b 2 +c 2 


6 . 23 . Angle between two planes: The angle between two 
planes is defined to be the angle between their 
normal vectors. If a x x + b x y + c x z + d 1 = 0 and a 2 x 
+ b 2 y + c 2 z + d 2 = 0 are two planes, then the angle 
between the two planes is 


Cos 


-1 


a x a 2 + b x b2+c x c 2 


yja\ + b 1 + c\ yjCI 2 “t" b 


2 2 
2 +c 2 J 


The converse of this theorem is also true. 

6.20. Theorem:lt E l =a 1 x + b 1 y+ c l z + d 1 =0 and E 1 =a 2 x + 
b 2 y + c 2 z + d 2 = 0 are intersecting planes, then the 
equations of the plane bisecting the angle between 
the planes are 

a 1 x + b 1 y + c 1 z + d 1 a 2 x + b 2 y + c 2 z 

yjaf +b 2 +c 2 ~ y/a 2 +b 2 +c 2 

6.21. To find the acute angle bisector plane: Let £j = aye + 

b l y + c 1 z + d l =0 and E 2 =a 2 x + b 2 y + c 2 z+d 2 = 0 
be two intersecting lines which do not pass through 
the origin. Make both d { and d 2 positive. Then, the 
origin angle bisector is always with + signs. That is, 

a l x + b x y+c l z + d l _ a 2 x + b 2 y+c 2 z + d 2 
Ja 2 +b 2 +c 2 yja 2 +bl + c 2 


6 . 24 . Angle between a line and a plane: If 6 is the angle 
between a line and the normal to a plane, then 
90° -6 is called the angle between the line and the 
plane. 

6 . 25 . Equation of a line (Symmetricform): The equation 
of the line which is passing through a point (x 0 , y 0 , 
z 0 ) and having the DRs (a, b, c ) is 

x ~ x o _ y-y 0 _ z-z 0 
a b c 

6 . 26 . Parametric form: If (x, y, z) is any point on the 
line 

x-x 0 y-y 0 z-z 0 
a b c 

then x = x 0 + Aa,y=y 0 + Ab and z = z 0 + Ac, where 
AeR. These equations are called parametric 
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Chapter 6 I Three-Dimensional Geometry 


equations of the line passing through the point (x Q , 
y 0 , z 0 ) and having DRs (a, b, c ). 

6 . 27 . To write the line of intersection of two planes in 
symmetric form: Suppose the planes E 1 = a f x + 
b 1 y+c 1 z+d l = 0 and E 1 = a 2 x + b~>y + c 2 z +d 2 =0 
intersect in the line L so that L is parallel to the 
cross product of the normals (a v b v c 3 ) and (a 7 , b 2 , 
c 2 ) of the planes. If afb 2 -a 2 b x U). then substitute 
z = 0 in the plane equations and solve for x and y. 
Suppose (x Q , y Q , 0) is a point on the line. Then, the 
symmetric form of the line L is 

= y-yo = z-o 

b\C 2 -b 2 c 2 a 2 c.\ -a,c 2 a x b 2 -a 2 b x 

6 . 28 . Nature of three planes: Let E x = a x x + b 3 y + c 3 z + 

d 2 = 0, E 2 =a 2 x + b 2 y + c 2 z+d 2 =0 and E 3 = a 3 x + 
b 3 y + c 3 z + d 3 =0 be three planes and 



a x 

b i 

Cl 


d^ 

b \ 

Cl 

A = 

a 2 

b 2 

c 2 

> ^i - 


b 2 

C 2 


a 3 

b 3 

c 3 


d 3 

b 3 

c 3 


a x 


Cl 


Uj 

b \ 

d\ 

^2 = 

a 2 

d 2 

c 2 

> ^3 = 

a 2 

b 2 

d 2 


a 3 

d 3 

c 3 


«3 

b 3 

d 3 

1: If a 3 

:a 2 

:a 3 = 

- b l :b 2 

■ f h 

= C 1 

c 2 :c 


planes are parallel and hence no common points. 

Case 2: If A ^ 0. then the three planes intersect in 
unique point. 

Case 3: If A = 0 and one of A 1 ,A 2 andA 3 is zero 
and hence all of them are zero, then the three 
planes intersect in a single line. 

Case 4: If A = 0 and at least one of A 3 ,A 2 and A 3 
is not zero, then the three planes form a triangular 
prism. That is, the planes intersect pairwise in par¬ 
allel lines. 


EXERCISES 


Single Correct Choice Type Questions 

1. The equation of the plane passing through the line of 
intersection of the planes x + y + z = 1 and 2x + 3y - z 
= - 4 and parallel to x-axis is 

(A) y + 4z - 7 = 0 (B) 2y-4z-7 = 0 

(C) y-2z + 7 = 0 (D) y - 4z + 7 = 0 

2. The equation of the plane determined by the points 
(0,4,3) (-2,-2,1) and (1,1,-1) is 

(A) 9x + 5y + 6z + 2 = 0 

(B) 9x - 5y + 6z + 2 = 0 

(C) 9x - 5y - 6 z + 2 = 0 

(D) 9x - 5y + 6 z - 2 = 0 

3. The image of the point (2, -1,3) in the plane 3x-2y + 
z = 9 is 

(A) (1,1,8) (B) (2,-1,2) 

( 8 -3 19 

(C) (-2,-2,-2) (D) 

4. The equation of the plane through the line 

x-l _ y-2 _ z-3 

~ i r~~3~~~ 

and parallel to y-axis is 

(A) 2x + z + 1 = 0 (B) 2jc-z + 1 = 0 

(C) x-2z + l = 0 (D) x+2z-l = 0 


5 . Point of intersection of the lines 

x+4 y +6 z—1 
~3~~~5~~^2 

and 3x - 2y + z + 5 = 0 = 2x - 3y + 4z - 4 
is 

(A) (2,4,-3) (B) (-4,-6,1) 

(C) (-2,4,3) (D) (-2,4,-3) 

6 . The planes 2 x + _y + z + 4 = 0 ,3x + 2y + z + 8 = 0 and 
y-z+ 4=0 

(A) do not have common points. 

(B) have a unique common point. 

(C) form a triangular prism. 

(D) intersect in a line. 

(.Hint: Use item 6.26 of the section “Summary”) 

7 . The vertices of a triangle ABC are A(- 1, -2, -3), 
2?(-l, 2,3) and 0(0,0,0). The direction ratios of the 
internal bisector of the angle AOB are 

(A) 0,0,1 (B) -1,0,0 

(C) -1,1,1 (D) -1,-1,-1 

8 . If the line 

x _y_z 
1 ~ 1~1 

meets the line 
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.rsin A + ysinB + zsinC-2d“ =0 

= xsin2A + ysin25 + zssin2C-d 2 
then the value of 

. A . B . C 
sin — sin — sin — 

2 2 2 

where A + B + C = n is 

(A) k (A) (B) k (C) s (D) k 

9. The image of the point (-1,3,4) on the plane x —2y = 

-17 -19 


0 is 



(A) 

(15,11,4) 

(B) 

(C) 

(8,4,4) 

(D) 


3 3 

-17 -19 


3 ’ 3 


,1 


,4 


to the intersection of the planes 3x - y - 3z + 32 = 0 
and 3x + 2y - 15 z -8 = 0 are 

(A) (9,1,7) (B) (7,9,1) 

(C) (-7-1-9) ( D ) (-7,-9,-1) 

16. The distance of the point (-2,3, -4) from the line 

x + 2 2y+3 3z + 4 
~^3~~ 4 ~ 5 

measured parallel to the plane 4x + 12y - 3z + 1 = 0 
is 

15 17 13 

(A) - (B) - (C) y (D) 6 

17. The line 

x—2 y+1 z—2 


10. The plane 2x+y + 2z-9 = 0 meets the coordinate 
axes at points A, B and C. Then the orthocentre of 
A ABC is 


(A) (B) (2,1,2) 



11. The foot of the perpendicular drawn from (0,0,0) to 
the line joining the points (-9,4,5) and (10,0, -1) is 


(A) (3,4,5) 
(C) (4,5,3) 


(B) (1,2,2) 

(D) 

v 1 59 59 59 


12. The distance of the point (-2, 3, 1) from the line 
through the point (-3,5,2) and making equal angles 
with the coordinate axes is 


(A) 

2 

16 

5 

(D) 

fl4 

7J (B » 


(C) 73 

vT 

13. The 

shortest 

distance 

between 

the 

lines 


x-1 y—2 z-3 x-5 y-4 z-5 . 

-= - = and = - = is 


(A) 0 (B) 72/3 (C) 2V3 (D) 3V2 

14. The point of intersection of the lines whose paramet¬ 
ric equations are x = 3r + 3,y = -4r+2, z = r-l and 
x = — 6t + 1, y = 3t — 2 and z = 1 is 

(A) (9,6,-1) (B) (9,-6,1) 

(C) (-9,6,-1) (D) (9,6,1) 

15. The coordinates of the point on the line joining the 
points (-3, 7, -13) and (-6,1, -10) which is nearest 


meets the plane x - y + z = 5 at Q. If P is the point 
(-1, -5, -10), then the distance PQ is 


(A) 10 (B) 11 

18. If the lines 


(C) — 
v 2 


(D) 13 


and 


*-l _ y-2 _ z-3 
x—1 y—5 z —6 


3A 1 -5 

are at right angles to each other, then X is equal to 

-10 




<B>^ 


(C) 


(D) f 


19. The shortest distance between any two opposite edg¬ 
es of a tetrahedron formed by the planes y + z = 0, z 
+ x = 0,x + y = 0 and jc + y + z = lis 

(A) 76 (B| I (c) 7J (D) ^ 

20. The equation of the plane containing the line 



f +£=1 ’ 

b c 

x= 0 

and parallel to the straight line 

X 7. . 

is 

-=1, 

a c 

y= 0 

(A) 

^ + y - z -=i 

(B) x -+f 

a b c 

a b 

(C) 

x - y z + 1=0 
a b c 

(D) —+ 
a 
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Multiple Correct Choice Type Questions 

1. For the lines 

x —3 y -8 z — 3 
x-3_y+7_z -6 


choose the correct choices. 

(A) Coplanar and non-parallel. 

(B) Skew lines. 

(C) The shortest distance between them is 3V30. 

(D) Standard deviation is 0. 

2. Consider the line 

j x-l_y-2 _z-3 
' 2 3 4 

and the point P{ 5,9,3) in the space. Then 

(A) the distance of P from the line is 6. 

(B) the distance of P from the line is -J6. 

(C) the foot of the perpendicular from P onto L is 
(3,5,7). 

(D) the equation of the perpendicular from P onto 
the line L is 

x-5_ y-9_z-3 
-2 “ 4 ~^4~ 

3. For the two lines 

x-1_y-2 _z 
~1T~ -4 2 


and 

x = 2 + 3f, y = 4t and z = 2 
Identify the correct equations from the following: 

(A) 4x + 3y - 10 = 0 = 2y + 4z - 4 

(B) 4x + 3y + 10 = 0 = 2y + 4z - 4 

(C) 4x-3y-8 = 0 = z-2 

(D) 4x + 3y + 8 = 0 = z- 2 


The symmetric and the parametric forms of the line 
2x-y + z- 5 = 0x + y-2z-l are 


(A) 


(B) 


x-2 _ y+l _z 
1 “ 5 _ 3 

x-2_y+l_ z 


-2 -10 -6 

(C) x = 2 + 1, y = —1 + 5t, z = 3t 

(D) x = 2 + 2t, y = 1 + 5t, z = - 3t 

Consider the plane 2x + y + z = 0 and the point P{ 3,5, 
7). Then, the 

(A) foot of the perpendicular from P onto the given 
plane is (-3,2,4). 

(B) image of P in the given plane is (-9, -1,1). 

(C) equation of the line joining the points (3, 5, 7) 

, , n 1 • x-3 y- 5 z-7 

and (-9,-1,1) is -=-=-. 

V ' 6 6 4 

(D) distance of (-9, -1,1) from the plane 2x + y + z = 
0 is 9. 


Matrix-Match Type Questions 

In each of the following questions, statements are given in 
two columns, which have to be matched. The statements in 
column I are labeled as (A), (B), (C) and (D), while those 
in column II are labeled as (p), (q), (r), (s) and (t). Any 
given statement in column I can have correct matching with 
one or more statements in column II. The appropriate bub¬ 
bles corresponding to the answers to these questions have 
to be darkened as illustrated in the following example. 

Example: If the correct matches are (A) —»(p), (s), (B) —> 
(q), (s), (t), (C) —> (r), (D) —> (r), (t),that is if the matches 
are (A) (p) and (s); (B) -> (q), (s) and (t); (C) -> (r); 

and (D) —» (r), then the correct darkening of bubbles will 
look as followes: 


p q r s t 
A 
B 
C 
D 

1. Match the items of Column I with those of Column II. 

Column I Column II 

(A) The equation of the (p) 2 x+3y+2V3z+ll=0 
plane which is at a 
distance 10 from the 
origin, and whose 
normal has DRs (3,2, 

6) is 



{Continued) 
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Column I 


Column II 


(B) The equation of the (q) 3x + 2y + 6z = 70 
plane which is at a dis¬ 
tance of 5 units from 

the origin and is per¬ 
pendicular to the 

vector (2,-3,6) is (r) 2x+3y+2V3z + l=0 

(C) The equation of the 
plane which is at a 
distance of one unit 
from the plane 

2*+3y + 2V3z+6=0 ( s ) 2x-y + 3z + 8 = 0 
is 


(D) The equation of the 
plane passing through 
the point (1, 4, -2) 
and parallel to the 
plane 2x - y + 3z = 0 
is 


(t) 2x - 3y + 6z = 35 


2. Match the items of Column I with those of Column II. 


Column I Column II 

(A) The equation of the (p) 3x + 4y - 5z -9 = 0 
plane passing through 

the point (-1, -1,2) and 
perpendicular to the 
planes 3x + 2y - 3z -1 = 0 
and 5x - 4y + z -5 = 0 is 

(B) The equation of the (q) x + lly + 9z = 0 
plane passing through 

the points (2, 2, 1) and 
(9,3,6) and perpendicu¬ 
lar to the plane 2x + 6y + 

6z -1 = 0 is 

(C) The equation of the (r) 5x + 9y + llz = 0 
plane passing through 

the point (3, 1, 2) and 
perpendicular to the 
vector (2, -1,1) is 


Column I Column II 

(D) The equation of the plane (s) 2x — y + z- 7 = 0 
passing through the point 
(2, 1, -1) and passing 
through the line of inter¬ 
section of the plane x + (t) x + 9y + llz = 0 
3y-z = 0 = y + 2zis 


3. Match the items of Column I with those of Column II. 


Column I Column II 

(A) The distance of the point (2,5, / \ 

-3) from the plane 6x - 3y + 

2z - 4 = 0 is 

(B) If the lines 


x-1 y+1 z—1 
~2T~~3~~~ 


(q) v 


and 


x-3 

~Y~ 


y-k _z 
2 ~1 


intersect, then the distance 
between the points (1, —1, 1) 
and (3, 2k, 0) is 


(r) 


(C) The distance of the point (1,0, 
-3) from the plane x - y - z - 
9 = 0 measured parallel to the 
line 

x — 2 y + 2 z —6 

~ i ir~~3~~~ 6 ~ 


10 

3V3 


10 

~3~ 


is 

(D) The distance of the line 
x-2 y+2 z-3 

from the plane x + 5y + z - 
5 = 0 is 


(t) 


13 

7 


( Continued ) 


Comprehension Type Questions 

1 . Passage: Consider the plane x + y- z- l = 0, the point (i) Equation of the plane containing the line L and 

P( 1, 2, -3) and the line the point P(l, 2, -3) is 

L . x-l = y z 2 = z-3 (A) x + 3y - 7 = 0 (B) 3x + y-5 = 0 

3 -1 4 (C) x-3y + 5 = 0 (D) x + 3y-z-7 = 0 


Answer the following questions. 
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Chapter 6 I Three-Dimensional Geometry 


(ii) The distance between the points on the line L 
which are at a distance of 2/V3 from the plane is 

(A) 4V3 (B) JL 

(C) V104 (D) 2V3 

(Hi) If Q is a point on the line L such that PQ is paral¬ 
lel to the plane, then the coordinates of Q are 

(A) (-8,5,-9) (B) (4,1,7) 

(C) (-5,4,-5) (D) (10,-1,15) 

2. Passage: Consider the planes ax + by + cz = 0, bx + cy 
+ az = 0 and cx + ay + bz = 0. Answer the following 
questions. 

(i) If a + b + c ^ 0 and a 1 +b 2 +c 2 =ab + bc + ca, 
then the 

(A) three planes have no non-zero solution. 

(B) three planes intersect in a single point only. 

(C) three planes intersect in a line. 

(D) three planes are identical. 

(ii) Iffl+b + c = 0and a 2 +b 2 +c 2 ^ ab + bc + ca, then 
the 

(A) planes intersect in the line x = y = z. 

(B) planes do not have common point. 

(C) planes have infinitely many common points 
among which (1,2, 3) is one such common 
point. 

(D) planes form a triangular prism. 


(Hi) If a + b + c = 0 andu 2 +b 2 +c 2 = ab + bc + ca, then 
the 

(A) three planes have unique common point. 

(B) common solutions line on a line only. 

(C) three planes are identical. 

(D) three equations represent R 3 . 

3. Passage: If a plane meets the coordinate axes at the 
points (a, 0,0), (0, b , 0) and (0,0, c), then its equation 
is 

x y z . 

—+-+-=1 
a b c 

(i) A plane cuts the coordinate axes at A( 2, 0, 0), 
5(0,3,0) and C(0,0,1). Then the area of the tri¬ 
angle ABC is 

11 9 7 5 

(A) — (B) - (C) - (D) - 

Hint: Area = ^^b 2 c 2 +c 2 a 2 +a 2 b 2 j 

(ii) The volume of the tetrahedron OABC , where O 
is the origin, is 

(A) 6 (B) 1 (C) 2 (D) - 

6 

(iii) The centroid of tetrahedron OABC is 



Integer Answer Type Questions 

The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2 ,4 ,6 are to be darkened. 
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1. If a line makes angles or, /?, /and S with the diagonals 
of a cube, then 

3(cos 2 a+ cos 2 p + cos 2 7 +cos 2 5) 
is_. 

2. A( 3,2, -4), 5(5,4, - 6 ), and 5(9, 8 , -10) are three col- 
linear points. If the ratio AP.PB = l:m. then /| + \m\ is 
equal to (/ and m do not have common factor s ^\) 


3. If yz-plane divides the line joining the point A{- 2,4,7) 
and 5(3, -5, 8 ) in the ratio 2 !k, then the value of k is 


4. If the lines x = ay + b, z = cy + d and x = a'y + b', z = c'y 
+ d' are perpendicular to each other, then ad + cc' + 
k = 0, where the value of k is_. 
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5. If p is the shortest distance between the lines 

x—1 y—2 z —1 , x—2 y+1 z +1 

-= --=- and -= --=- 

2 12 2 12 

then the integral part of p ([p]) is_. 


6 . The equation of the plane passing through the points 
(-1,1,1) and (1, -1,1) and perpendicular to the plane 
x + 2y + 2z - 5 = 0 is 2x + 2y - 3z + d = 0, where the 
value of d is_. 


ANSWERS 


Single Correct Choice Type Questions 

1. (A) 

2. (B) 

3. (D) 

4. (B) 

5. (A) 

6. (D) 

7. (B) 

8 . (A) 

9. (D) 

10. (B) 

Multiple Correct Choice Type Questions 

1. (B), (C) 

2 . (A), (C) 

3. (A), (C) 

Matrix-Match Type Questions 

1- (A) -» (q); (B) -> (t); (C) (p), (r); (D) -> (s) 

2. (A) (r); (B) (p); (C) -> (s); (D) -> (t) 

Comprehension Type Questions 

1- (i) ~KA); (ii) -> (C); (iii) —> (A) 

2. (i) ->(D); (ii) -> (A); (iii) (D) 


11. (D) 

12. (D) 

13. (A) 

14. (B) 

15. (C) 

16. (B) 

17. (D) 

18. (C) 

19. (B) 

20. (C) 


4. (A), (B), (C) 

5. (A), (B), (C) 


3. (A) (t); (B) -> (p); (C) (q); (D) (r) 


3 - (i) H> (Q; (ii) (B); (iii) (A) 


Integer Answer Type Questions 
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Abscissae of the points of intersection, 
295 

Acute angle bisector, identification of, 
43-45 

Algebraic surface, 410 
Angle 

of intersection, 154 
of intersection formula, 207 
of intersection of circles, 206 
between a line and a plane, 455 
between line and plane, 391 
between two lines, 33-34 
between two non-zero vectors, 393 
between two planes, 396,455 
between vectors, 393 
Area of a triangle, 4 
Asymptotes of hyperbola, 322,326 
angle between two, 327,377 
chord of contact of, 326 
combined equation of pair of, 328 
of conjugate, 329 
foot of the perpendicular from a 
focus, 327 

method to find, 328 
product of the perpendiculars drawn 
from focus, 326-327 
slope of, 326 

tamgent intercepted between, 332 
Auxiliary circle of ellipse, 291,323,374 
tangent of an ellipse, 298 
Axes/axis 

changes of, 7 
conjugate, 323 
conjugate, of curve, 323 
coordinate, 400 
of ellipse, 287 
intercepts of plane on, 411 
of inverted ellipse, 288 
radical, 157-158,207 
rotation of, 8-9 
transeverse, of curve, 323 


B 

Base curve, 212 
Betweenness, 387 


c 

Cardon’s method, 231 
Centre of cone, 289 


Centres of similitude, 208 
Centroid, 5 

coordinates of, 401 
position vector of, 391 
of tetrahedron, 391 
of a triangle, 454 
Ceva’s theorem, 52-53 
Changes of axes, 7 
Chord 

of contact, 135,206,224 
equation of, on the ellipse, 292-293 
equation of, using midpoint, 226 
of parabola, 224 
Circle (s), 125 

angle of intersection of, 206 
auxiliary, 291 

classification of points in a plane 
w.r.t. a, in the same plane, 133- 
134 

common tangents of two, 159-160, 
207 

nine-point, 6 
orthogonal, 154,206 
parametric equations of, 205 
point, 205 

position of a point with respect a, 
206 

relation between a line in its plane 
and, 128-131,205 

relation between two, 150-152,206 
universal equation of a, 205 
Circular cone, 212 
Circumcentre of triangle, 5 
Circumcircle of triangle, 5 
Pedal line or Simson’s line, 6 
Circumradius of triangle, 5 
Classification of points in a plane 

w.r.t. a circle in the same plane, 
133-134 

Collinear vectors, 394-395 
Common tangents of two circles, 159— 
160,207 

Condition for line to be tangent, 206 
Cone (s), 212 
degenerate, 212 
Conic, 212,322 
Conjugate axis, 323 
Conjugate diameters, 301 
Conjugate hyperbola, 328 
asymptote of, 329 
eccentricities of, 329 
Conormal points, 231,277 
Coordinate system, 386-387 
of centroid, 401 
coordinate axis, 400 
coordinate planes, 399-400 


of midpoint, 454 
of a point, 399^101 
rectangular, 2 
rectangular cartesian, 2 
of a tetrahedron, 401 
Cross product of vectors, 396 
Curve 

conjugate axis of, 323 
features of, 323,376 
latus rectum of, 323 
properties of, 373-374 
transeverse axis of, 323 
vertices of, 323 


D 

Degenerate cones, 212 
Diameter of the ellipse, 301 
Diameter of the parabola, 226-227 
Direction cosines (DCs), 402-403,454 
of array, 403 
of lines, 403 
of rays, 403 
theorems, 403-404 
Direction ratios (DRs), 402-403,454 
of the normal to plane, 413 
of the normal to the plane, 412 
of parallel lines, 403 
of plane, 412 
theorems, 404 

Director circle, 134,206,221 
of ellipse, 296-297 
Directrix, 213 
definition, 373 
of hyperbola, 322 
of parabola, 221 
Distance between two points, 3 
Distance function, 386 
Double ordinate, 215,288 
of ellipse, 374 


E 

Eccentric angle on ellipse, 292 

algebraic sum of four points, 304-305 
Eccentricity, 213 
definition, 373 
Ellipse, 213,285 

chord of contact of, 303,374,376 

condition for tangency, 294-295,375 

definition, 373 

diameter of, 301 

director circle of, 296-297,375 
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directrix of, 286,374 
double ordinate of, 374 
eccentric angle of point on, 292 
equation of a tangent, 299,375 
equation of normal on, 294 
equation of the chord joining two 
points, 292-293 
external point of, 290 
foci region of, 325 
focus of, 286 

interception with circle, 304-305 
internal point of, 290 
inverted, 287-288,374 
latus rectum of, 288,374 
major axis of, 287,374 
midpoint of a chord of, 300-301,375 
minor axis of, 287,374 
number of normals from a point to, 
303-304 

pair of tangents drawn from an 
external point, 302 
parallel chords of an, 301 
parametric equation, 291-292 
perpendicular tangents to, 297 
as a section of cone, 286 
standard, 289 

standard equation of, 286-287,373 
tangents from an external point to, 
296 

vertices of, 287 
Equation of a chord, 206 
of contact, 206 
joining two points, 276 
joining two points on parabola, 218 
in terms of its midpoint, 206 
Equation of a tangent, 276 
Cartesian form, 206 
parametric form, 206 
Equation of straight line in normal 
form, 27-28 

Euclidean geometry theorems, 387 
Euclidean pure geometry, 386 
Excentre, 5 

External point of ellipse, 290 
External region of hyperbola, 325 
condition for, 325 


F 

First-degree equation, 30,31-32,410, 
412 

First-degree expression in x and y, 30 
First-degree surface, 410 
Focal chord, 228-230 
properties of, 277 
Focal radius, 228,277 
Foci region 
of ellipse, 325 
of hyperbola, 325 


Focus of ellipse, 373-374 
Focus of general conic, 213 
Frame of reference, 399,410 


G 

General conic, 213 
General equation 
of a circle, 205 
of a plane, 412,415 
procedure to find the lines 

represented by second-degree (S 
= ax 2 + 2 hxy + by 2 + 2 gx + 2fy + c 
= 0), 50 

of a straight line, 30 
Generator of the cone, 212 
Guiding curve, 212 


H 

Horizontal line, 22 

Hyperbola, 213,285 

asymptotes of, 322,326,376-377 
conjugate, 328,377 
definition of, 322 
directrix of, 322 
eccentricity of, 322 
external region of, 325,376 
foci region of, 325 
focus of, 322 

internal region of, 325,376 
length of latus rectum of, 323-324 
locus of, 322 

parametric form, 325,376 
rectangular, 324,329,377 
standard equation of, 322,376 


I 

Image or a reflection of point, 34 
Incentre, 5 

Incidence postulates, 386 
Intercepts 
of a line, 23 

of plane on axes, 411,454 
Internal point of ellipse, 290 
Internal region of hyperbola, 325 
condition for, 325 
Intersection in a plane, 387-388 
Inverted ellipse, 287-288 
directrices of, 288 
foci of, 288 

major axis length of, 288 
minor axis length of, 288 


L 

Latus rectum, 215 
of curve, 323 
of ellipse, 288,374 
length of, 215 
Left-handed system, 393 
Length 

of a chord, 206 

of latus rectum of hyperbola, 323- 
324 

of latus rectum of the ellipse, 288 
of the latus rectum of the parabola, 
215 

of major axis of ellipse, 287 
of minor axis of ellipse, 287 
of a tangent, 206 
Line (s). see also Straight line 
angle between two, 33-34 
coordinate system, 387 
direction cosines (DCs) of, 403 
equations, through the point, 422, 
425^126 

general equation of a straight, 30 
general equation of second-degree 
(S = ax 2 + 2hxy + by 2 + 2 gx + 2fy 
+ c = 0), 50 
horizontal, 22 
intercepts of a, 23 
normal form of straight, 27-28 
pair of, 42-51 
parallel, 387 

parametric form of, 455^156 
Pedal, 6 

relation between a circle in its plane 
and, 128-131,205 
Simson’s, 6 
skew, 390 
S- S'= 0,207 
straight, 22 

symmetric form of, 29,422-423, 
455^456 
vertical, 22 
Locus, 6-7 
equation of, 7 
of hyperbola, 322 


M 

Major axis of ellipse, 287 
Menelaus’ theorem, 52 
Minor axis of ellipse, 287 


N 

Nine-point centre, 6 
Nine-point circle, 6 



Non-collinear points, 386,455 
vector area of, 397 
Non-collinear vectors, 392 
Non-coplanar vectors, 392 
Non-degenerate cones, 212 
Non-empty set, 386 
Normal chord, 224 
Normal form of plane, 410 
Normals to rectangular hyperbola, 331 
Normal to an ellipse, 294 

number of, from a point, 303-304 
Normal to a parabola, 222,277 
number of, from a point, 231,277 
point of intersection of, 277 
procedure to determine number of, 
231 


o 

Octants, 385,399 

with bonding lines, 400 
Ordinates, algebraic sum at common 
points, 233 

Origin and non-origin sides, 38 
Origin of reference, 399 
Orthocentre, 5 
Orthogonal circles, 154,206 
intersection of two, 207 
Orthogonal projection, 394 
Orthogonal projection in a plane, 390 


P 

Parabola, 211,213 
chord of a, 224 
chord of contact, 224 
condition for the line y = mx + c to 
touch,219-220 
diameter of the, 226-227 
directrix of, 221 

equation of the chord joining two 
points on, 218 
equation with vertext, 215 
length of the latus rectum of, 215 
normal to a, 222 

parametric equations of expression 
y 2 = 4 ax, 215 

point of intersection of the tangents 
to the, 218-219 

standard equation of a, 214-215,276 
tangents from external point of a, 
221 

Parallel axiom, 387 

Parallel chords of an ellipse, 301 

Parallel lines, 387 

direction ratios (DRs) of, 403 
Parallel rays, 387 


Index 
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Parametric equations 
of circle, 205 
of ellipse, 291-292,374 
of hyperbola, 325 
of line, 455-456 
of parabola y 2 = 4 ax, 215 
of rectangular hyperbola, 330 
of straight line, 422 
of a tangent, 206 

vectorial equations of a plane, 393 
Pedal line, 6 
Plane geometry, 385 
algebraic surface, 410 
angle between two planes, 455 
bisecting planes, equations of, 416 
distance between two parallel planes, 
413 

first-degree equation, 410,412,454 
general equation of a plane, 412,415 
intercepts of plane on axes, 411,454 
nature of three planes, 423^125 
normal form of plane, 410 
ratio of segments joining points, 
414-415 
surface, 410 

system of planes, 415-417 
Point 

classification of, 215-216 
perpendicular distance from plane, 
454 

position on hyperbola, 325,374 
unit, 399 

Point, power of a, 157,207 
formula, 207 
Point circle, 205 
Points (elements of space) 
distance in terms of, 386 
incidence postulates of, 386 
non-collinear, 386 

Position vector of centroid of a triangle, 
391 

Power of a point, 157,207 
formula, 207 
Projection vector, 394 
Pythagoras theorem, 399 

R 

Radical axis, 157-158,207 
equation of, 207 
Radical centre, 207 
Ray (s), 387 

direction cosines (DCs) of, 403 
parallel, 387 

Real area of a parallelogram, 397 
Rectangular cartesian coordinates, 2 
quadrants, 2 

Rectangular coordinates, 2 


Rectangular hyperbola, 324,329 
eccentricity of, 324 
equation of tangent in parametric 
form, 330-331 
normals to, 331 

parametric equation of, 330,377 
simplest form of, 329-330,377 
standard form of, 324,377 
Relation 

between a circle and a line in its 
plane, 128-131,205 
between two circles, 150-152,206 
Right circular cone, 212-213 
Right-handed system, 393,395 
of mutually perpendicular unit 
vectors triad, 396 
Rooler axiom, 387 
Rotation of axes, 8-9 


s 

S 1 property of, 206 
Scalars, 392 

scalar product (or dot product), 394 
Scalar triple product of vectors, 398 
Section formulae, 3 
Semi-vertical angle of the cone, 213 
Shifting of origin, 7-8 
Sign of coordinates of a point, 400 
Simson’s line, 6 
Skew lines, 390 

shortest distance between, 391 
Slope, 22 

Solid geometry, 385 
Space, 386 

lines and planes, 386 
points (elements of space), 386 
Standard equation 

of ellipse, 286-287,373 
of hyperbola, 322 
of parabola, 214—215 
of rectangular hyperbola, 324,377 
Straight line, 22 

angle between two lines, 33-34 
distance between the parallel lines, 
37 

equation in normal form, 27-28 
in the form of intersecting planes, 
421 

general equation of, 30 
intercept of, 23-25 
normal form, 27-28,32 
parametric form of, 422 
points in, 386 
point-slope form, 23 
slope-intercept form, 24 
slope of, 22 
two-point form, 26 
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Index 


Symmetric form of a line, 29,422-423, 
455-456 

Symmetric form of line, 29 
System of planes, 415-417 


T 

Tangent (s) 

of an ellipse on auxiliary circle, 298 
from an external point to ellipse, 296 
common, of two circles, 159-160,207 
condition for line to be, 206 
equation of a, 276 
equation of a, on ellipse, 299,375 
from external point of a parabola, 
221 

length of a, 206 
method to find common, 208 
pair, drawn from an external point 
on ellipse, 302 
pair of, 225 

parametric equations of, 206 
perpendicular to ellipse, 297 
point of intersection to parabola, 
218-219 

of rectangular hyperbola, 330-331 
between two circles, 159-160,207,208 
Theorem of three perpendiculars, 388 
Three-dimensional geometry, 385 
Three-dimensional space, 399 
Three planes, nature of, 423-425,456 
method of solving problems of, 425 
Transeverse axis of curve, 323 
Triangle 


area of a, 4 

circumcentre of, 5 

circumcircle of, 5 

circumradius of, 5 

orthocentre of a, 277 

position vector of centroid of a, 391 

u 

Unit points, 399 

Universal equation of a circle, 205 

V 

Vector algebra, 391 

angle between two non-zero vectors, 
393 

angle between vectors, 393 
collinear, 394-395 
cross product, 396 
direction cosines (DCs), 402-403 
direction ratios (DRs), 402-403 
distributive laws, 396 
equation of line passing through 
point and parallel to vector, 392 
equation of line passing through two 
points, 392 

equation of plane passing through 
points, 393 
non-collinear, 392 
non-coplanar, 392 
orthogonal projection, 394 
parametric vectorial equations of a 


plane, 393 
position vector, 391 
projection vector, 394 
scalar triple product of vectors, 398 
vector area, 397 
Vector area, 397 

of non-collinear points, 397 
of a parallelogram, 397 
Vertex of the cone, 212 
Vertical line, 22 
Vertices of curve, 323 
Vertices of ellipse, 287 
Volume 

of tetrahedron, 398 
of triangular prism, 398 


X 

x-coordinate of P, 386 
x-coordinate point, 399 
x-intercept of the line, 23 
xy-plane, 399 


Y 

y-coordinate point, 399 
y-intercept of the line, 23 


z 

z-coordinate point, 399 
zx-plane, 399 
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